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Toward New Successes of Soviet Physics 


J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 433-436 (March, 1956) 


| he the summary report of the Central Committee 
of the Communist Party of the Soviet Union, 
Comrade Khrushchev expressed from the rostrum 

of the Congress deep gratitude to Soviet scientists 
for their fruitful work. This expresion of gratitude 
received general approval by the delegates to the 
congress. Outstanding among the successful ac- 
complishments of our scientists is the work done 
by the Soviet physicists. 

Describing the progress of Soviet science, Aca- 
demician A. N. Nesmeianov, President of the 
U.S.S.R. Academy of Sciences, stated in his address 
to the Congress that “‘the-brightest accomplishments 

are the recent successes in the field of atomic energy 
and its peaceful use. It must be noted, that we deal 
here not with any one particular discovery or dis- 
closure of a secret, as it usually seems to the non- 
specialist, but with a vigorous, well organized, 
rapid advance of the entire front of science in a 
field that is becoming recognized as predominant 
in the natural sciences. 

“It was possible to organize this matter within 
a short period because the U.S.S.R. Academy of 
Sciences had already been working on radioactivity, 
cosmic rays, and nuclear phenomena. Thus, a 
certain ‘‘scientific inventory”’ of trained personnel 
was on hand to make possible this development. 
The success was based on the use of the entire 
arsenal of modern physics and the tr ails of inves- 
tigation blazed by the theories of relativity and 
quantum mechanics, which are the foundations of 
modern physics. This unprecedented advance of 
science has included, as particular cases, many 
discoveries such as the principle (developed at 
the Academy of Sciences) for producing accelera- 
tors that enable charged particles to reach the col- 


ossal, indeed cosmic energies of 10 bev, and 
many other, no less important, discoveries. 

“Even in the Sixth Five Year Plan, atomic 
power, though still used on an experimental scale, 
will produce more than twice the power generated 
by the stations of Tsarist Russia. Ahead of us 
is the mastery of control of thermonuclear reactions 
as a result of which one can hope that the reactions 
that take place in the hydrogen bomb and similar 
reactions will become available for the peaceful 
purposes of power engineering. 

“*A by product of this tremendous work cycle 
is the successful study of the application of iso- 
topes — new elements produced by the atomic 
industry — to the logging of petroleum wells, to 
prospecting for other useful minerals, to performing 
gamma-ray inspection of metal articles and structures, 
to the preservation of health, and to the penetration of 
the deep mysteries of the living action of organism and 
its control. It is thus possible, for example, to arrest 
the growth of potatoes for months and conversely, 
to induce their growth by irradiation with gamma 
rays. 

“In the twenties and thirties of this century, 
solid-state physics had been developing almost 
exclusively as an abstract science. Later, however 
this development led to the creation of semicon- 
ductors for radio instruments, to thermocouple 
generators, and Rochelle-salt and photocell in- 
struments. These instruments represent anew 
step in technological progress and are revolution- 
izing at the present time contempory Communica- 
tion, engineering, automation, computing and con- 
trol machinery — literally every branch of modern 
engineering. 

‘‘The latest investigations of the thermoelectric 
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properties of semiconductors have uncovered 

great possibilities for power engineering, parti- 
cularly in the field of direct conversion of waste 
products of heat into electricity. It can be hoped 
that the time is near when it will become possible 
to convert the heat and light of the deserts directly 
into electric energy.”’ 

The development of atomic physics and atomic 
power, which can now be truly considered as key 
sciences, was the subject of an address to the Con- 
gress by Academician I. V. Kurchatov. Academi- 
cian Kurchatov reported to the Congress that he 
considers ‘ “the program of the Sixth Five Year 
Plan covering the utilization of atomic energy for 
peaceful purposes, will be fulfilled and overful- 
filled by the Soviet people, as will be the entire 
Five Year Plan’’. 

Kurchatov next told the Congress how the task, 
listed in the draft of the Directives, of generating 
2000- 2500 megawatts of electricity from atomic’ 
power will be solved in the current Five Year 
Plan. ‘“The present level of nuclear engineering 
shows that although the capital investment per 
unit of installed capacity required for atomic 
electric stations is approximately 1.5 times that 
needed for coal-burning stations, the cost per 
kilowatt-hour generated by a large atomic and a 
coal-burning station can be approximately the 
same. This is mostly due to negligible low fuel 
consumption of the atomic electric. A 500-mega- 
watt coal-burning station requires not less than 
100,060 cars of coal per year, while for an atomic 
electric station of equal rating only several cars 
of uranium per year are enough. 

“It is expedient to build atomic electric stations 
first in regions where fuel must be supplied from a 
distance. The present Five Year Plan calls for 
the construction of two atomic electric stations 
in the Urals with a total capacity of 1000 maga- 
watts. A 400 magawatt atomic station will also be 
constructed near Moscow. The total capacity of 
the atomic electric stations which should be put 
into operation during the current Five Year Plan, 
is comparable with the capacity of some of the 
largest electric stations in the world, such as the 
one in Kuibyshev. 

‘‘The Congress must be told, however, although 
the installed capacity of the atomic electric stations 
is indeed large and, according to published data, 
exceeds the capacity of atomic electric stations planned 
in the U.S.A. and in England ,the atomic electric 
stations built under the current Five Year Plan 
are by nature still a large experiment, carried out 
by the government to determine the most techni- 
cally reliable and economical ways of erecting atomic 
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electric stations. We must determine reliably what 
share of the total power capacity of our socialist 
government must be allotted to atomic power in the 
Seventh and subsequent Five-Year Plans. 

“Unlike the conventional coal and oil, the 
nuclear fuel burned in the atomic reactors yields 
new substances such as plutonium and others, 
which do not exist in nature and which in them- 
selves are nuclear fuels. The quantity of the new 
products formed depends on the conditions under 
which the nuclear chain reaction is carried out. 
Under some conditions more new nuclear fuel is 
formed in greater quantities, than is initially 
consumed in the chain reaction. This process is 
called expanded breeding. It is as if you were 
to burn coal in a furnace, and recover still more 
coal among the ashes. 

“‘The process of breeding nuclear fuel in atomic 
reactors guarantees the economic production of 
nuclear energy and makes possible the use of not 
only uranium but also thorium. 

“*Topics studied in detail to date are the de- 
pendence of fission probability of various atomic 
nuclei on the neutron velocity, the laws of trans- 
mutation of matter in neutron and gamma fields, 
and the laws of retardation of neutrons and their 
interaction with the fission products of uranium. 
Many such problems can be solved only in operat- 
ing reactors of some type or another. 

**The current Five Year Plan calls for construc- 
tion of up to ten types of atomic reactors with 
capacities from 50 to 200 megawatts each. Reac- 
tors will be built with fast and intermediate neu- 
trons; with medium-energy neutrons; with graphite, 
beryllium or heavy-water moderators; and with gas, 
water, and metal cooling. A large thorium reactor 
will be built. 

*‘We are carrying on work on atomic reactors 
jointly with the scientists and engineers of the 
satellite nations who are producing at home, with 
the cooperation of the Soviet Union, atomic reac- 
tors for scientific purposes and who are planning 
the construction of atomic electric stations. Our joint 
work with the scientists of the satellite nations 
will increase in scope and will undoubtedly lead 
to outstanding results.”’ 

The concluding portion of the address by Aca- 
demician Kurchatov was devoted to the tasks of 

oviet scientists in the development of atomic 
physics. He said: “‘Before us is a large program 
of work on atomic electric stations and atomic 
power installations. But Soviet scientists and nu- 
clear specialists must not restrict their activity 
to the solution of these problems alone. It is 

also essential to develop further theoretical nu- 
clear science so as to blaze reliable new paths 
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for the future technology. 

“‘We have before us an example of how Soviet 
scientists and engineers solved the problem of 
using the nuclear energy of uranium and other heavy 
elements. Our successes in this field are largely 
due to the fact that the institutes, with whose 
founding the great Lenin concerned himself as 
early as 1918-1920, carried on persistent theoreti- 
cal work on the study of the laws of atomic struc- 
ture, the laws of chain reactions, the laws of 
structure of the atomic nucleus — theoretical work 
that laid out the paths now followed by our nuclear 
engineering. 

“Soviet scientists must discover new laws of 
nature and gain more and more knowledge of the 
properties of matter. We must discover the nature 
of the forces binding the protons and the neutrons 
to each other ,and the basic structural elements of 
the atomic nuclei. It is essential to study the 
structure of the protons and neutrons themselves. 
We must construct giant accelerators for this pur- 
pose. 

“The party and the government grant liberally 
the requests made by scientists. This year, for 
example, a powerful accelerator, capable of accel- 
erating protons to an energy of 10 bev is scheduled 


to go into operation. The electromagnet of this in- 

stallation, the greatest in the world, weighs 36,000 
tons. Even larger accelerators, capable of acceler- 
ating particles to energies of 50 bev, are now being 
designed. 

“Theoretical work on atomic and nuclear physics 
has uncovered the possibility of finding new ways 
of utilizing atomic energy for peaceful purposes, and 
realizing controllable thermonuclear 
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reactions. These reactions of synthesis or fusion are now 
the most important general problem of science. 

“The controllable thermonuclear reaction would 
obtain energy not from the reserves concentrated 
in the atomic nuclei of the rare elements uranium 
and thorium, but by producing helium from hydro- 
gen, an element widely available in nature. 

“The solution of this most difficult and greatest 
problem would relieve humanity forever of the worry 
over the energy resources needed for its existence 
on the earth. 

**We now know how to create in the hydrogen 
bomb the conditions for the fusion of hydrogen into 
helium. But it is now necessary to control this 
reaction so as to prevent explosion. 

“We, the Soviet scientists, would like to work 
on the solution of this scientific problem, of great- 
est importance to humanity, together with the scien- 
tists of all the countries in the world, including 
the American scientists ,whose scientific and 
technical accomplishments we greatly value. To 
make this possible we need only one thing, that 
the government of the United States accept the 
proposal of the Soviet Union for which our party 
is constantly struggling, that the use of atomic 
and hydrogen weapons be outlawed.” 

In its Directives the Congress has adopted 
many important resolutions, which will contribute 
to the rapid development of both theoretical and 
practical knowledge, and will enable our physi- 
cists to develop their work even more and result 


in a further flowering of physical science. 


Translated by J. G. Adashko 
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Meson Field Theory. III. Conservation of Physical Quantities 


A. A. BORGARDT 
Dnepropetrovsk State University 
(Submitted to JETP editor November 17, 1954) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 330-333 (February, 1956) 


The paper investigates densities of physical quantities and conservation laws for 
meson fields with anticommuting matrices, whose general properties were described 


in previously published papers!-3 


ONSERVATION laws for wave fields can be ob- 
tained using Noether’s theorem.4»° This method 
is based on the use of the correspondence which 
exists between the invariance of the Lagrangian 
of the field with respect to coordinate transfor- 
mations of the conformal group and the conservation 
of physical quantities. 

In the present case, such a procedure is not con- 
venient mainly because of the non-uniqueness of 
the variational principle. In obtaining the conser- 
vation laws it is therefore more expedient to go 
directly to the wave equations, since any conser- 
vation laws must be consistent with them. We 
choose the wave equations of the meson field in 
the form 


1, OV / dx, + ko! =Q, a 


— OF TOG y + Kae => Oe 
where the kinematic matrices Dy, anticommute: 


Te (Oars). = Sent — 0, (2) 


If we use a representation with real I’, and imagi- 
nary I’,, we can define the charge conjugate by 
means of the diagonal reflection matrix K, 


Wawa Ran (eee =o lug gh 


The anticommuting matrices I",, which, together 


with their products, form the oup Gy.° are made 
up of two orthogonal 16’th-degree reducible repre- 
sentations of the Kemmer algebra: 


1 
A. A. Borgardt, Dokl. Akad. Nauk SSSR 78, 1113 
(1951). 


Z 
A. A. Borgardt, J. Exptl. Theoret. Phys. (U.S.S.R.) 
24, 24 (1953). 7 : 


> A. A, Borgardt, J. Exptl. Theoret . Phys. (U.S.S.R.) 
24, 284 (1953). 


4B. Bessel-Hagen, Math. Ann. 84, 258(1921). 
5 
E. L. Hill,Revs, Mod .Phys. 23, 253 (1951), 
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Ty, = Bi) + ce (4) 


BiB ,Bs ct Caeits oe sow woo vlna (5) 


e 


Bt) g(a) =i) (n. s.)* 


i) 


The orthogonalization can be achieved most 
simply by using the matrix of the genalized Larmor 
transformation *: 


ee = —T,pOD. (6) 
where (05-1, 0304): 


In addition to the group G, 


ig? another group_¢ 


generated by the anticommuting matrices Py he 
Dee pa) —. pe), (7) 
‘fe Cu} —By-2=0, IT. =0. ©) 


will play an important part. 
_It is easy to see that all elements of G,, and 


E 16 Commute with one another. The matrices I" 


and I’ ae related simply via the reflection ma- 
trices TD) =R TD (n. s.) 

From the field equations, we immediately obtain 
differential relations which are bilinear in the 
components of the undor* 


YT ML, 08 / dx, (9) 
+ (OW* / 0x) TMP +(1 + 1) kM 
=WMQ+Q'MP, 


where M is any matrix ~ 
yi of Cis or G Ve 


Conservation laws are obtained from (9) in the 


*n,. Ss, means‘no summation,’ 

**By undor we designate a one-column matrix whose 
16 elements consist of a scalar, a 4-vector, and the com- 
ponents of completely antisymmetric tensors of all ranks 
up to four. 
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two cases where M commutes, or anticommutes, 


with all the De 

a). [(MV,,] = 0. This can happen if M belongs 
to the ring G ,,; we get 16 conservation laws of 
the form 


d(¥FT,Y) /dxn, = ¥TQ — Q*FY, (10) 


where [is any element of G_.. 
The conserved quantities have the following 

physical meaning: 

L PH/, ju=(e/2G) ¥To¥ 
is the vector of the electric current density, and 
vanishes in a neutral field (the proof was given in 
Ref. 3, Eqs. 25-27; the problem is handled simi- 
larly in all other cases.) 

Pty, 7 ee 
the symmetric energy-momentum tensor, does not 
vanish in a neutral field. 

DE UESEY [LP], ove = (¢/46o) V7 [E04] PY, 
the spin pseudovector, does not vanish in a neutral 
field. The form of the conservation equation is 


(11) 
O5uy,2/ OX, = (¢/ 4G.) (¥* F.F1Q— Q* TY) 


and is expressed in three-dimensional form as 
6c/cdt-+V,... (12) 


Thus, strictly speaking, we are dealing simply 
with the mechanical equation of motion of an angu- 
lar momentum. 

The space divergence which appears on the left 
side of (12) represents the time derivative of the 
orbital angular momentum. Therefore we should 
distinguish (11) from the strict spin-conservation 
equation (continuity equation) which will be gotten 
later. 

ada Mer = (elic (265) ¥ PP TY, 
the antisymmetric tensor of the dipole moment, 
vanishes in a neutral field. 

2D Dy, % (tc / 260) PTS, 

a spin pseudovector, vanishes in a neutral field 
since, like the current and the dipole moment, it 
is a quantity of the type () —()*. Obviously, the 
spin a7’ (and not o’,) is responsible for the forma- 
tion of the kinematic dipole moment M_,,. In addi- 
tion, 0’, and o”” differ in the sign of terms eon- 
taining om and 3; in a purely transverse field, 
this difference disappears. The spin 7, satisfies 
an equation of continuity of the form 


0 (ET PP) / dx = ¥TSQ— Q‘T,¥. (13) 


b). {MIT} = 0. This can occur if M belongs to 


5© 16> We get 16 conservation laws of the form 


(YR IT, Y) / dx, (14) 


aT 2kyt Wilt = to RTO Plt. 


The conserved quantities differ from those con- 
sidered in case a) by the presence of the matrix 
R of reflection of proper time. Its effect on the 
density can be made clear from the following com 
siderations. The matrix R,, is used for splitting 
the wave function ¥ into a potential matrix ! 
and a field strength matrix wis, 


¥" = (/e ho) I — Rs) ¥, (15) 


PS WTR 


Since Re =I, we get 
Rv! = — wl Rw av (16) 


Densities of physical quantities can be sub- 
divided into those of “symmetrical’’ type 


e, (Ir) a yt ppl (17) 
abet py = ol 4 ae! 
and those of “‘antisymmetrical’’ type 


The introduction of R,, while it does not change 
the type of quantity, converts an antisymmetric 


density of the form () +( )* into a density of the 
form () — ()*, and vice versa; in the symmetric 
case, the sign of the part ~ ke is reversed. 
The conserved quantities are: 
lL T=J, sp=(¢/26o) FR 
the action current vector, does not vanish in a 
neutral field. | Es 
2 r=fP,, Tv me Vek RTS 
a symmetric energy-momentum tensor, does not 
vanish in a neutral field; it differs from key in 
the sign d the part ~ k?. 
oR Sy.3 (6) 460) 2 Rall 
a spin pseudovector, differs from o”,,, pin the fact 
that it vanishes in a neutral field. — ? 
4. P=TsTy, Moz = (ehe /2Go) ae 
an antisymmetric dipole moment tensor, differs 
from a in the sign of the part ~ ke. 
os Device (260) ba Br Be 
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a spin pseudovector, differs from a in the fact that 


it does not vanish for a neutral field. 

In a purely transverse wave field, the equalities 
o,= = Cy, and Sy = c,, hold. Thus the 
wave field possesses ‘two spin densities, for 
each of which there is an equation of motion and 
an equation of continuity. 

The use of two sets of anticommuting matrices 
I’, and I’, also simplifies the theory of ordinary 
meson fields. From (4) and (7), it follows imme- 
diately that the equations 


‘Ia (Ta + Ta) OF / Ox, + Ro¥ = 1/,(Q +Q), (19) 


223 ( Pa Dy) ObasOrn ket == ie (Qt O)* 


describe the usual vector-pseudoscalar field. 
Current, spin, energy, momentum and other quan- 
tities are formed from those considered above by 
symmetrizing with respect to I, and I’, at the 
same time preserving the parity of the quantity 
with respect to coordinate indices. 

(20) 


= (e/46,) ¥* (Lu + Ty) ¥ = (e/2Go) FB, ¥, 
Sic (UU reir e) Ee 
= (ic /2G6o) P58. F 
Tig S34), Ut (Pale Waly) Ye 
= 1/,¥* {8,8} — 2-1) ¥ 


etc. These same quantities for a pseudovector- 
scalar field are constructed by applying a general- 
ized Larmor transformation to the operator of the 
corresponding quantity; this leaves the energy- 
momentum tensor unchanged. 

In conclusion we must point out the following: 
In contrast to the equations obtained using Noe- 
ther’s theorem, the conservation equations given 
above contain explicitly only internal field quan- 
tities. However, it is easy to verify that this 
difference is a purely formal one. 

We shall consider the conservation of the action 


current for a free electromagnetic field, and use 
vector notation. In this case, the quantity s,=(s, 189), 


s=(1/c)[HA], s,=—(l/c) EA, (21) 


satisfies a conservation law of the form of (14): 


0s, / 0x, = 0s, / cot + ¥s = ¥/,c (E2 — H2), (22) 


On the other hand, using Noether’s theorem, the 
invariance of the Lagrangian under reflection, 
dx, = ax, leads to the conservation law 


(0 | 0x.) (FreAs + XeT he) (23) 
— (0 / cat) (EA /c 5 out ae px) 
+ V([HA]/c— St +T x) = 0, 


where p™, S, @™, 7%, the momentum density, 
energy flux, energy dene and stress tensor are 
components of the canonical energy-momentum ten- 
sor Te 

In order to show the equivalence of (22) and (23), 
we substitute in (23) the quantity 0s, /cdt+V.S 
from (22), and integrate over the four-dimensional 
volume occupied by the field. We then obtain the 
obvious relation between the action, energy, and 
momentum of the field: 


S=—t\ G™ (dx) + | xp” (ax). (24) 


A similar equivalence proof can also be given in 
other cases. 


Translated by M. Hamermesh 
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Generalized Form of the Miffusion Equation for a Single Particle 
L. JANossyY 
_ Budapest 


(Submitted to JETP editor October 15, 1954) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 351-361 (February, 1956) 


A general formulation is given of the diffusion equation for a single particle, from which 


follow a number of well known equations as special cases. By way of application, the scat- 
tering of particles in a homogeneous absorber is considered. 


iT A general formulation of the diffusion equation 
*for a single particle is given in the present 
paper. Other well known equations follow from it as 
special cases. The method applied in the present 
work is not here compared with other methods de- 
scribed in the literature; such a comparison will 
be given in a paper written by the author in colla- 
boration with L. Pal and A. Bekesy. At the end 
of the paper, an application of the equation which 
represents practical interest will be examined. 
The process of diffusion can be described by the 
function (A, U, t), where A = Aj, Ag, --., A; are 


parameters which determine the state of the particle 


in this case we do not limit ourselves only to such 
parameters which are strictly necessary for the de- 
termination of the state of the particle, but take in- 
to consideration other parameters, which depend in 
whole or in part on the rest; such parameters are 
included in order to determine their distribution. 
The vector U, which has the components U = U,, 
U,, ..., defines the intervals of the components of 
A, and therefore, for each given state A, we can 
determine whether it lies within U or not. Finally, 
t denotes the time and ¢ the probability that a par- 
ticle , which is in the state A at the time t’=0, is 
transferred at time ¢”=¢ into such a state A’ that 


A’ lies within U. (1) 


The choice of intervals U has no importance for 
the solution of the problem that has been posed. 
For many purposes it is appropriate to choose 
some or even all of the components of U to be infi- 
nitely narrow. In the latter case we consider pas 
the probability density relative to those components 
for which the interval is bounded in the fashion 
mentioned. In particular, if all the components of 
U are narrow, we have, in place of Eq. (1), 


y, een Es (2) 


2. We choose the time as an independent vari- 
able, since any other choice of independent vari- 
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able leads to difficulties, about which we shall 
say something below. The quantity ymust satisf 
the following initial condition: J 


where 
Fe if A is within U 
AfAG UI O in any other case. 


In particular, if all the components of U lie in 
narrow intervals, then 


(A, U,t = 0) =3(A—U). (4) 


If we had not chosen the time as the independent 
variable, but, say, the x coordinate of the particle, 
then, in place of an initial condition of type (3) or 
(4), it would have been necessary to furnish a 
boundary condition for x. It is not possible to give 
such aboundary condition arbitrarily; thus, for 
example, the boundary condition of the type 


ei As Ul o =0) aah Ay (5) 


leads to acontradiction. If the particle begins to 
move in the positive direction along the x axis, be- 
ginning from the point x = 0, then it can in general 
get back to the plane x = 0, while upon its return 
it can be shown to be outside of the interval U. 
The probability of such a case is always finite, 
although in many cases it can be small. Thus a 
condition of type (5) can be imposed only for a 
single instant of time; hence it follows that it is 
not possible to lay down (5) as a boundary condi- 
tion for an independent variable x. 

Although, strictly speaking, it is not possible to 
choose x as the independent variable, nevertheless 
in a series of cases, such a choice can be shown 
to be a suitable approximation. In these cases, we 
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neglect the errors which result from a possible ro- 
tation of the particle in the y,z plane from which it 
set out originally. 

It is also possible to consider the length of path 
l as an independent variable. The difficulties 
which arise in this case are less serious than those 
in the choice of x as the independent variable; 
nevertheless, even in this case there remains the 
possibility that the velocity of the particle will 
finally reduce to zero. This leads to the appearance 
of singularities if / is chosen as the independent 
variable. 

3. We consider the nature of the parameters A, 
while particular attention will be given to continu- 
ously and discontinuously varying quantities. 

1) As components of A we can consider such 
quantities as the energy of the particle £, the mo- 
mentum components Px, Py, Pz, the velocity com- 
ponents, etc. Such quantities change their values 
only in collisions (in each case, in the absence 
of an external field). Between collisions, these 
quantities remain fixed. In particular, it should 
be noted that the energy is often considered not as 
a continuously changing quantity rather than as a 
discontinuously changing one . It should be empha- 
sized that such a treatment is of necessity approxi- 
mate; ionizing losses are the result of many col- 
lisions, and in each collision, only a small part 
of the energy is lost. Thus the energy losses are 
discrete, and therefore we shall consider this pro- 
cess as discrete. Later it will be seen that, if we 
neglect certain small terms in our exact formula, 
we can obtain approximate formulas which result 
in the consideration of ionization as a continuous 
process. 

2). We shall consider the components of Awhich 
change in a strictly continuous way. As such 
quantities, we have, for example, the coordinates 
x, y, 2 ofthe particle and the length?. An important 
quantity of this type is the area S between the tra- 
jectory of the particle and its projection on the x 
axis (Fig. 1). The latter quantities are not changed 
in a collision process, but change continuously in 
the interval between collisions. However, the 
derivatives of these quantities change discontinu- 
ously at the time of acollision. Thus, let 
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Ai= vy, As= Yy, A,= x, Ay= y, As= S 
(v ; v are velocity components); then, between 
eilisvone. A,(t) = A,(0), A(t) = A2(0), 
A,(t) = A,(0) + Ax(0)t, Ay(t) =A,(0) + A2(0)E, 


A(t) = A;(0) + A,(0)t +/24 (0) A 2(0)P 
(for O@t<t,), where A, (t) is the value of 
the component A, at t¢>0 _, and under the con- 
dition that up to ¢, > ¢ no collision occurred. 

3). If external forces act on the particle, then 
such parameters as the energy and momentum will 
change continuously between collisions, and dis- 
continuously at collisions. A case of practical 
importance is the case of the deflection of a par- 
ticle under the combined action of a magnetic field 
and diffusion. 

In order not to introduce any limitations, we 
assume that, in general, 


Ax (t) = AP(0) + AP(0)¢+3/ APO) P+... 


and consider all variables A{’) as stochastic 
variables which can change or not change upon 
collisions. However, we assume that a finite (and 
generally speaking, small) number of derivatives 
of Aj” will give a sufficiently accurate approxi- 
mation*, 

In what follows, when the symbol A is used, it 
will be assumed that all components Aj}’ are in- 
cluded in it, and correspondingly, that the vector 
U includes all components which relate to all the 
A\). The quantities A thus introduced are cer- 
tainly not all independent of each other; below, 
we shall have to deal with the question of the in- 
clusion of certain of them in the course of the com- 
putation, but initially, we shall not take into 
account the possibility of the existence of a depen- 
dence between the quantities under consideration. 

4). Variables which change continuously in ac- 
cordance with the laws of probability will not be 
considered. Such quantities are not met with in 
practice and their introduction would provide an 
unnecessary complication. Those quantities which 
arbitrarily change ‘‘almost’’ continuously (for ex- 
ample, due to ionization losses), can be success- 
fully considered as discontinuously changing quan- 
tities, 

4. In order to write down the diffusion e quation 


for ~ it is necessary to introduce the collision 
cross section. We define 


w (A(t), A”) dA" dt (5a) 


* The method developed here has been generalized 
by L. Pal; he has deduced the diffusion equation for 
cases in which A(t) is an arbitrary function of time, 
while not making use of the power series expansion. 
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as the probability that a particle, whose state at 
time ¢ is described by the vector A(2), undergoes 
such a collision in the time interval ¢, ¢ + dt 

that after the collision the particle is found in the 
interval A’, A’ +dA%. It is obvious that 


dA” = |] dav”. 
k,l 


In place of A we write A(é), since the state of the 


article changes even in the absence of a collision. 
Ise of the vector A(t) denotes that all computed 


values of all essential time derivatives d’A),(f)/ dt; 
are considered; this is important because 
the instantaneous value of only one of the 
parameters does not sufficiently determine the 

state of the particle. 

Some of the parameters Aj’) do not change ab- 
ruptly in collisions. We denote those quantities 
which do change abruptly by a, and those which do 
not so change byb . Thus A =a, b; we can separate 
w (A(t), A”) in the following manner: 


w (A (t), A”) = w(A (t), a’) 3 (b(t) —b’ (2)), (6) 


where the 6 function is the product of 6 functions 
for each of the components b. 

The function @ can depend on the value of b(t) 
as shown above, but the function b(t) cannot change 
in collisions. An example of such a case is scat- 
tering in an inhomogeneous absorber. In this case, 
the cross section depends on the coordinates, in 
spite of the fact that the coordinates do not change 
in the collision. It would have been possible to write 
down the diffusion equation in terms of a regular 
w function, and thus avoid the application of 6 
functions. However, it is rather complicated to 
divide A into the groups a and b; therefore we 
prefer to employ w and the 6 function. In order 
to avoid difficulties connected with the appli- 
cation of the 5 function, we can replace the actual 
8 function by regular functions, e.g.,by the Gaus- 
sian function 

3 (x) = (25s) "exp(—x?/2e),2>9, (7) 
where ¢ is small but different from zero. Substi- 
tuting Eq. (7) in Eq. (6), we introduce an error 
which can be made sufficiently small if € is 
chosen sufficiently small. In fact, let us con- 
sider as an example, the x component of a mix- 
ture. In this case, the introduction of Eq, (7) 
in place of the actual 5 function is equivalent 
to the supposition that in each collision x 
changes discontinuously by an amount of order 
c If, for example, «~~ 10°" cm, then such a 
supposition would undoubtedly have been allow- 
able, since it does not lead to any noticeable 
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effect. The mathematical conse quence of such 
a supposition, which does not have any physical 
consequence, is the possibility of considering 
u(A, A’’) as aregular function. 
5. We can now write down the diffusion equa- 


tion for w(A, U, t). We have 
¢(A, U, t) = (A, U,t) ++%,(A,U, 2), (8) 


where ¢ is the probability that the final state 
within U arises without a collision, and ¢, is the 
probability that the final state within U arises 
as the result of one or more collisions. 

The probability of an absence of a collision in 
the time interval from 0 to t’ can be written as 
PolA, t’); the probability of an absence of a col- 
lision in the interval between ¢’ and t is expressed 
as ¢(A(?’),¢—t’), Thus the probability that 
no collision takes place during the entire interval 
is equal to 


GolAy 2) = oy (A (0), 2), (AC) PO) 
The general solution of Eq. (9) is 
f 
79(A, t) = exp |— \ w (A(t") de", 


0 
which can be established by substituting Eq. (10) 
in Eq. (9), where 


w (A (¢’)) = \ w.(A (t"), A") dA’ 


A" 


(10) 


(11) 


and integration is carried out over all components 
of A*. Equation (11) is so chosen that the entire 
probability of collision is equal to the value given 
by Eq. (5a). 

Thus the first term on the right side of Eq. (8) 
is determined by the expression 

?0(A, U, 4) = 3,(A, 4) A(A(), U). (19 

The expression on the right side of Eq. (12) is 
equal to the product of the probability of the ab- 
sence of a collision between 0 and ¢ and the prob- 
ability that a continuously changing A undergoes 
a transition into the interval U or remains there. 

In order to determine (A, U, ft) , we consider 
a case in which the first collision takes place in 
the interval ¢ —¢’°>¢—t”’+dt”. The probability 
of such an event is 


(A, t—t") w(A(t—?t’), A”) dA"dt”, 


where it is assumed that the first collision is 
such that the state of the particle is found within 
the interval A”, A*’+dA *% The probability of 
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the passage of a particle into the interval U after 
atime t’’is fA”, U, t’), and therefore the total 


f 


2, (A, U, t) = \ Ve0(A, t — t")w (A(t —t"), A”) 2(A", U, t’)dAde". 


0 A’ 


Combining 9 and ~,, we then obtain 


(A, U, t) = (A, ft) A 


+ | g0(A, t— 2") w 
A 


0 A" 


Equation (14), together with Eq. (12), gives the 
general diffusion equation. For practical purposes, 
Eq. (14) can be transformed to a more suitable 
form. 

6. We transform Eq. (14) into an integro-differ- 
ential equation in the following way. Setting 
t°=t—t”, we get from Fq. (9) 


(A, t —2") = 9 (A, t)/% (A(t — ¢”), t”). 
Introducing this expression in Fq. (14), we ob- 
tain 


2(A, U, t) = 9(A, £){A(A (2), U) 


a 


ot ON 


WwW pO Ate =e ).cAr) (t ae rae A”) 2 . . , 
\ “(A (t— t"), t”) 29 (A »U,t )a@A ae : 
Ar 
Differentiating this expression with respect to 
t, we have 


09 (A, U, 01 AY t 
“ Ot z = SM (A, U,t) (a5) 
v8 Joa, A") o(A", U, t)dA’ 
.. 
Ol (7) 
Toes )_% (A, t), 
ee AAG) 
t 
oN: U", £") dAdt” 
and finally 
[(0) = ¢(A, U, t)/ (A, 2). 
In order to carry out the differentiation, we re- 
call that 
2 f(Ait-+<—t)) =F fam 
OT (A  @% : 
FAM (t +t — 0") + 3p AY (E+5—t"P... 


eee Ay (Fer) 


(A (é — 
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probability that, as a result of one or more colli- 
sions, the particle is found in the interval U, is 
equal to 


(13) 


(A (2), U) (14) 


hoe A") ¢(A", U"7 t”) dA” GEA 


+f As (t += — 
and thus, 
(4 F(Att+2—-2')) 
U Mode) 


ee ee 


We (PA) TOF (ACE een 
~ > Ap Al) z 


consequently, 


nee ine 


eo Agee 


k,l 


AY) Ol ( 1 (0) 
aA 


2 A: 


k,l 
9 (A, U, ¢) 
a Cee (A, ¢) DORE 
Substituting in Eq. (15) we get 
04 A, U, t i ” uw " 
SoA Oe \wea, A")¢(A", U, t) dA 
+2 


(6) 
ge, (L 
a (+ oe Ane 


It is easy to see that the last term is equal to 
-w(A) (A, U, t), Finally, the diffusion 


equation takes the form 


Ast» 09 (A, U, 2) 
aAt) 


sau) % (A, £) 9 (A, U, 2). 


One (Gay = 0 

Lf Same (Ae Aan A, U,t 

(ae > : wa) * (16) 
= (0 (A, A")o(A’, U, t)dA’... 


A’ 


7. As an example of an application of our for- 
mula, we consider the scattering of a particle in 
a homogeneous absorber and, in particular, the 
distribution of the area between the projection of 
the trajectory and a straight line (see Fig. 2). 
Knowledge of the distribution of this quantity can 
be useful in the determination of the energy of the 
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particle from its track in the emulsion. 

Let us-consider a particle which moves at a 
small angle to the x axis, and only those cases of 
scattering which do not lead to large departures 
from this direction. We neglect quantities of 
order A”, where A is the projection of the angle of 
the track on the x, z plane. 

Neglecting large angle scattering, we can also 
neglect the possibility of recurrence of the initial 
value of x for the moving particle, and therefore 
we can use x as the independent variable instead 
of t (see Sec. 2). 

The particle is thus characterized by its energy 
E, the coordinates x, Z, the angle A with the x 
axis and the area between the trajectory and the 
x axis (Fig. 2). Physical interest attaches not to 
et to the area of the segment s, i.e., (see Fig. 
2 

Sy ae ars (17) 
It would be more suitable, however, first to deter- 
mine the distribution of S and then derive the distri- 
, bution of s. 
In order that the notation be the same as used in 
Eq. (16), we write 


E=A,, A,(x) = A)”, 
A=A,, A(x) = Ay”, 
Z=As, As3(x) = AS + DAS? ‘ 


where A$) = AS? = A, 
eae A, eae Al yA’, 
where A®) = AO = Z, A® = AL) = A. The dif- 
fusion equation then has the form 


es One» 
(gz + BIA) — AP sam 


AS? 


(18) 
0 


aA? 


(ay 48) 
SAS paar ) 264, U, x) 
= | w(A, AY) 2(A% U, x) dA’ 


A” 
with the additional conditions 


A® es AW aes AS ne | (19) 


A, ne = 2. (20) 
Equation (19) can be substituted directly in Eq. 
(18), since Eq. (18) does not contain any derive 
tive with respect to A?) or AS? . However, direct 
substitution of Eq. (20) in Eq. (18) is not possible, 
since the derivatives with respect to A,’ and AY 
apply to different processes, even though the com- 
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puted values of these qantities can coincide. We 

demonstrate that we can eliminate Eq. (20). Let 
(ea VA 
a as aoe 1> 


Eq. (18): 
a a a 
(go + w(A)—437 -Z A 


{°) —. Z ; then we have in place of 


a 
Wi) 


Xo(A, U, x) 
=\ w(A, A”)o(A", U, x) dA’. 


A 


We now set 


2(A,U, x)= (A, Uxif(Z—Z,), (20 
where 


do /dz,=0, f(Z—Z,)#). 


Substituting Eq. (21) in Eq. (20) and dividing 
by f(Z-Z,) , we get (under the assumption that 
u(A, A’) clearly does not depend on Z or Ly 

ea a ay oe 
(+ ++ w(A)—A pee 2(A, U, x) (oo) 


Pr 


=\w(A, A’)¢(A", U, x) dA, 


A® 
for Z = Z, we get ¢(A, U, x) = f (0) (A, U, x). 


We can assume f(0) = 1 and, consequently, in the 
most interesting region, p= @- For this reason, 
we omit the bar over ¢ in Eq. (22). We can there- 
fore remove completely both the condition (19) and 


condition (20), and solve Eq, (22) without addi- 
tional conditions. 

8. In what follows we introduce approximations 
for the purpose of simplifying Eq. (22). Thus, we 
assume that w(A, A’’) depends only on the energy 
and the absolute value of the angle of scattering. 
We then write 
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w(A, A”) = w(E; E’,|A—A’")) 
SL = LO a ae 
we then get, in place of Eq. (22), 


(+ Azz Z re se 
=| we BY |A— A") fe (E% AY Z, Si Us 2) 
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—6(E, A, Z, 9; Us daa. 


If we assume further that, for E — E *’~ 0 and 
A—A’’~0, the quantity w has a sharp maximum, 

e., that both the energy losses and the scattering 
essentially consist of many components of small 
value, then the expression under the integral will 


be 


3(E", A", Z, S; U; x) —o(E, A, Zz, S; U; x) 


wu 0 "7 () wu" 2 0° 
== \(E E) dE 7 (A A) ati ale E)* 0E2 
" oO? 1 " 2 O* 
pee 2) Ad A) aes (ot a) aes ete SUF ey) 


Upon integration, all terms proportional to 
A-A”’ vanish because of symmetry and there is left 


ie A MO. ee = Ol 
\\ .-dB'dA’ = —a(E) 55 +598) op 
pen meee BF 
Ss oer 
where 
a(E) = \(E EOE, Ede, 
w(E, E") = -\w(E, Be A A) a 


b(E) = Ke — E")w@ (E, E") dE", 
3(E) = \\ (A — A") w(E, E"|A— A") dA"dE". 


In the latter approximation we have, conse- 
quently, 


(23) 
(a a 1 ae 1 a? 
lo +?) ge—-7 4) op +734) op 


0 
—AS- 


255 )9(E. A, Z, S: U; x) =0. 


Further, we neglect the fluctuations of energy 
loss, i.e., we set D(E) ~ 0. Finally, for conven- 
ience in later calculations, we introduce more sym- 
metrical notation, namely, F — X,, A= Xj, 

Z, == Xo, S = Xs and Xe Zh os AG OS Des 
furthermore, we shall assume that U denotes a 
narrow interval in the neighborhood of 


X= Xo, Xi, Xo, Xs. 
Thus our problem reduces to the solution of the 
e quation 


) Oipereecls s o 
(Rta, tress eM 
@) i 
=> rat aos X 5) 


under the initial condition 
O(X5 x ,. 0) 0 (Xs X) 
= 3(Xy) — Xo) 8 (X1 — *1) 


U 


Ge (Xn i eee 


(25) 


9. For the solution of Fiq. (24) we separate 
that part of the function which fepende on the 
energy, i.e, we Set 


o(X, X’, x) = f (Xy, x) o(X, +). (26) 


Substituting Eq. (26) in Eq. (24), we get 
af Oo) OF(X) 
eet) OnUaT aa 


The Ssielies of the equation above, which satis- 
fies the condition (25), has the following form 


: : °° ax’ 
F(X. x) =3(x— \ re): 
* 
Substituting Eq. (26) in Eq. (24), we find that, 
for all values of the variables for which f #0, the 
function ~ must satisfy Eq. (24). It follows from 
Eq. (27) that @ must satisfy Eq. (24) only for 


> CEs) 


(27) 


(28) 
where Xp (x) 


aX? 


a (X,) 


, 
An 


Thus we can rewrite Eqs. (24) and (25) in the 
following form 


(29) : 
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: 3 (x) = o(Xo(x)), 
ee a XG XX) 


and it is now possible not to consider the com- 
ponents X.. 

10. To obtain a solution of Fq, (29) in clear 
form we apply a Laplace transformation relative 
to the three components of X to © and Eq (29). 
Consequently we introduce the function 


P(A, ©) =="P (Ag, des Ass x) 
: (30) 
ARES a We 
\ e™* 5 (X, x) dX, 
where  )X —- hi Xy + AgXs + ASX; 


aX — aX, dXe WX. 
After the transformation, Eq. (29) takes the form 


0 exe ae pate 
(5x +> o(x)AT Ay Oy (31) 
i + 0 P ! 5 — 
+ Ag Te, Y (A, x) = 9, 
» (2, 0) = exp {AX} 
(32) 


Assuming that 


therefore Eq. (37) determines the unit of length. 
wv) Dj hi h ) tae RTs ; Fi ‘ ; 
- v0 a = San + SY Wis Bin = Pr Substituting Eq. (37) in Eq .(35) we find ‘3; (x) 
= xkt1/(k +1); further, from Eq. (34) it fol- 
we find from Eq. (31) lows that 
% = A’, % = Z' —A’x, a Bu =, Bre=—Y2x?, Bis = "7/6 x°, 
a S’—Zx%+1/,A'x’; Boo = 1/3 x°, see 
Bt re T4244 2 ? Bas sos al bake 
Bip ==100(X) 2» Pra = — Fn); (34) det Bj, = «9/8640, 8640 = 3!4!5! /2. 
5 = nie } (x), 
ie f Bo 2805, 5c} Substituting X =0 in Eq. (36), ie., A=Z=S 
Poe = 9 (x), fas a /293(X), = 0, and considering that the particles set out: 
where Pos ="/a 24 (); parallel to the Xaxis from the origin of the coordinates, 
~ ; we find 
3p (xX) (x — x’)Ra (x') dx (35) 
0 
#0, x’, x) 


yx exp \- (9 A’ + 72A' (+ 
+ 192 (2 — A’ J+ 720 (= 
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Substituting Eqs. (33)-(35) in Eq. (32), we obtain 
the Laplace transform of the solution of Eq. (29). 
Carrying out the inverse transformation, we find 
the solution in the following form: 


“p(X, x) = (2x det By.) 


i (36) 
x exp {— x Bin (i — a) (Xy Sich), 
ik 
where Bin is equal to the minor Pir/ detiir, i.e., 


Bis, are the terms of the inverse matrix for . i 


where DF PirBur = Bip. 


i: eke ee (36) gives a similar expression 
for the instantaneous distribution of 44 Z% S’at 
a given depth x, for given initial values of A, Z, S. 
If we take the theoretical value of o(x), we can 
compute numerically the values of all the coeffi- 
cients. By way of an example, we consider in more 
detail the properties of the distribution (36) under 
neglect of energy losses ,i.e., considering o(x) = 
const. For simplicity, we take 

*/2 9 (x) = 1. (37) 


a(x) has the dimensions of inverse length and 


aa 20 A (= oe 
—A\(5- +54) 


Z' 


+720 (= 
ae 


Writing, for brevity, 7 (X’, x)in place of 9(0,X’, x). 
we find, after transformation of the polynomial in 


the exponent, 


= 2444"): 
(8640 /2n)'l2,, 
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4 F 
9 (X’, x) == vx ls exp ca Sie (9A 2 
—72A'Z' | x + 120A’S' | x? 
AY be VAS MC ES 


Equation (38) gives in clear form the instantan- 
eous distribution of A“, Z*S%4 with the help of 
this formula, it is possible to determine, in the 
usual fashion, the me an quantities of momentum, 
correlation coefficient, etc. From Eq. (38) we can 
also obtain the homogeneous distribution of A’, Z’ 
and s’ = S’ —1/, 7’: we get (see Fig. 2) 


9(A’, Z’, 85 x)= yx" 
ie (39) 
x exp|— = (9A” SA ip 
412 Z'2/ x -+ 120 A's’ /x* + 720 s'*/x4)\. 


We can average over A’ or Z’ and, conse quently, 
obtain the double distribution: 


(40) 
= 1 
= YnX oexp \-s (4A’”? 
EDO Als#/ x7 (20's? Xe) 


However, the distribution (40) is not of imme- 
diate interest. We are interested in the instan- 
taneous distribution of the quantities a’=4 ’-Z’/x 
and s*. The importance of these quantities is 
clear from Fig. 3; a’is the angle between the tra- 
jectory of the particle and the straight line con- 
necting the origin of the trajectory with the final 
point. 

The distribution for a4, s”has the form 


e(a', 8; x)= 1x 
(41) 
x exp \- = (8a’? + 80a's'/ x* -+ 320 sii xt) ' 


(38) 


FiGes 


As is evident from Eq. (41), there is a strong nega- 
tive correlation between a’ and s%4 the reason for 
this negative correlation can be found in a consi- 
deration of Fig. 3. In particular, according to Eq. 
(41), for a fixed value of A’, the most probable 
value of s’is equal to 


, 


S, (a) a <8) 8) (42) 
Similarly, the most probable angle a’, for a fixed 
value of s‘% is obtained from Fq. (41): — 
ay (s’) = — 58! / x? (43) 
It is interesting to compare the values of the coef- 
ficients in Eqs. (42) and (43). Averaging over a’ 


we can determine the distribution of s*~ We obtain, 
finally, 


©(S'; x) = ,.0 exp 100 sie 


The distribution is strictly Gaussian, with the most 
probable value of s*=0. 

In the future, we hope to return to the question 
of the app lication of the formulas just developed 
to the problem of the measurement of the energy of 
particles which undergo scattering in a photo- 
graphic emulsion. 


Translated by R. T. Beyer. 
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_ There is presented the basis of the hodoscopic delayed coincidence method of study- 
ing the processes of formation of slow 7 -mesons by the nuclear-active component of the 
cosmic radiation. Aside from describing the apparatus, an analysis of the various instru- 


mental effects is carried out. An estimate is made of the effective energy of formation of 
the particles and also of the instrumental corrections, which must be taken into account in 


order to determine the energy spectrum and absolute intensity of formation of slow m-mesons. 


K OR the study of the elementary acts of inter- 
action of high energy nucleons (10° — 10!° ev) 
with atomic nuclei, the most reliable and detailed 
information which characterizes this interaction 
has been obtained by the method of the thick pho- 
tographic emulsions. However, along with its 
undoubted values, this method has a set of dis- 
advantages which in certain cases limit consider- 
ably the possibilities of the experimenter. The 
most serious disadvantage is the laborious pro- 
cessing of the material and the difficulty of connect- 
ing the observed processes to nuclei with a definite 
atomic number, and also of determining the signs 
of charged particles. All of the specified diffi- 
culties can be overcome to a considerable degree 
by working with a controlled Wilson chamber, lo- 
cated in a magnetic field and provided with a plate 
of a given composition. However the latter method 
suffers from its own specific disadvantages, which 
combine with the usual large distortions, and the 
controlling system introduces errors into the ob- 
servations of the numbers of particles and the en- 
ergies and scattering angles of the particles. 

We therefore go to indirect methods of inves- 
tigating nuclear interactions which permit the de- 
tection of certain special phenomena which escape 
direct observation. The clearest example of this 
type was given by Grigorov’, where the method 
was used for an analysis of the latitude and alti- 
tude dependence of the primary component of the 
cosmic rays and it was shown that in the inter- 
action of nucleons of high energy with light nuclei 
the nucleons retain, on the average, 70% of their 
original energy. The ionization method can be ap- 
plied to the investigation of the integral proper- 
ties of the radiation and may be used in certain 
cases for direct, although not entirely well-defined, 


1. L. Grigorov, Dokl. Akad. Nauk SSSR 94, 835 (1954). 
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studies of the characteristics of elementary pro- 
cesses. One of the possible methods of this type 
is offered by the hodoscope, where, under the proper 
conditions, one is permitted not only to observe the 
trajectories of individual particles, but also to 
measure the energy and to identify the nature of 
the particles, as is given in particular by use of 
the well known mass spectrometer system of 
Alikhanov and Alikhanian. In spite of its weak- 
nesses, the hodoscope has advantages over the 
Wilson chamber or photographic emulsion, com- 
bining both a large “‘luminosity’’ and a small 

dead time of the apparatus. The latter permits 

use of the simplest control system of counters 
which will essentially only reduce the discrimi- 
nation and introduces a statistical regularity 

into the study of the phenomena. 

As examples of various successful uses of the 
method of counters for investigating individual 
aspects of the elementary acts of nuclear inter- 
actions it is possible to cite experiments carried 
out in the course of a series of flights, on an ex- 
tensive atmospheric scale, by the group of Zatsepin 
and Nikol’skov by the method of the “‘correlated 
hodoscope’”’ (see Ref, 2) and also the first experi- 
tents on the study of the decay electrons from 
u-mesons® and the investigation of the spectrum of 
formation of 7-mesons in the mass spectrometer of 
Alikhanian. “In the case of the decay of p-mesons,a simple 
application of the method of delayed coincidences 
(without a hodoscope) permitted one to make a 
satisfactory reliable identification of the pheno- 


2 
N. A. Dobrotin, G. T. Zatsepin et al, Usp. Fiz. Nauk 
49, 185 (1953), 


3 V. Kamalian and A. Alikhanian, Dokl. Akad. Nauk 
SSSR 97, 425 (1954). 

4G. B. Zhdanov and A. A. Khaidarov, Dokl. Akad. 
Nauk SSSR 65, 287 (1949). 
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menon above the background of a considerable 
number of possible instrumental effects. 

The decay of p-mesons is by no means the only 
phenomenon in the study of which it is possible 
to use the method of delayed coincidences: Be- 
ginning in 1947, this method was used by us to 
study the processes of formation of slow mesons 
in the depths of the atmosphere (for example, see 
Re. 5). The clarification of the naure of these 
processes, in particular, the determination of the 
number and average energy of formation of these 
particles and also the energy of the mesons in the 
backwards stream (from below upwards) is of great 
interest from the point of understanding the mech- 
anism of interaction of fast nucleons and nuclei. 
So, for example, if they emerge from the interaction 
of two virtually free nucleons, then, in view of the 
relatively high speed of the combined center of 
gravity, the appearance of slow mesons in electron- 
nuclear showers can be principally the result of 
secondary processes, depending to a great degree 
on the atomic number of the nucleus. In order to 
study directly the processes of formation of slow 
mesons it is natural to supplement the usual method 
of delayed coincidences with a special counter 
hodoscope. Such a hodoscope was constructed in 
1950-1951 by Korablev, and was used by us in work 
done in 1951-1952°. 

Unlike other hodoscopes, which use the combi- 
nation of the delayed coincidence scheme (see 
Ref. 7), in the hodoscope system of Korablev (which 
we call GK-5) the delay of the coincidences is 
accomplished in every hodoscope cell, whereupon 
the output of the cell in the form of a single cas- 
cade is collected on the negative electrode of the 
thyratron MTX-90, allowing us to operate the sys- 
tem with a very high “‘luminosity’’ and to detect 
the processes of slow meson formation with a fre- 
quency of the order of 10 per hour. 


2. DESCRIPTION OF THE APPARATUS 


The hodoscope of the type GK-5 makes it pos- 
sible to investigate the formation of slow are 
mesons in thick substances from the ensuing 7- 
u-e decays within the confines of the apparatus. 
For this purpose the apparatus can be set up in 
one of two ways: on the one hand, with the help 


5 
A. Abdullaev, G. Zhdanov et al, J. Exptl. Th 
Phys. (U.S.S.R.) 20, 673 (1950). marke 


© A. A, Abdullaev, G. B. Zhdanov, L. N. Korablev and 
A. A. Khidarov, J. Exptl. Theoret. Phys. (U.S.S.R.) 21, 
1078 (1951). 


7 A, O. Vaisenberg, J. Exptl. Theoret. Phys. (U.S.S.R.) 
24, 545 (1953), 


of certain detectors we select nuclear interactions 
of a definite class (in particular, electron-nuclear 
showers) where it is possible to determine how 
often and with what energy or angular distribution 
slow 7*-mesons are generated in a given inter- 
action; on the other hand, we have a detector 
which operates only in the presence of any p-e 
decay, and it is possible to investigate how often 
a stopped meson is formed within the confines of 
the apparatus , and what kinds are characteristic 
of nuclear interactions which are accompanied 
by such generation.Consequently,there are two specific prob- 
lems to be treated and two types of experimental arrangements 
(GK-5A and GK-5B), characteristic types of which are shown 
in Fig. laand 16. In both cases the arrangement consists of 
the following principle parts: a)a control counter system(row 
VU and NU) in Fig. laand 1b,designed to detect mesons 
and other particles which accompany their genera- 
tion; b) another series of counters, a stratified 
filter d, which,combined with the rows of the GK- 
5 hodoscope, are so designed as to detect directly the 
stopping of mesons as well as electronic decays; 
c) a side group of counters (BG not shown in Fig. 
1b) designed for selecting wide angle showers; 
d) the hodoscope GK-3, which,combined with the 
control and side counters, is intended to specify 
the character of the processes of meson formation; 
e) an electronic amplifier which accomplishes the 
selection and detection of the necessary delays 
from the control system and also controls the ho- 
doscope. 
The thickness of the filter d usually conforms 
to the range of the decay electron so that the effj- 
ciency of any layer of the hodoscope is small and 
depends on the presence of other filters in the 
arrangement. 
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serves to detect non-delayed particles, i.e., slow 
mesons and accompanying particles. The pulse 
M,(T, =1.3u sec) is formed with a delay (At = 1.5 
sec) and goes to the lower series of cells of GK-5, 
which can detect only particles which are delayed 
for a time relative to the original meson, comparable 
to their own lifetime. A sufficiently high resolving 
power of the neon lamps of the hodoscope is 
achieved by means of proper shaping of not only 
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the master pulses but also the pulses entering from 
the counters. The details of the scheme of both 
(upper and lower) of the cells of the hodoscope 


GK-5 for detecting either non-delayed or delayed 
discharges in one of the counters are shown in Fig. 
3. Finally the pulse M, (T, = 34 sec) goes to the 


neon lamp hodoscope of the usual type GK-3, having 
a low resolving power. | 


SSSEU SCC C OSCE. 
Heseceseecceees) 
O05 COODOO oO 
iimeceeccees 


ld 


SRN 


& 
ad 


Fic. 1. Two variations of the arrangement of the hodoscope for studying the process of slow 
meson formation by the delayed coincidence method. a — arrangement of type GK-5A, b — arrange- 
ment of type GK-5B; VU and NU— control group of counters (upper and lower), BG and SG — sup- 
plementary group of counters (upper and side) for examining the role of air showers, I — VI + series 
of counters combined with the double cell of the GK-5 hodoscope, d — filter, designed to slow down 

mesons and act as a source of decay electrons 


Following the master pulse block is the auto- 
maton unit whose task it is to start the camera and 
later to extinguish the neon lamps. In arrangement 
B (Fig. 2b) the automation has a double stage, — 
it starts the camara and later permits the admission 
of the auxiliary pulse from any of the lower hodo- 
scope cells of GK-5 i.e., from the delayed dis- 
charge of any of the counters of the hodoscope. 

In connection with the usual scheme of operating 
with neon lamps we have the characteristic ob- 
stacles to achieving high resolving power, i.e., the 
lag of the gas discharge and the instability of the 


lamps, so it is interesting to point out here the 
main parameter of our apparatus,which characterizes 
its resolving power and (in part) the stability of 
operation. The resolving power of the GK-5 hodo- 
scope for non-delayed particles is 7, = 1 sec, for 
delayed particles Toa 3 sec +10% ee can choose 
a time interval of 1-4 sec for non-delayed particles), 
The resolving power of the GK-3 hodoscope is 
30usec. The range of operation of the cells of GK-5 
for feeding the control anodes of the neon lamps is 
60-80 volts (i.e., + 15%) and for feeding the main 
anodes ~ 5 volts (42.5%). 
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Fic. 2. Block diagram of the electronics of the experimental arrangement: 
a) GK-5A, h) GK-5B, VU, NU — control counters, GS,Gla— hodoscope coun- 
ters and cells, FB — shaping block, BS.— delay block, BMI — Master pulse 
block, AV — automaton, FR — camera, KI — control pulser, UP — constant 

current amplifier. 


We will conclude by saying a few words concern- 
ing the control and regulation of the resolution 
of the GK-5 hodoscope. The adjustment of each 
of the tubes was checked once a day and in case 
it was necessary, it was changed by means of the 
special trimmers (see Fig. 3) at the entrance to 
the condenser which separates the circuit from the 
master pulses M, and M,. The control of the reso- 
lution of the cells of GK-5 was done weekly, for 
which special pulses from the control pulser K ’ 
(which satisfactorily regulated the delay from one 


unit to the next) were supplied to the coincidence 
block and the entrance to the appropriate tube of the 
hodoscope. 


3. ANALYSIS OF INSTRUMENTAL EFFECTS 


AND CORRECTIONS 


In order to study the processes of formation of 
slow m-mesons by the method of the delayed coin- 
cidence hodoscone it is necessary to take into 
account the following instrumental effects and 
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Fic. 3. Principle of the double cell scheme of the 
GK-5 hodoscope. Ch — counter; Vy» Vy — input supply 


to the main and control anodes of the lamp MTX-90;_ in- 
put for master pulses: M, — delayed; M, — non-delayed; 


KG — control connection 


corrections: a) apparent decays, connected with 
the appearance of delayed coincidences due to 
accidental particles and delayed discharges of the 
counters (we will call these events accidentals 
and false coincidences); b) decay of stopped 
mesons which are not connected with the formation 
of these mesons by nuclear action of particles in- 
side the apparatus; c) correction for the efficiency 
of detection of various processes, connected with 
the formation, stopping and finally the decay of 
mesons within the limits of the apparatus; d) er- 
rors in determining the point of formation of the 
mesons, connected with imperfection in the hodo- 
scopic method, in particular, secondary interaction 
of par ticles in the electronic-nuclear shower; e) 
different values for the relation between the range 
and original energy of 7-mesons, connected with 
the processes of nuclear absorption and scattering 
of these particles, and the circumstance whereby 
we detect only the projection of the range onto the 
plane of the hodoscopic photograph. 

The relative importance of accidental coinci- 
dences can be estimated with the aid of the relation 

1 (Netopt Natod% N3 (a) 

where i ade is the frequency of events connected 
with the stopping of the mesons, V’_, | is the 
frequency of events which imitate the stopping 
events, V, is the total of all pu bes from c ainters 
which surround the stopping point, 7, =3 x 10-° sec 
is the resolving time of the hodoscope for delayed 
particles, V,., is the frequency of accidental coin- 
cidences that is being sought. 

We compare the derived frequency NV, with the 
frequency of true decays that are detected by the 
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apparatus NV, .: 
Net = Nstop%o, (2) 


where 7, is the efficiency for detecting decays. 

As cil be shown below, the efficiency under our 
conditions was nsually not less than 0.1. If we 
take into account the fact that the point at which 
the meson stops is in the immediate neighborhood 
of 5-7 counters, each having a cross section* of 
100-160 cm?, then the total load is N, < 50 sec’! 
and in the absence of the ‘‘background’’ phenom- 
enon, which imitates stopped mesons (N’_, | = 0), 
the accidental coincidences constitute a small part 
of the true decays. Unfortunately, such ideal condi- 
tions are practically impossible for two reasons: 
first, because of the presence in the shower of non- 
mesonic particles, which are connected with the 
stopping of particles which do not decay and only 
in crease the ‘‘background”’ of accidental coinci- 
dences (this factor applies only in arrangements of 
class B, which have a sufficiently “‘soft”’ control 
system); second, because of the imperfect geometric 
conditions of the experiment (particularly in the 
arrangements of class A), when there are fast par- 
ticles which are moving laterally (in the direction 
perpendicular to the plane of the hodoscope photo- 
graph);these give the appearance of particles which 
are stopped between two rows of the hodoscope. 
Owing to the influence of the factors just mentioned 
the total background of accidental coincidences in 
certain experiments with the arrangements of class 
B turns out to be comparable to the frequency of 
the decays being studied. This circumstance de- 
prives us of the possibility of making a simple in- 
terpretation of each hodoscope photograph; however, 
for the statistical treatment of the data (in parti- 
cular, for the study of the energy spectrum of the 
mesons) it is sufficient to determine the number of 
accidental coincidences with the aid of a special 
controlled experiment. For this purpose we made 
use of the usual experiment with the additional 
time displacement of the delayed master-pulse M,, 
in which the apparatus did not detect any decays, 
but detected accidenta coincidences at the same 
rate as in the primary experiment. 

In contrast to the accidental coincidences, the 
dangers of false coincidences (caused by delayed 
discharges of the counters) did not enter into the work. 
This is explained by the fact that the experimen- 
tally selected displacement of our delayed master- 


* Experiment showed that the passage of decay elec- 
trons through the more remote counters did not, as arule, 
have to be taken into account. 
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pulse was already sufficiently larger than the time 
for the delayed discharge of the counters. Actually, 
if the delayed discharges were essential, then one 
would need not only the end of the “track”’, but 
also the middle, which is practically not observable 
We investigate the effects of processes which 
may imitate the local formation of slow mesons by 
nuclear action of particles. Here we are con- 
cerned with various types of electromagnetic pro- 
cesses, and also nuclear splittings without emis- 
sion of mesons. A share of these processes (elec- 
tr on-photon showers, 6-showers, from fast mesons 
and particles of non-mesonic nature) may imitate 
the formation and decay of mesons only because 
of the appearance of accidentally delayed par- 
ticles, and also when one takes account of the con- 
trolled accidental delayed coincidences. In all 
cases, we have the point of the actual decay of the 
meson in the apparatus, but this meson either 
comes into the apparatus from the air (5-showers 
from slow mesons, air showers) or is generated 
by nuclear-inactive particles (photogeneration)**. 
An estimate of the possible portion of the mesons 
which come from the air was made by us by a com- 
putation made with the help of a special control 
experiment. The calculation of this estimate 
starts with the data on the flux from, on the one 
hand, slow mesons and mesons from wide air show- 
ers of a given density (several particles over the 
area of the apparatus), and on the other hand, nu- 
clear-active particles with energies that are suffi- 
cient for efficient meson formation. The control 
experiment was designed to determine the role of the 
6-showers and was based, first, on the height of 
passage through the apparatus at which the shower 
was detected, and second, on the study of the pene- 
trating power and spatial distribution of the shower 
particles. The role of the air showers was deter- 
mined both with the use of the special group of 
side counters, as well as by the method of analyz- 
ing the penetrating power of the shower particles. 
The result of all of the mentioned estimates and 
control experiments consisted of the following. 
The contribution of 6-showers comprised no more 
than 5% in set-ups of class A (in this case the 
apparatus can only operate from twofold 6-showers), 
in set-ups of class 5 — 10% of the frequency of 
occurrence of local meson forming showers. The 
contribution of air showers in arrangements of class 
A was ~ 10% of the number of showerswhich genera- 
ted mesuns in the apparatus, whereupon the main 


** In both cases, the particles which accompany the 
meson may Sometimes imitate local ssowers and appear 
as a source of formation and decay of wesons in the 
apparatus, 
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part of these processes is dependent on nuclear- 
active particles, which go along with low density 
air showers, and they are distinguished from show- 
ers of the local type only by the very large average 
energy of the particles which form slow mesons in 
the apparatus*** The air showers in the arrange- 
ment GK-5B cause 25% of the total number of de- 
layed coincidences that are detected from showers. 
Fowever the majority of similar events are attri- 
buted to accidental coincidences, which is easy to 
understand. Lecause of the ‘‘softness’’ of the control 
system of counters the apparatus separates efficiently 
nuclear-active particles which have comparatively 
low energies, and hence may not have much air 
accompaniment. 

The possible contribution of processes of photo- 
generation of mesons may only be estimated by cal- 
culation. We proceed from the flux of photons with 
energy > 200 mev in the atmosphere where as is 
well known (from accelerator data) we have the maxi- 
mum effective coss section for photogeneration, and 
obtain a value of the order of 5% (in comparison 
with the frequency of generation by the nuclear- 
active component) as an upper limit for the relative 
frequency of photogeneration of mesons in our appa- 
ratus. : 

We pass now to the estimate of the efficiency of 
detection of slow mesons which are generated in 
the apparatus. This estimate is of interest from 
various points of view: for example, it permits one 
to make a comparison between the true decays and 
the “‘background”’ of accidental events, and also 
between the intensities of slow meson formation 
from various nuclei; by means of a comparison of 
the well known flux and energy spectrum of nuclear- 
active particles, it permits one to determine the 
efficiency of formation of the mesons under study over 
a range of energies. Aside from this, an analysis of the 
question of the efficiency of detection permits one 
to go into the corrections that are necessary to de- 
termine the true form of the spectrum for meson 
formation. 

The problem of the efficiency of the apparatus, 
i.e., the relation between the number of generated 
and detected slow mesons, can be broken down 
into two independent parts: first, the determination 
of the probability with which the nuclear-active 
particles of a fixed energy create in the filter of 


*** As was shown in the experiments of Liubimov et 
al®, an increase in the energy of the particles which 
generate electron-nuclear showers, is accompanied by 
an increase in the probability of concomitant air showers 


cdi ii Korablev, A. L. Liubimov and A. T. Nevraev, 
Dokl. Akad. Nauk SSSR 68, 273 (1949). 
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+ : 
the apparatus a 7 -meson of a given range**** 


which is confined within the limits of the apparatus; 
second, the probability of detection of electrons, 
which originate as a result of the decay of a meson 
which stops in one of the filters of the apparatus. 
For a single meson, proceeding into the apparatus 
from the air, only the second possibility re- 
mains. This is the simpler part of the problem at 
which we begin our calculation. 


In this expression ¢, and ¢, are the limits of 
the time interval in which the hodoscope can de- 
tect delayed particles, oe 2.15 sec — the 
mean lifetime of the »-meson and 0 is the 
limiting angle at which there can emerge from the 
filter the electrons which originate at a depth X 
and which possess the maximum possible length. 
The scattering of the electrons in the layers of 
the filter and at the ends of the filter (in a direct- 
ion perpendicular to its thickness) is thereby not 
taken into account; however, it cannot intro- 
duce any essential error into the calculation of 79- 
For a practical calculation of the efficiency it is 
expeditious not to use the energy spectrum of the 
decay electrons, which was determined with great 
precision by use of the Wilson chamber or photo- 
graphic plates, but to go directly from the integral 
range spectrum, i. e., the absorption curve, deter- 
mined for various substances by the method of de- 
layed coincidences from counters (see, for example, 
Refs.4 and 9 and 10). The efficiency 15 calcu- 
lated from this data for several variations of our 
apparatus is presented below. 


Thickness of filter,d 2cm Pb 2cmFe 2cmC 
Efficiency for de- 


tecting decays, 7 0.30 


0.14 0.20 
The derived value lacks certain corrections, 
which are connected with the fact that a part of 
the counters, which detect decay electrons, may 


appear to be “‘busy’’ with discharges from non-de- 


****In order to simplify the problem we will, for the 
present, assume that the range has a vertical component 


only. 
9 J. Steinberger, Phys. Rev. 75, 1136 (1949). 


10. Pp, Hincks and B. Pontecorvo, Phys. Rev. 77, 102 
(1950). 
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If we denote by d the thickness of the filter 
between the rows of the counters of the GK-5 
hodoscope which detect the decay electrons, and 
by F[E(X)] — the integral energy spectrum (X is 
the range of these electrons), then the average 
efficiency for detecting isotropically emitted de- 
cay electrons is to a first approximation of the 
form: 


\ax | FlE(A4)]4 (eos). 5 


layed particles. For a single meson, such par- 
ticles may appear only from the stopping of mesons, 
and in this case (when only one counter near the 
point of decay is busy) the average correction for 
the effect of the busy counters is a constant fac- 
tor 7, = 0.8. In order to check experimentally the 
efficiency for detecting the decay of such 

mesons, we carried out a special control 
experiment in an underground installation (i.e., 
under the conditions when the penetrating particles 
consist only of mesons). The experiment was 
arranged so that the control system of the arrange- 
ment GK-5A was “‘adjusted”’ to select single pene- 
trating particles, going in a narrow solid angle, and 
arranged under one of the rows of the GK-5 hodo- 
scope which detected all stoppings of these par- 
ticles as well as the accompanying decay electrons. 
We determined by this experiment a value of the 
efficiency which agreed well with the value deduced 
above (from the calculation of the correction due to 
the counters being “‘busy’’). 

For mesons which strike the filter of the hodo- 
scope accompanied by other particles, the correction 
for the occupied counters is calculated and the 
average value depends on the scattering from the 
point of formation of the original local shower to the 
meson track. In this case the correction to the 
factor 7; is determined purely experimentally, by 
means of utilizing the hodoscope pictures and de- 
termining the average probability of counters being 
occupied by various scatterings from the point of 
formation of the shower * 

After determining the efficiency for detecting 


* In contrast to the case of the single meson the posi- 
tion of the occupied counters relative to the point of 


decay is no longer essential and hence the correction 
factor 7, can be taken as simply equal to the number of 
i 


occupied counters of the hodoscope. 
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decays we turn to the calculation of what is called 
the ‘‘luminosity’’of the apparatus, i.e., the fre- 
quency N,.)> of detected slow mesons, produced 
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by the nuclear-active component and stopped inside 
the same apparatus. The expression for the lumi- 
nosity can be written in the following form: 


(4) 


= ( 


il aha.) 
= cape Vo%i Seen A;rQ;; (fe). 
ij 


where E , is the threshold energy for generation of 
slow mesons by nucleons, AR is the sum of the 
thicknesses of all of the filters of the apparatus, 
whose number is denoted by 1, Air — is the thick- 
ness of each separate filter, \(E) is the average 
path for generating mesons by nuclear-active par- 
ticles of energy F, S(F) is the energy spectrum of 
the nuclear-active component in the atmosphere, 
W (E) is the mean probability of detection of 
showers by the control system of counters, the 
showers being formed with a fixed energy, v,+ (£) 
is the average multiplicity of generation of the 
slow 7*-mesons in such showers, “o%i is the 
previously determined efficiency for detecting de- 
cays and the correction for the occupied counters, 
®,(r;) is an average over the primary integral 
energy spectrum of the meson range (actually, the 
vertical component of the range), {2i)(f3) is 
called the “‘geometrical factor’’, i.e., the correc- 
tion taking into account the finite size of the hodo- 
scope filters. 

We note that in the average over the primary 
meson energy spectrum (in order to normalize the 
spectrum, we must determine the energy depen- 
dence of the factor Yx+) we must take care of the 
circumstance that the true dependence of the spec- 
trum on the energy FE appears in the form of the 
function under the integral in expression (4) which 
cannot be calculated compared to such functions 
as \(E), S(E) and W_(E)*+. 

There is no possibility of examining in detail 
all of the quantities which enter into (4), so we 
limit ourselves here only to some short remarks, 
after which we will give , for various cases derived 
by us, the function under the integral, which may 


THE the multiplicity /74 is not a monotonically in- 


creasing or rapidly decreasing function of the energy E, 
then the three functions also determine the effective 
range of primary energies for the given arrangement. 


be called ‘‘the energy generating function’’ of 
slow mesons by the nuclear-active component. 
The threshold energy “‘E,” and the total range 
of energies for an efficient generation of mesons 
can be obtained by combining the data, determined 
with accelerators, onthe generation cross section 


for heavy nuclei and photographic plate data on the 
probability of “‘inelastic’’ nuclear collisions for 


various energies of the nucleons in the cosmic ra- 
diation The differential energy spectrum S(E) 
of the nuclear-active component in the atmosphere, 
in particular at mountain altitudes (where we carried 
out our experiments) is known at the present time 
from a whole series of works, carried out by various 
methods **, and can be represented satisfactorily 
by a function of the form p~2:° (p is the momentum). 
The probability of detecting showersw,(£)for an 
actual system of control counters may be calcu- 
lated to a satisfactory approximation only in cases 
when the operation of the system is determined by 
penetrating shower particles; then we may use 

the photographic plate data for multiple formation 
of relativistic particles (see, for example, Refs. 

12 and 13). As an average energy spectrum of 

slow mesons we can use the spectrum of Camerini 
et al?, which was determined with an arrangement 
in which the average energy of the nuclear-active 
particles was not too different from the energies at 
which our apparatus is efficient. The least obvious 
point appears to be the question of the function 

Yn (E), i-e., the multiplicity of generation of slow 
mesons. The fairly meager photographic plate 


we: Suitable data were considered by us in the survey 
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8* The Similarity of the conditions of observation 
is explained by the energy estimate made below. 
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12y, Camerini, P. H. Fowler et al, Phil. Mag. 41, 413 
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data on the generation of slow mesons (with ener- sumptions about the form of the function += (E): 
gies of tens of mev) in the stratosphere !4 shows a)  vm+(E)= constant; b) dnt (E)~1/n; ’ Gor 
that this multiplicity, does not apparently increase E > 2 bev), where n, is the number of relativistic 
with the primary energy, and if it decreases, then it  Patticles in the shower. 

does so very weakly. Therefore, in carrying out In Fig. 4 are shown the results of our calcula- 
our calculation, we start from two alternative as- tion of the energy generation function of slow 


T(E) 


10 


QS 


5 0 18 20 
E Bev 
Fic. 4. Dependence of the output of slow mesons G(E) on the 
energy of the pando particle £ for various arrangements and 
assumptions about the multiplicity of formation: a) arrangement 
GK-5A, \vn+= const..b) arrangement GK-5B, *v_+ = const., 
c) arrangemnet GK-5B, v,+~ 1/n, (for E > 2 bev). 


pee es Se See ee 


mesons for three different cases: a) Arrangement 
GK-5A, Y=: (E)= constant, b) Arrangement 
GK-5B, %<+ (E)= constant, c) arrangement 
GK-5R, J+ (E) ~J/n, with E > 2 bev. 

With the help of these curves, it is possible in 
each case to determine characteristic energies — 
the threshold energy E, and the average energy of 


the generated component Ey These values can 

be determined from the energy limits to whose 

left there is respectively 5 and 50% of the total 
area, within the limits of the curves of Fig. 4. In 
this manner we obtain the “‘thresholds’’ and average 
energies (for each of the three cases): 


ee ieee 4 Molen Ss Pe 


Arrangement and GK-5A GK-5B GK-5B 
multiplicity of fab: tis rf: ry 
Peewee veneration v,+= const v.y=const vi ~ I/n, 
Threshold Energy, 
E, in bev ‘isa iO 0,9 
Average Energy 
Egy in bev 2,9 3,0 2,0 
By using the expression (4) we determined not that both of the initial assumptions about ie er 
BP cence Wepettdence ofabe ‘output’? of pendence of the value of y,+ on the initia 


energy are in accord with experiment (within the 
limits of error of the experiments and the calcu- 
lations), as well as the assumption about the in- 


slow mesons, but the overall frequency of detect- 
ing decays by the apparatus (the ‘‘luminosity’’ of 
the apparatus). A comparison of the calculated 


i f the ‘‘output”’ of slow mesons with the 
i imental observations showed Eredse, 0. 
ae ap aa primary energy E, for example according to the 


14, Yagoda, Phys. Rev. 85, 891 (1952). law v,4~n, (E) which leads directly to an es- 
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timate of the “‘ luminosity” of the apparatus. 

We will consider methodically the question of 
the connection of the observed spectra and the 
energy of the mesons. In order to analyze the ho- 
doscope picture of the appropriate shower, the terminus 
of the meson path is fixed by the appearance of the decay 
electron, and the average error is determined by measure- 
ment. Obviously, half the thickness of the filter separates 


it is necessary to introduce corrections of two 
kinds. First of all it is necessary to take into 
account the fact that the hodoscope photograph 
does not permit one to obtain a representation of 


ea 


two rows of the hodoscope counters. Errors in 
fixing the beginning of the track are connected 
with two factors: the inaccuracy in determining 
the point of formation of the initial shower in the 
filter of the hodoscope, and the possibility of 
generation of mesons by secondary nuclear-active 
particles in the shower. To explain the role of 
the first factor, we plot the distribution curve of 
the number of fired counters in the rows of the 
hodoscope, reading off the number of the row each 
time for the filter in which the shower was sup- 
posedly generated (absolute numbers are read off 
vertically downwards). The character of these 
curves plotted in Fig. 5 for two concrete arrange- 
ments (the hodoscope with graphite and lead fil- 
ters each 2 cm thick), shows that the average 
error in determining the point of formation of the 
shower, apparently does not exceed half the thick- 
ness of the filter by virtue of the strong dependence 
of the number of counters that are fired on the 
number of the row.As arule, nothing can be said 
about the effect of processes of secondary mesons 
on the shape of the hodoscopic pictures. It is 
possible, however, to take into account these pro- 
cesses with the aid of the following discussion. 
As is well known, the average ranges for absorp- 
tion and interaction of the nuclear-active compon- 
ents in substances A, , and A, _, are connected 
by a simple relation (see, for example, Ref. 15): 
ae — 5 
La Se ] — Vises (5) 
where p,,,, is the average over the spectrum of the 
number of secondary nuclear-active particles. 
Taking into account the fact that,according to the 
data of Ref. 15, ,_./A,, = 1/3 (independent of 
the atomic number of the nucleus), we obtain V | 
= 2/3 and, consequently, the probability of form- 
ing secondary showers in each of the filters at a 
depth Ar located under the point of formation of the 
initial shower, is, on the average, 2/3 Ar/d. a+ 
In order to go over from the distribution in 
range to the initial energy spectrum of 7*-mesons 


liek 
S. A. Azimov, N. A. Dobrotin and A. L. Liubimov, 
Izv. Akad. Nauk SSSR, Ser Fiz. 17, 80 (1953). 
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Fic. 5. Average number n of fired counters of the 
hodoscope through various scatterers from the point of 
supposed formation of the shower. The number of the 
hodoscope row is read from the vertical-positive down- 
wards and negative upwards. Pb, C — are the curves 
for the arrangement GK-5B with lead and graphite fil- 

ters respectively, 


the complete meson track in space, and in the best 
case it is possible to represent only the projection 
of this track on the plane of the photographic plate. 
However, if we neglect the effect of the finite size 
of the hodoscope filters and the scattering of 
mesons in these filters, then the distribution of the 
vertical component of the track r, can be converted 
into the distribution of the total range without dif- 
ficulty,and conversely, if we know the angular dis- 
tribution of the mesons re lative to the vertical. 
Actually, the question in this case can be resolved 
by the method of generalization of the well known 
relation of Gross between the vertical absorption curve 
and the global intensity of cosmic rays. For an 
angular distribution of the radiation, incident within 
the limits of a certain plane area, of the form of 
cos” 6(6— the angle with the vertical), the rela- 
tion, which connects the vertical fy (X) and the 
global F {X) intensity of the radiation at a depth 
X has the form: 
8m 
ey 
sue \ ifs (<3) cos" 6 d cos 4; 
0 


Fg) (4) (6a) 


dF, (6b) 


dx 


F(X) = (+ 1) Fra (X)—X 
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For slow mesons we assume n = 3 (see 16), where- 
upon we can calculate the production with the help 
of the relation (6a) for the function f, (X), corre- 
sponding to the meson spectrum of Camerini!2, and 
show that the distribution from complete tracks and 
from the vertical components of the tracks differ 
very little in this case (considerably less than for 
isotr opic radiation). 

The other type of correction to the meson spec- 
trum is connected with the calculation of the nuclea 
interactions with matter. All nuclear interactions, in 
which the meson is absorbed, not reaching the end of its 


ionization range, are taken into account by the 
simple method of multiplying the ordinate of the 


range spectrum with an exponential factor of the form 


exp (X7A where Ae 
clear absorption. A calculation of the nuclear scat- 
tering of z-mesons, inelastic as well as from elastic 
(at large angles), appears to be a considerably more 
complicated problem; however, over our range of 

energies, the effective scattering cross section is 

not large, and therefore to a first approximation one 


need take into account only pure absorption. Thus, 


is the mean range for nu- 


for example, on the basis of a series of a large 

number of investigations, using various methods 
(see, for example, Refs. 17-20), it is proved that 
for energies up to 150 mev, the cross section for 
nuclear absorption of 7*-mesons constitutes 60- 


we W. L. Kraushaar, Phys. Rev. 76, 1045 (1949). 


i G. Bernardini and F. Levy, Phys. Rev. 84, 610 
(1951). 

18 . Bradner and B. Rankin, Phys. Rev. 87, 547 and 
553 (two papers) (1952). 


se J. F. Tracy, Phys. Rev. 91, 960 (1953). 
- R. L. Martin, Phys. Rev. 87, 1052 (1952). 
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80% of the total (equal to the geometrical) cross 
section, and the cross section for processes which 
are accompanied by a large change of energy and 
angle does not exceed 15% of the geometrical 
cross section, although with increasing energy this 
cross section increases markedly. 


CONCLUSIONS 


We presented above an analysis of the hodoscope 
method with delayed coincidences and used this 
method to study the processes of generating slow 
mesons, which permits one to settle the following 
three questions: 

1. We determined the range of the energy spec- 
trum of nuclear- active particles, which gives the 
main contribution to the generadion of slow mesons 
(under the conditions of our experiments this ener- 
gy is on the average 2-3 bev). 

2. We introduced all of the necessary instrumental 
corrections for determining the intensity of gen- 
erating slow mesons from va@ious nuclei (in above 
specified range of energies). 

3. We introduced the instrumental corrections 
necessary to determine the energy spectrum of slow 
mesons from the point of generation. 

The experimental results, which were obtained 
by us by use of the method considered above, were 
described in the second part of this paper. 

In conclusion the author would like to thank for 
their great help L. N. Korablev, V. F. Tulinov, 

A. A. Abdullaev and A. A. Khidarov for adjusting 
the apparatus and for the time spent in making mea- 
surements. 


Translated by B. Hamermesh 
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Measurements were made of effective cross sections of two electron capture by 
collisions of protons of energies from 9.5 to 29 kev with molecules of H,, No, O,, 
He, Ne and A. The ratio of the number of negative hydrogen ions to the number of pro- 
tons in the balanced beam formed after the proton beam has passed through the six 
mentioned gas targets, was determined as a function of energy. The effective cross 
section of capture of a single electron by collision of a fast hydrogen atom with a 


fast hydrogen atom with a hydrogen molecule was computed on the 


mental results. 


ORMATION of negative ions by single collisions 

of fast singly charged positive ions with gas 
molecules results from the exchange of two elec- 
trons between the colliding particles. Effective 
cross sections of two electron capture by positive 
oxygen ions upon collision with molecules of hy- 
drogen, nitrogen and oxygen were given in the work 
of Fogel and Krupnik?. For protons colliding with 
hydrogen molecules initial measurements of double 
exchange of charges were presented in the work 
of Fogel, Krupnik and Safronov?. 

The process of two electron capture by triply 
charged ions of argon in neon, argon and nitrogen 
were studied by Fedorenko?. 

As is evident from this brief review, processes 
involving double exchanges (unlike atomic colli- 
sions involving exchange of single electrons) have 
been inadequately studied and therefore, in order 
to understand the mechanism of such processes, it 
is necessary to make further investigations for 
different ion-molecule pairs over a widest possible 
range of ion energies. 


METHOD OF MEASUREMENTS 


For the study of the process of double exchange 
of charge of protons we have constructed an ex- 
perimental equipment basically similar to that used 
in Ref. 1 and will therefore not describe the equip- 
ment here. The basic difference between our ex- 


‘fa. M. Fogel and L. I. Krupnik, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 29, 209 (1955); Soviet Phys. JETP 2, 
252 (1956). 

2. Vv. Fedorenko, J. Tech. Phys. (U.S.S.R.) 24, 769 
(1954). 

31a. M. Fogel’, L. I. Krupnik and RB. G. Safronov, 

J. Exptl. Theoret. Phys. (U.S.S.R.) 28, 589 (1955). 
Soviet Phys. JETP 1, 415 (1955). 


basis of the experi- 


perimental arrangement and that previously used 
was that the analysis of the beam, after it passed 
through the collision chamber, was performed by an 
electrostatic and not a magnetic analyzer. Measure- 
ments of the /* and /~ currents in the Faraday trap 
of the electrostatic analyzer were made simultan- 
eously by a mirror galvanometer and a string elec- 
trometer so that errors caused by accidental fluc- 
tuations of the primary proton current were removed. 

A liquid air trap was inserted in the collision 
chamber used in this work. The trap served to 
freeze out the condensed vapors and resulted in a 
considerable reduction of the number of negative 
ions produced by double ionization of the residual 
gas molecules in the collision chamber. 

The electric potentials in the ion source, focus- 
ing lens and the accelerating tube were measured 
by a voltmeter calibrated with a resistance volt- 
meter similar to the one used in Refs. 1 and 2. 

The content of the beam formed as a result of 


passage of protons through matter is repre- 
sented by differential equations. 


aN* / d (nx) = — (919+ 91-1) N* (la) 


+ 99° + o_N; 


aN®/ d (nx) = oN" (1b) 


— (S51 + o_O + Gay NV ; 


aN /d (nx) = %_,N* (Ie) 
+ So_yV? — (924 + Gyo) N , 


re FNS 5 
where N", N and N- are the number of protons, 
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neutral atoms of nydrogen and negative ions of 
hydrogen, respectively in the beam; g;,, is the 
effective cross section of the process, as a result 


of which a particle with a charge i is converted 


into a particle with a charge k; n if the number of 
atoms per cc of the matter, x the length of path 


in matter. 

By Eq. (1c) and by use of the initial conditions 
nx=0, N*=N8 N°=0, Nv =O, the following 
formula for determining the cross section for two 
electron capture by a proton is readily obtained: 


d re + 
5-1 = 1.081079 (T/L) i] pent? 
dp pan 
where L is the effective length of the collision 
chamber, 7 the temperature of the gas in the chan- 


ber, /- the current of negative hydrogen ions in the 
beam, J * the ion beam current entering the 
collision chamber. 

The method of measuring the cross section 0, ,; 
based on Eq. (2), consists of studying the depen- 
dence of the ratio /~/J6 on the gas pressure p in 
the collision chamber. The derivative in Fq. (2) 
is determined from the linear portion of this depen- 
dence ,the presence of which is conditioned by the 
formation of negative ions by single collisions of 
protons with the gas molecules. 

The solutions of differential equations (1) have 
the following form: 


Wag ae, Ae ie", (3) 


NW =o, bye + be, 


Tart 
>? 


IND = Ca eer Fe 


where the quantities rj), r,, ap, a,, ay, etc. are 
the functions of the six cross sections entering 
into the differential equation (1). When nx 00, 
N-—a,, N*—>by,N°— Cp, i.e., with sufficient 
increase of the thickness of the gas target, the 
composition of the beam no longer changes. The con- 


tent of the beam is said to be in equilibrium. It can be 
shown that (V—/N+ p will have the following form: 


(*) ad (5) _ %19%0=1 TF 91-198 91 FT 91-17% (4) 
p p 


‘Fy eed : : ; 
\N ie Fo17—10 Far 0 FF —11% 2 


For sufficiently small values of nx, Eqs. (3) 
can be expanded into series. Ry neglecting all 
powers of nx higher than second we obtain: 


DC /f = %-41nx + 1/, (549291 + 91-1710 (5) 


oe OF_4—9y-49F_ 4g — 9-19-11) (1x)? 
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Thus, in the region of gas pressures in the col- 
lision chamber when multiple collisions of the 
beam particles with gas molecules begin to appear 
and while these pressures are not yet too great, 
the dependence of the ratio /~ // * on the pressure 
is expressed by the equation 


U/l = p+ 8p’, (6) 


where 
oi h fRT: (7) 
6 3/4 (019% 1 1 91-1919 1 
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In Fig. 1 is shown part of the curve of variation 
of ]~/]~ with pressure for 29 kev protons passing 
through hydrogen. In constructing this graph the 
double charge transfers from the protons to the 
molecules of the residual gas in the collision 
chamber, were taken into consideration. This was 
done by making the values on the axes of abscissas 
and ordinates to correspond to p — pg and age, 
— (1"/1 *), respectively, where Pg is the pressure 
of the residual gas and (J~//"), the value of the 
ratio /~/]* at the pressure of the residual gas. 
The pressure of the residual gas in the chamber 
was 5 x 107° mm of mercury. It should be noted 
that upon freezing of the condensed vapors in the 


collision chamber, the value of T IDs decreases 
from 3 x 1073 to 2 x 10-4. As seen from Fig. 1, 
the dependence of /~//* on pressure appears linear 


up to a pressure © 10°74 mm of mercury. At higher 
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pressures there is observed a departure from linear- 
ity, resulting from the formation of negative hydro- 
gen ions as aresult of multiple collisions of the 
beam particles with the gas molecules. 

It follows from the above that the dependence 
of 1“/]* on pressure at not too high pressures 
should be expressed by Eq. (6). From eleven ex- 
perimental points in Fig. 1, using the method of 
least squares, we have determined the values of 
constants y and 6 in Eq. (6), which turned out to 
be 2.74 and 1.03 x 10%, respectively. Application 
of the least square method to the 5 points of the 
linear portion of the curve gives for the value of 
y =2.7. The values of /7/I - computed according to 
Eq. (6), with the indicated values of the constants 
y and 6, differed from the experimental values by 
not more than 7.6%. This result indicates that, up 
to the pressure of 1.7 x 107% mm of mercury, the 
dependence of /—//* on the pressure follows Eq. (6). 

In the following, for the determination of 7 _1> 
the quantity y was determined by the method of 
least squares from the linear portion of the graph 
of the dependence of / Va hie pressure. 

The mass spectroscopy method used by us for 
the measurement of cross sections 7,_, can yield 
sufficiently accurate values d these cross sections 
if the following factors which distort the results 
of measurements are corrected for or removed: 

(a) Weakening of the proton beam in the collision 
chamber resulting from neutralization of protons by 
collision with gas molecules.* 

(b) Unequal distribution of protons and negative 
hydrogen ions in the collision chamber. 

(c) Unequal weakening of the proton and nega- 
tive hydrogen ion beams in the path from the colli- 
sion chamber exit to the cylinders of the Faraday 
analyzer. 

The correction for the neutralization of protons 
can be readily computed if cross section a is 


known. For protons in hydrogen and helium this 
correction does not exceed several percent and 
was therefore not introduced by us. 


Certain experiments described below indicate 
that unequal distribution of protons and negative 
hydrogen ions in the gas of the collision chamber 
cannot substantially distort the results of mea- 
surements. 

The correction for the unequal attenuation of 
the positive and negative beams in the analyzing 


* The necessity of compensating for this arises from 
the fact that_actually measurement is made of the ratio 
of currents J /]” in the Faraday trap of the electrostatic 
analyzer, while according to Eq. (2) it is necessary to 
measure the ratio /~/] * where ]* is the current of pro- 
tons at the entrance to the collision chamber. 
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chamber can only be computed for the case of hy- 
drogen in the collision chamber since for this com- 


putation it is necessary to know (besides cross sec 
tion aig) the cross section @_}¢ which was measurec 
in Ref. 4 for negative hydrogen ions in hydrogen. 
This correction did not exceed 0.2% and is there- 
fore insignificant. Accidental errors in the mea- 
surement of cross section 7, ; amounted to 30%. The 
errors in the measurements of the proton energy was 
of the order of 3%. 

For the determination of the equilibrium value 
of the ratio /~ //* the curve of /~/] * in its depen- 
dence on pressure was plotted up to pressures 
corresponding to the equilibrium state of the beam. 
The equilibrium state of the beam is reached for all 
six gases at pressures of the order of 10-2 mm of 
mercury. , Accidental errors in the measurements 


of (J Lee amounted to 18%. 
RESULTS OF MEASUREMENTS 


Measurements were made of the effective cross 
sections of the double exchange of charge process 
for protons with energy from 9.5 to 29 kev in hy- 
drogen, nitrogen, oxygen, helium,neon and argon. 
To fill the collision chamber we used hydrogen 
passed through a palladium filter, spectrally pure 
helium and neon, oxygen with 0.9% impurities, 
argon with 0.3% impurities and nitrogen obtained 
by evaporation of liquid nitrogen and purified from 
admixtures of oxygen (of the order of 4%) by pas- 
sage through copper filings heated to 600° In 
Fig. 2 is presented the dependence of the effective 
cross sections @,_, on the proton energy for all 
six gases investigated. The value of 0, ,, for 
each energy was obtained by averaging two mea- 
surements. In the energy range investigated the 


effective cross section eat for protons in nitro- 


gen, oxygen, argon and neon decreases _ with 
increase in energy; for protons in helium there is 
observed quite a shallow maximum around 14 kev 
and finally for protons in hydrogen there is a sharp 
maximum around 17.5 kev. The values of 0, 
fall within the limits from 5 x 10°19 cm?(neon, 29 
kev) to 1.27 x 10-17 cm? (hydrogen, 17.5 kev). 
Since the measurements of effective cross 
sections of double exchange of charge for protons 
are being made for the first time, it is not possible 
to compare the results with published data. The 
only comparison could be made with results ob- 
tained in the work of Fogel’and Krupnik. In that 
work measurement was made of the cross section 


4 A.C. Whittier, Canad. J. Phys. 32, 275 (1954). 
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, /; for protons in hydrogen for the supe 21 kev 
and this was given as 1.5 x 1071? em?. According 
to the results of this present work o,_, for the 
mentioned energy is 1.1 x 107!” cm?. "The differ- 
ence is within the limits of experimental error. 

It is of interest to compare the effective cross 
sections for the capture by protons of one and two 


electrons by collision with gas molecules. Such 
comparison can be made for protons in hydrogen 
and helium, since only for these two cases reliable 
measurements were made of the effective cross 
sections of one electron capture. 

For comparison curves of the effective cross 
section dependence of one electron capture by pro- 
tons in hydrogen are shown in Fig. 3. The data 
were taken from the work5 (solid curve) and? 
(dotted curve), and curves of effective cross sec- 
tion for the capture of two electrons as measured 
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2 J. P. Keene, Phil. Mag. 40, 369 (1949). 


in the present work. As can be seen from this 
Figure, the effective cross section for one electron 
capture in the investigated energy interval is 50 
to 100 times greater than the effective cross sec- 
tion of two electron capture. 

A similar comparison (Fig. 4) for protons in 
helium made on the basis of data obtained in this 
work and by Keene” Shows that in this case the 


ratio 0,,/7,_, for the investigated energy interval 
varies from 120 to 250. 

The dependence of the equilibrium value of the 
ratio 1~/]* on the energy of protons for the in ves- 


tigated gases is shown in Fig. 5. For nitrogen, 
oxygen, neon and argon in the interval from 9.5 to 
29 kev, there is observed a decrease of (J°// =) 
with increase of energy; for helium this ratio re- 
mains approximately the same; in the case of hy- 
drogen for which this ratio is much higher than for 
the rest of the gases ,there is a maximum of 17% 
(for energies of the order of 8.5 kev). The depen- 


dence of (J-/]*) on energy for protons in hydro- 


gen was investigated by Whittier*. His results 
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are shown in Fig. 5 by the dotted ne. As seen 
from this Figure, our values of (J/-//*)_ are sys- 
tematically smaller than those of Whittier, while 
the differences are beyond the limits of measure- 
ment errors. 

It should be noted that the collision chamber 
used in the work of Whittier differed very little 
in length from our chamber but had an output 
channel 1 mm in diameter and 75 mm long while 
the dimensions of the output channel in our camera 
were 5 and 50 mm respectively. On the assump- 
tion that the scattering of protons and negative 
hydrogen ions in the gas of the collision chamber 
are not equal, we can conclude that there must 
exist a systematic error in the determination of 
(1- /1*)_ connected with this unequal scattering. 
It is easy to understand that this error must be 
greater in the work of Whittier than in ours since 
in his chamber the scattered particles are restricted 
to a much smaller angle than in ours. In order to 
determine the influence of unequal scattering of pro 
tons and negative hydrogen ions on the quantity 
ve *) we have placed in the output channel of 


the collision chamber a2 mm diameter diaphragm and 
under these conditions determined the ratio(]°// 7) for 
Mf Oy. (cm?) 
25) 


20 
TD) 
10 
Qs 


Os, @— Ne, /\ == }N, w@— He 


protons in hydrogen.The results were the same as those 
obtained without the diaphragm in the output channel.This 
experiment shows quite conclusively that scattering 
of the beam yarticles in the gas of the collision 
chamber has no effect on the value of (/” //*), and 
therefore cannot be considered as the cause of dis- 
crepancy between results of Whittier and the data 
obtained in this work. The possibility is not ex- 
cluded that these differences are connected with 
unequal neutralization of protons and negative hy- 
drogen ions on the walls of the output Canal in the 
collision chamber used by Whittier. 


DISCUSSION OF RESULTS 


An .examination of the shape of the curves of 
effective cross section dependence on energy in 
Fig. 2 shows that the energy range studied by us 
is located in the region of maximum cross section 
or near it. As is known, the theoretical computa- 
tion of effective cross sections of inelastic pro- 
cesses is possible for either slow collisions, when 
V1, << vg (v,, is the relative velocity of the colliding 
particles, v, is the velocity of the electrons in 
the atom) or for fast collisions, when v, >> vg For 
collisions accompanied by exchange of electrons, 
such computations were made cnly for the sim- 
plest ion-molecule pairs (protons and singly 
charged ions of helium in hydrogen and helium) and 
for single electron exchanges. For the simplest 
atomic collision He + He— Fp + He™ , accom- 
panied by an excnange ot two electrons, compu- 
tation of effective cross section ¢ ,_, for slow 


collisions was made by Rosentsveig and Gerasi- 
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menko®. The results obtained by them on the de- 
pendence of cross section 0,_, on energy are shown 
by the dotted lines in Fig. 4. At 9.5 kev, the 
smallest energy in the energy range investigated 
by us, the computed theoretical value of o,_, 18 
approximately three times greater than the experi- 
mental value. Such a disagreement is quite under- 
stood since at the energy of 9.5 kev the condition 
of slow collisions is not fulfilled. It would be of 
considerable interest, to refine, on one hand, the 
theoretical computation of the effective cross sec- 
tion of o, 5 for collisions of protons with helium 
atoms and on the other to make experimental in- 


vestigations in the proton energy range of 100 to 
1000 ev where the criterion of slowness of colli- 
sions is well fulfilled. 

The position of the maximum on the curve of de- 
pendence of cross section of nonelastic processes 
on energy is determined by Massey’s‘ criterion: 


a|Ac|/hvy= 1, (8) 
where a is the range of the force of mutual action 
between the colliding particles, Ae the resonance 
defect ,i.e., the change in the internal energy of 
the particles as the result of their interaction, h 
= Planck’s constant. 

The resonance defect for the collision of a pro- 
ton with two atoms of helium which is accompanied 
by the exchange of two electrons, is equal to the 
difference between the energy released at the for- 
mation of the negative hydrogen ion and the energy spent 
in the double ionization of the helium atom. In the 
case under consideration, | Ae| = 64.4 ev. If we 


consider that the maximum cross section 0 lel 


forthe process", + He —> H, -- He 1s observed at an 


energy of 14.0 kev, we have according to Eq. (8), 
a~ 1A. Computation shows that the parameter a 
for collisions between the same particles,but with 
single electron exchanges, is of the order of 8A. 
This result appears reasonable since for the ex- 
change of two electrons the particles must be in 
closer proximity than for the exchange of single 
electrons. Similar conditions prevail for colli- 
sions of a proton with a hydrogen molecule. For 
the exchange of two electrons between these par- 
ticles A €=35.5 ev (see Ref. 1), the maximum cross 
section is observed at 17.5 kev, which yields, ac- 


4 L. N. Rosenzweig and V. I. Gerasimenko, Works 
(Trudy) of the Pliys Mat. Dept., Univ. of Kharkov, 6, 87 


(1955). 


; H. S. W. Massey and E. H. Burhop, Electronic and 
ionic impact phenomena, Oxford, 1952. 
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cording to Eq. (7), a=2A. For the single electron 
exchange the parameter a ~ 26 A. 

It woukd be interesting, for the understanding 
of the processes of negative ion foramtion, to study 
atomic collisions with the capture of one electron 
by the neutral particle. There are no data on direct 
experimental measurements of effective cross sec- 
tions To for such a process, but it is possible 
to evaluate this cross section for hydrogen atoms 
in hydrogen, from the known values of other effec- 
tive cross sections for collisions of protons, hydro- 
gen atoms and negative hydrogen atoms with mole- 
cules of hydrogen. 

Assuming that the effective cross section o il 
for the loss of two electrons by a negative hydrogen 
ion through a single collision with a molecule of 
hydrogen for the energy range investigated by us is 
equal to zero, the following expression for the cross 
section 0) _, Can be obtained by making use of Eq. 


(4): 


Clot aaa pe 
Ta (F pr), 


So—1 [(¢~15 — 510) (9) 


+ ayo] (17 / I*)p — Ma} 


For the computation of a, _; we have used values of 
[72° + 1°)/1°lp, obtained in Ref. 8, values of 
(1-/1*), and o,_, as measured in the present 
Weleteca section 0), as measured in Ref. 2. 
The values of o, and (S—10- 319); were determined 
by Whittier*. We consider the values of the dif- 
ference (319 — 91), as measured by Whittier more 
reliable since this value was determined from the 
tangent of the slope of a semilogarithmic depen- 
dence, (see Fig. 8 in Ref. 4) the extrapolation of 
which to zero pressure gives values of (J°/1 i) 
not much different from ours. On the other hand the 
value of o,, obtained by Whittier by subtracting 
the value(s_4) — 9,))from 7,4 is roughly twice 
smaller than the most reliable values obtained by 
other authors2’°*9, which points to a systematic 
error in the determination of cross section @_, 9: 
For this reason we preferred, in computing cross 
sections 0,_, to use Eq. (9), and the values of 
(S_19— 9,,) from Ref. 4. 

Computations of cross section 7), were also 
made by Whittier, who considered cross sections 
@_,, and a, _, equal to zero. In Fig. 6 are given 
curves of cross section 7,_, dependence on energy, 
computed by us (solid are and by Whittier (dot- 
ted curve). It is interesting to note that the magni- 
tude of the effective cross section 09, is only 


1% to2 times greater than the cross section 0, , 


aaBentclsaAnassPiyaik 15 375010804 
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but is 40 to50 times smaller than cross section 


Cope 
10 
There exists another possible method of com- 
puting 7, _, using equation (7) which, taking 7_,, 


= 0, can be written in the form 


Op=1 = {28 ele) fy = 6-7 [oe — (10) 


(3-10 — 910)]} / F10- 
Substituting here the value 6 = 1.03 x 103, ob- 


tained from the curve in Fig. 1, and also the 
values of 9-1, %, (S19 —9 49) and &T/L 
we obtain for the energy 29 kev cross section 
39-1 = 1,3K104’ cm2. By computing 05.4 ace 
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cording to Eq. (9) we obtain for this energy the 
value 0.8 x 1071? cm. Considering the large 
errors in the measurements of the quantities en- 
tering into equations (9) and (10) the agreement 
between the values of o,_, computed by two dif- 


ferent methods must be considered satisfactory. 

In conclusion we consider it a pleasant duty to 
thank Prof. A. K. Val’ter for his constant interest 
and attention to this work and also V. Z. Surkov 
for his practical help in the construction and ar- 
rangement of the equipment. 


Translated by J. L. Herson 
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A nucleon is considered that interacts strongly with a pseudoscalar meson field. The 
interaction is assumed to be of the symmetric pseudovector Nee The eigenvalues of the 


energy, charge and spin of the nucleon are determined, and a 


so the explicit form of the 


wave function of the system. The ground and isobar states of the system are obtained. 


1. WAVE EQUATION OF THE MESON FIELD 
IN THE ABSENCE OF THE NUCLEON 


I N a previous paper! (which appears in this issue 
of the journal and which shall be referred to 
later as I), an approximate method is given for the 
consideration of a nucleon which interacts strongly 
with the meson field. The Hamiltonian of the sys- 
tem was simplified with the aid of a series of ap- 


1 
S. I, Pekar, J. Exptl. Theoret. Phys.(U.S.S.R.) 30 
304 (1956); Soviet Phys. JETP 3, No. 3 (October, 1956). 


proximations and the spin-charge part of the wave 
function was determined. As a result the problem 
of the determination of the stationary quantum 
states of the system reduces to finding the eigen- 
function and eigenvalues of the operator 


H=—G +h Nos ((g¢-—4q°-) 


an 


(1) 


Fz 0° | 0q°-). 


NUCLEOMESODYNAMICS IN STRONG COUPLING. II 


Here, all the symbols of paper I have been retained. 
An operator similar to (1) has already been met in 
earlier works [see Ref. 2, p. 99, and Ref. 3, Sec. 3] 
and, as was shown therein, the eigenfunctions of 
this operator must be sought in the form 


(gq) = V(, B; 6) exp \- > > (az. gen)" (2) 


aK 
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Here q, is one of the coordinates q,>. 
The arguments q,3enter directly into ®, and, 
moreover, are contained in v,(q). Let Cy OG 
an 


denote differentiation only with respect to the 
3 which do not enter into the argument of v,- 


Then 


Taking into account Eqs. (59), (64), (67)-(69) of I 


we obtain 


0 U; ¢ 
2 Love - id : (5) function under the integral contained the factor 
axij Sn ca ore oe ¢,, and was significant only in the local region 
; en) eae where gv differed appreciably from zero, then ~. 
my Ay are "93? could be replaced by qf under the integral. On this 
this basis, we can neglect terms of the form 
Dy o> econ : = (6) Og=s Og (7) 
P q ~ (6 pes U; OU; €| Pee! Cie ~ ees QO. ax 
oni j ; me ce : es (7 q°- | dv; ’ 2 (7, q-) OU; dv; 
as an 
j(2”) 4 ie 02 . 02 a2 ax 
=i sare (am + an +2008 8 55-55) + a5 | ; 
a acca - ai in the calculation of the derivatives of ® with re- 
>. We then have 
It must be kept in mind that even in the develop- spect to v; and q.% Ne 
V = ) 
OD ne OVig=s oNi2 (8 
dv” Ov; li q1 z 
hy 1 Ss wv \2Q 4 | ye 
Sap lds 9) oyun |. (9) 
an 
PD av 
wee as) N/2 (1) (10 
dv; 00; du; du; II Oey D, 
0 U 
OD ange siey. ae Pe cern BV eek 
aq ~~ ou, (95 — Tee) e Ta rt ot Seon, (11) 
aX ic U L 
: N 
ae ee 
ee T==1 


NE Pekar, aay Calta on the Electron Theory 
of Crystals, Gostekhizdat, 1951, 
3S. |, Pekar, J.Exptl. Theoret. Phys (U.S.S.R.) 


27, 411 (1954). 


(3) 


i i 0? 
+ 0g ~ OU; OU; 
an an 


> ae 
0g .. a ; 
7 des 0v;0q 


iax an 


(4) 


ment of Eqs. (67)-(69) in I, it was assumed that 
ofr) differed slightly from ff (r); therefore if the 


Taking into account Eqs. (4)-(6) and also Eqs. (59) 
and (64) of I, the effect of operator (1) on ® can 
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be put in the following form: 


5 ee 3 (12) 
H® = is G+ +>): 
N 
~ xX y(n) 3 7()7(2n) 
£ a) oi 3 1(”) le oy (7) 


MN 
(GV e™ [| ¢,2 ° 7. ©, 
=1 


where 
2 4 7 (2”) 4 e e (13) 
Ta 2 (7) Ez 5 (sm: Fr 0G? 
<2 02 Sed 
+ 2008? ar) + oe + cts te, 
is ees (14) 
(== — Ar aies PON a eta S TT uw 
ft, de; Ou; 0g =$ eI ‘ 
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The wave function (2) corresponds to a state of the 
system in which all the oscillators of the meson 
field are in the ground state, with the exception of 
N oscillators which are in singly excited states. 


In Eq. (12), the term */2 Yo. represents the 
" energy of the zero point vibrations of all the oscil- 
N 


lators and the term > «the energy of the single 
i=1 


excitations of the N oscillators. Physically, this 
means that there are N free mesons in addition to 
the nucleon. 
. In the case of the absence of free mesons, NV = 0, 
H, © =0, and if V(v,) is so chosen that jt satisfies 
the e quation 

HV =HV, (15) 
then ® is an eigenfunction of the operator (1), as 
is seen from Eq. (12): 


Ho = Ho. (16) 


The eigenvalue of the energy of the system is 


fel oe Gia pd oe (17) 


x 
(nt) 3 7 (1)7(2n) 


jhe 2 (yp + ¢ 


In the absence of free mesons, ® does not desgribe 
the stationary state of the system. The term Hie 
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determines the scattering of the mesons on the 
nucleon. This scattering will be considered in a 
subsequent paper; here we shall limit ourselves 
to the case of the absence of free mesons (N = 0). 


2. DETERMINATION OF THE ANGULAR PART OF 
THE WAVE FUNCTION 


We now find the eigenfunctions and the eigen- 
values of Eq. (15). Inasmuch as the variables 0 
and 6 do not enter explicitly into the operator 
(13), its eigenfunctions must, as is known, depend 
on these variables exponentially; therefore we 

must seek the solution of Eq. (15) in the form 


V=D6) e hand), (18) 
Substituting (18) in (15) we get an equation for 
the function D(6): . 


. dD 4 (s2 


@D (19) 
sr + So as — snze S 


+ p? + 2spcos 6) D= —idD, 


Ne? 2 (EO = ae 


If iq. (52) or (53) of I is written in explicit form, 
then it is evident that they are trigonometric equa- 
tions relative to the angles 3, Band 6. The roots 
of these equations, 3 and f, for each given con- 
figuration of the meson field g are determined only 
with accuracy to shifts of multiples of 27. If the 
given configurations of the meson field q corre- 
spond to values of the angles 4 and £, then these 
configurations will also correspond to the angles 
+27 and B +27. Usually, the requirement in 
quantum mechanics that the wave function of the 
whole system be a single valued function of the 
configuration q leads to the requirement that this 
function possess a periodicity of 27 in the argu- 
ments > and B. Inasmuch as ~” changes sign upon 
change of Sor B by 27 (see Eq. 35, Ref. 1), then, 
according to Eq. (9)', ® must also change sign. 
Therefore,the quatum numbers s and p in Eq. (18) 
must be half integers. The eigenfunctions and the 
eigenvalues of Eq. (19) will be found by the method 
of factorization (Ref. 4, part 4). Substitution of 


Y (6) = sin’? 8 D (6) (20) 


in Eq. (19) leads to the standard form 
suitable for factorization: 


4 
L. Infeld and E, Hull, Revs. Mod. Phys. 23, 21 
(1951); Sec. 4. 
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ay 4 
ds sin? 


(21) 


Gi + p? 


+ 2spcosd — =) ¥+ (2+) ao: 


The integral index m, according to which factori- 
zation is carried out,* is connected with the quan- 
tum numbers by the relations 


1) m=s—¥, for s>%., (22) 


2) m= Vae—S for oa 4 


In the first case the factorization is carried out by 
the usual method, with the use of the recurrence 
form (2.6, Ib) of Re. 4. In the second case, we 
take as the initial eigenfunction the function found 
by the first method with quantum number s = 1/2; 
we then apply the recurrence relation (2.6, Ia) of 
Ref. 4. 

As aresult, the eigenvalues 4 in the e quation 
(19) are given by 


=j(+)), (23) 


ae 3/ 5 ? 
of = /o, /2> /2, /2- . 


For the eigenfunctions of Fq. (21) we get the re- 
currence relation 


Pcs = (i+ =) —(s—4)]" 


x [(s—)ctg3 + PtH] Vi 


The latter enables us to get the totality of eigen- 
functions from the initial function 


(24) 
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We can obtain completely analogous recurrence re- 
lations with respect to the index p, inasmuch as s 
and p appear symmetrically in Eq. (21). The half 
integer quantum numbers s and p change in the fol- 
lowing way 


4 (26) 
Isi<j, |pl<i 
In the ground state 
1 Argan 12) 3 72) (27) 
i=, Ay, = cere te) aR 
D 2 (Gaye ~ & Gee 
there exist 4 eigenfunctions of Eq. (15), 
i ol, Soper 
Vii ne sin Fae 
os ae 8 i (8—8)/2, 
Vi, SAE Ore cos Dr € ? (28) 
jit 2S 8 i (g—9)/2 
=L1 = 5, COS e ] 
1 il , Oe 7 8)/2. 
Vel —— = site a 


Here and later we shall write, for brevity, the dou- 


ble of the quantum numbers s, p and }: yi 
In the first excited state, = 


J 24s, Hy, ble) 


there are 16 eigenfunctions: 


Vie= — Vo = = ze sin® + Pes dtt el 
Ee ee i sin’ = cos & eee: 
1 ey | yer are: sin 2 cos 2 ee es 
3 3° V2 3 8 ol (—38+36)/2, (30) 
Viss = V3. —-3 = 5 COS > 
Vi=V54 = Be sin? 2 cos =e kaye Pua: 
ior Yeshoun == ed sin (3 cos? oo 1)e! Sarge 
V1 = Voy a cos & (1 SNS Ci +)e p erie, 
= yo = a 8 sin cos? = aes aoe 
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For a given j, each of the quantum numbers s 
and p, being limited by the inequalities (26) have 
2] + 1 values; therefore the multiplicity of the de- 
generacy of the level k, will be (2; + 1)2. 

Thus, in a system which consists of a nucleon 
that interacts strongly with the meson field, three 
types of excitation are possible: 

1. Excitation of the spin-charge motion, with 
transition from a state defined by Fq. (28) of I. 
These excited states are evidently always unstable; 
they will not be considered in this paper. 

2. Excitation of the oscillators of the meson field, 
i.e., creation of free mesons. The energy of such 


excitation is given by the term >) , of Eq. (17). 
i=1 


3. Excitation of rotational motion, described by 
Eqs. (15) and (13). The energy of this motion, in 
accordance with Eqs. (19) and (23), is given 
by the equation 


ee ie 


Hi = 


The wave equation of this motion coincides in form 
with the equation of motion of a symmetric rotator. 
However, in the latter case, s, p, and j are inte- 
gers, while in Eqs. (18), (19) and (31) they are half 
integers. Such states, excited in the quantum num- 
ber j, are appropriately called isobars. 

Comparison of the energy (17) with the correspon- 
ding energies calculated by Pauli and Dancoff [see 
Ref. 5, Eq. (76)], shows that the term G, proportional 
to g”, agrees exactly with the corresponding 
term of Pauli and Dancoff (in the comparison it 
should be noted that our g is equal to 27!/2g in Ref. 
5). The energy of excitation of the isobars of N., 
determined by Eq. (31), agrees exactly with Eq. 
(80) of Ref. 5, if we set n = 0, i.e., if the parame- 
ters v,(q) are chosen by approximating ¢_ by the 
functions ¢ by the method of least squares (see 
Ref. 1, Sec. 5). In obtaining Eq. (76) of Ref. 5, 
Pauli and Dancoff evidently made an approximation. 
Without this approximation in their work, the energy 
of excitation of the isobars would have been ob- 
tained that would have agreed with that obtained by 
us in the case n = 2, i.e., in the case of most ac- 
curate energy approximdion. Comparison of the re- 
maining terms of the energy (17) is difficult, since 
they are not explicitly calculated in Ref. 5. 

Equations (17) and (31) determine the energy of 
the system only in the zero approximation. Below 
we have also calculated the corrections to the 
energy in higher, approximations. 


5 W. Pauli and S. M. Dancoff, Phys. Rev. 62, 85 
(1942), 
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3. THE BASIS OF THE ADIABATIC APPROXIMATION 
AND ACCOUNT OF NONADIABATICITY 


It was assumed in | that the spin-charge motion 
took place adiabatically because of the compara- 
tively slow vibrations of the meson field. We shall 
now consider nonadiabaticity as a small perturba- 
tion and criteria will also be given for the adiabatic 
approximation. 

We begin with the exact wave equation 


aA 


AY =(A, +A) Y=HY. (32) 
We now introduce a complete set of orthogonal 
functions s (7), which satisfy the equation 
1s (33) 
H (9) 4s (9) = Hs(g)¥s(q), = |S , 
Cys 
Cas 


in which the g appear as parameters. We expand 
the wave function of the system in the orthogonal 
functions w, (q): 


¥ (9) = Dd; ®, (9) ¥.(g). 


s=1 


(34) 


Substitution of this expansion in Eq. (32) leads to 
the following equations for the expansion coeffi- 
cients ® .(q): 


: ; . Ob) 8®,, (35) 
Ay + H;(q)]®,— Yio. ft ieee 
[/1o + fs (q)] ®s 2; | m9. | 
aiche an au 
1 ~~ * Ove : 
~ E20; 10 gal Oe = HOG 51,2, 8,4, 


aux 


The second and third terms of the left hand side 
represent the nonadiabatic perturbation. In order 
to be able to use standard perturbation theory, we 
must put the system of equations (35) into form of 
the usual operator equation. For this purpose, we 
introduce the four vector ®(q), whose components 
are the ® ACHE Furthermore, we introduce the 
matrices 


% oq . (36) 
ax 
1 © Yer) 
Beg amelie 2) de; {es aa2_| > 
a% ax 
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Then we can write the system of equations (35) in 
the form of a single vector equation of the opera-~ 
tor type: 

ie +0(g) + DA" 5" 


ax KK 


(37) 


oR 29. 


Here O®, A™ 0® / dq -~ and B® are to be 
understood as the usual muliiplications of ma- 
trices and vectors. 

The nonadiabatic perturbation 


Q=M+b, M=> A™a/aq. (38) 


an 


is omitted in zeroth approximation. Then the vec- 
tor equation (37) breaks up into a series of inde- 

pendent equations for the different components of 

the vector ®; these equations have the form: 


[A, + Hi (q)] ©, = HO. (39 


Since, in the different equations (39) (with dif- 
ferent s), there enter different functions /7;(q), 

the spectra of the eigenvalues for these equations 
will in general be different. Therefore, the entire 
series of equations (39) can be satisfied only by 
such a vector ® for which all the components are 
different from zero except the single component ®.; 
the latter must satisfy the corresponding Eq. (39). 
If we number the solutions of Eq. (39) by the 


quantum number m in the order of increasing H, then 


the solutions of the zeroth approximation will be 
denoted by ®, and H,,,, where s is the number of 
the only component of the vector ® different from 
zero. 

In the zeroth approximation in the decomposition 
{34), there is only one term. Consequently, we can 
consider that the nucleon is found in the state 
v, (q), defined by Eq. (33), and possesses the en- 
ergy H i, (q). In this case the index s takes on the 
sense of a quantum number of the nucleon. 

The zeroth approximation described above coin- 
cidés exactly with the adiabatic approximation 
used in the previous research (Eq. (11) of J). me 
We now introduce the previously discarded terms 0 
as a small perturbation and compute the correction 
of the next order. In this case, we can replace Ws 


by W” [see Eqs. (33) and (42) of IJ, inasmuch as 
(in addition to the adiabatic approximation) it has 
also been assumed that ¢,(r) differs only slightly 
from g(r). With the help of Eq. (29) of I, we get 
a% a) 4 
$= 0. ¢-Hlak+lafl=0 40 


an 


345 


In accordance with Eqs. (4)-(6) and (13), the opera- 


1 gs Poth 
tor ——> >; we in application to the function 
re x 
an 


dq? 


an 


. . ZN 
of v, Is equivalent to the operator k, Further, we 
can represent the functiony;$ in the form 


(41) 
ViVi ore Ve yee 
aa ae +iVi_y = EV ta = Ves teal 
Vig VE eV 
—iVin+ Vis ae Veoh oe iVias 


1 V2 


It is evident from this that each of the four com- 


U . . 
Ponents ; is an eigenfunction of and corre- 
sponds to the eigenvalue 


3 7627) 
Ue = 8 My" 
Therefore 
as Pa (21) 
Bi=+ 7, HYj=25 7 (ag) 
8 dye 


Taking into account Eqs. (49) and (42), we find 
the correction due to nonadiabaticity of first order 
in the energy to be 


cee 


A 161 — 2 ' Ty— 
1 |}, 02D, m dqdv = 8 (pe? 


(43) 


dv = sind d9 d8 da. 


It must be emphasized that the correction to the 
energy (43) is the samefor all states of the system 
which are not excited by the spin-charge motion. 
Consequently, this correction does not change 
the energy of excitation of the isobar states and 
free mesons. 

Here it should be clear why the integration in 
Fq. (43) was carried out over the variables q,72 
and also over v;, in spite of the fact that v, an 
daz, are not independent variables. In Eq. (37), 
only the variables 9,3 appear at first. Expressing 
AX and p., in Eq. (36) by we, and also repre- 
senting ® in the form of Eq. (2), we introduce into 
Eq. (43) the arguments v, which are definite func- 
tions of 4,3 (see Sec. 5 of I). Simultaneously, 
differentiation with respect to ¢,7 leads to the 
form (3) and the operator H takes the form (12), (13). 
For this reason, Eq. (43) must be treated as a more 
general problem in which the variables v, and 4,3 
are considered as independent. If, in the solution 
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of this generalized problem, we replace v; by the 


above mentioned functions v, if), then we area 
the solution of the original equation (43). Because 
of technical advantages, we introduce the nonadia- 
batic perturbation at that stage of the calculation 
when v, and q,3 are considered as independent 
variables. In connection with this, the eigenfunc- 
tions obtained above for the unperturbed problem 
are orthonormal for integr ation over dudq; there- 
fore, we can integrate in Eq. (43) over dudq, con- 
sidering v, and q,7 to be independent. 

For a calculation of the correction to the energy 
of second order of smallness, we must consider 
the perturbation M in Eq. (38) and ignore B, since, 
in the adiabatic approximation, as is well known, 
Bisa quantity of,second order of smallness in 
comparison with M. The perturbation operator 
has the form: 
a) 


Ms = » Aye (44) 
Ez a“ 
3 Uv 
SSS) Qi yt? ays | o 
— d | Las du; dv; 
47 =1 
v 
— »; Ne yy” At JRE a OS 
J x e Ov; OGNS O*q oa! 
iax ax ax 
where 
Sb eas S ba dv; dv, 
ES PCS rar ee (45) 
aa ax ax 
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With the help of Eqs. (67)-(69), (59) and (64) of 
Ref. 1, we obtain 


(46) 
Qs) = 


p(an+y-1) 


p(2e v—-1) : 
(16)? sin?” 


th 2 


(vy) 


_ (v) 
1 ONE 


3355—— 


’ 


ws J(22-—) cos 8 
(1@)2 sin? 8” 


Qy = 


Qy) = oe 


(9) () 
Si am 


= (f) = = 


In (44) there appear the eigenfunctions of Eq. (40) 
of I-w°, which represent the perturbed spin-charge 
state of the nucleon in the fixed selfconsistent 
field configuration of the meson field g%3 in the 
ground state. These W are put in the following 
form, with the aid of Eqs. (32)-(33), (42) of I: 

ye= | TI - 


ll S|) bge-*, (47) 


ge = Ti - US i yer, 


py=iITH- US ve 
Here we have multiplied y¢ on the right by an 
arbitrary factor of modulus unity. This factor(e+!”) 
does not depend on the spin-charge degrees of free- 
dom. As aresult, the % are functions not of the 
four angles, g B, y, but of only three angles 9, 
tereen Making use of Eq. (47), and taking the es 


normality of the ¢ into account, we obtain: 


{raecoor ts noe O¥3 | eta orp 
esos |= ayre > \Hrree | aye 
noe O45 | [ow Ob tf ot Oe len t (48) 
ge] =— a Saye ae] = 
(ge OU |e O47 | fo» 842 | from Os | 
\Sisgdalts | aeousos = (er, Slat a 


In going on to the calculation of the second order 
energy correction, defined by the perturbation M, 

it should be noted that the perturbed ground state 

of the system is fourfold degenerate [see Eq. (28)], 
but the matrix elements of all transitions between 
these degenerate states are e qual to zero, inasmuch 
as At = 0. In this case the second order 
correction to the energy is determined by setting 
the determinant equal to zero: 


© L.. D. Landau and E. M. Lifshitz, Quantum Mecha- 
nics, Gostekhizdat, 1948, p. 165. 


; (49) 
(1m|M|sm,) (sm, |M| 1m’) Th 


Him ae. A em 


3 


8m, 


Nana 


Here the energy difference which appears in the 
denominator is basically the energy of excitation 
of spin-charge motion, and is approximately equal 
to —(2/3)G. Carrying out the averaging of the 
energy difference before the summation sign, we 
can treat the sum as a matrix element of 


M? [((1m|M|1m)=0]. _ It is equal to 
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2) Lm! Slate (50) 
(Im | | 1m) = nm (| a 
“+ 37 a? i 3 ate 
4 1™yp 8 (Iya . 


Here | and ©, 7 are two degenerate states of 
the ground level of the system. 

The determinant (49) is diagonal. Inasmuch as 
the matrix elements (50) do not depend on m, the 
same correction to the energy is obtained in all 
degenerate states of the ground level of the system, 
namely 


AH = —3(1m|M?|1m)/2G. a 


The nonadiabaticity can be considered as a small 
perturbation if AH is significantly less than the 
difference G between the levels of the unperturbed 
problem: 


(Im| MP |1m)/G@<1., (52) 


This same inequality guarantees the smallness 
of the energy correction of first order A,/ [see (43)] 


in comparison with G. If we assume a simple and 
monotonic path of the form factor u(r) and charac- 
terize its effective radius by a(pa = 1), then the 
ine quality (52) means 


In completely analogous fashion, as was done 
in Ref. 7, it can be shown that the use in Ref. 1 
of an assumption on the smallness of v. (r) in 
comparison with 9% (r) is correct for satisfaction 
of the ine quality (53). 


4. SPIN AND ISOTOPIC SPIN OF A SYSTEM 


The momentum operator of a system 


lo y | saat ele V (54) 
Sie oY Xi Ox, Xk Ox, a 


4 
+ > Sip; Oyg = 9g... 


commutes with the energy operator of the system, 
i.e., the momentum is an integral of motion. With 
the help of Eq. 1+, and also (3), we obtain 


1 
{y= Lin + Lik + > Cin; 


0 


aX 


eee 9%. 0%. : 
Lh =i S\|a ge ae |e AVVO. Ys 
5 = 


In the calculation of Lj, the expressionsdv; / 094% 
are put in the form of Eqs. (67)-(69)", and as are- 
sult of the use of Eq. (1), expressions are obtained 
which contain integrals of the form 


09, ) a a (6) i 
Vai ge— aa elon 2 ay, — (66) 
OX), j j 


In the calculation of these integrals, y, is replaced 
by g’- For the latter, the expressions (60) and 
(38) are used!. It is convenient to express the 


: cf Oo, 9, eat = ef) (55) 
1 ee > \ |x te a] x (r)aV Vo, ag. 
= an 
dv; Po: 
fe 500s, 
ie “f 
BS — Le (57) 
. 0 cos} 0 eae 
= —i(ctg 8cos 955 + So a t si 08 /” 
4 
H=lj=—L = 14; 58) 
Ly S Lis =>=— Ln 62) 
‘ : to) sind oO 0 
=—i (ctg @ sin Paes oe — cos 95), 


operator x; 9 / 0x — X;,0 /' 0.x; in spherical coordinates as Only one of these three expressions need be obtained 


the derivative withrespect to the corresponding 
angle. One should also note that the unit vector 
r/r is an eigenfunction of the operator @. As are- 
sult, we obtain 


by calculation; the other two can be obtained from 


7S. 1. Pekar, J. Exptl’. Theoret. Phys. (U.S.S.R.) 
27, 579 (1954). 
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the three commuting relations 


Lily —L3Ly = ily; (60) 


Lilo aly = Vie a he Le 


One can prove the relations (60) without resorting: 
to concrete expressions for the operators 67)- 
(59), if we first prove the analogous relations for 
Li: 
(61) 
EN rod Br East Er 


ee | eee ee ee 


The latter are proved by means of simple sub- 
stitution in Eq. (61) of L4,in the form (55) and di- 
vision into products of integrals of sums of the 
form S'X.(r) x(t’) 3(r—r’). Inasmuch as 

% 
the commutation relations of the form (61), as is 
known, are valid even for L, and */: %i; Eqs. 
(60) follow at once, since L,, Lt and o, commute 
amongst themselves. 

The operator of the isotopic spin of the system 


> “| 4 
T.6= \ [Pat — Ppt] @V + Dy TaBs Tig == 7 ..- (62) 


commutes with the operator of the energy of the 
system and with the operators L ,. Consequently, 


a ——— 


VN.BAIER AND S. I. PEKAR 


the isotopic spin is an integral of the motion. 
With the help of Eq. (1) of I, and also Eq. (3), we 
get 


> 4 
T36 mS Tas -|- Txe + a Taps 


: 0 0 
T=—id (9 a a cs ; 
i eat px a ax a (63) 
Ov, . Ov; 
Tog = -- 2 ee eee 
a0 >| 4; m7 Seo Gas | 8, 


oy 


In the calculation of Tz , the expressions 


0v;/0q,; are put in ie form of Eqs. (67) 
- (69) of I. As aresult of the use of Eq. (1) of I, 


we obtain the expression in the form 


(| est a — 9go" ik av. (64) 
i 


Ov; 


In the calculation of these integrals, oy, is replaced 
by ¢%, and for the latter, use is made of Eqs. (60) 
and (38) of I. With the aid of Eqs. (63), the inte- 


grals (64) reduce to expressions of the form: 


(65) 


—v 9 —w 
_— Teo Crean HE ©) A 
i 


which are calculated directly. As aresult, we ob- 
tain 


T= Ta=— Ta = —i( Scosie 2 ee OS OR oe (66) 
: ad 32 t{ctg6cos B 0B + ane an + sin 8 oy 

T, = T3, =— Tis = 10 / 08; ‘ : (67) 

T3=Tn=— Ta = — i( th oO) te SUP Owes 0 

oat ete a= — tletgsinB oy + coy ap — 08 B55 (68) 

The components of the operators 7;, T/, Tj a : be ~e » 2(K™p (69) 
and (1 /2)7, satisfy the general commutation rela- Jee Dy Li, =T= yy a as ‘ 
tions of the form (60). i=1 i=1 1 


Comparison of L’, and T°, shows that they inter- 
change with one another upon substitution of 
9278. This means that the eigenfunctions 

of these operators are identical, and their eigen- 
functions are obtained from one another by exchange 
of the angles $278, Direct calculation shows 
that 


a 
where { is the operator of the energy of rotational 
motion, determined by Eq. (13). 

It is interesting to note that the operators L*, 
and 7’. coincide with the operators of infinitely 
small rotations in three dimensional space, while 
the Euler angles of these rotations are identified 
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with the angles $, B and 5. These operators of 
infinitely small rotations have been suitably inves- 
tigated in the theory of the representation of three 
dimensional rotation groups (see Ref. 8). The 


1 

where Vos,27 is defined by Eq. (28) and yw” by 
Eq. (41). In the application of the operators La 
and TY, to Lae » we are obliged to differen- 


eigenfunctions of these operators were investi- ae Hat aed factor in Eq. (71). We 
btedcand : : 3 : can neglect the result of this differentiation. inas- 

< a series of interesting relations among much as we have previous! legal Sans 

them were established. fom P y neglected terms of the 


It should be emphasized that the operators Li, 
Tg represent operators of infinitely small rota- 
tions, respectively, of ordinary and isotopic space, HC 9s oa \(¢ — gr) ag? dV. We 
and therefore commute. The operators Land i on OX Sie : ; 
T?, are operators of infinitely small rotations of : 
the same three dimensional space, in which the Euler 
angle belongs to ordinary space, the Euler angle 
B to isotopic space, and the o angle = 9 + 7 is 
related to both spaces. Nontheless, L’,,and T?. 
also commute. The operators L’, and 7 , differ 
from those operators of the zero field introduced 


The result of the action of operators L4 and Tt, 


on the function V3..27 has the following form: 


by Pauli and Dancoff®, because the latter are opera- 2Vi= Vhs fy i Vie 
tors of rotation corresponding to ordinary and iso- rs F 2 My, (73) 
topic spaces. However, the operators L$, and LiVi = ay Vie Tin Vie “ a 
Tg also satisfy a condition analogous to Eq. 
eo EVeg = Vie Tavis eae 

We now proceed to the determination of such “ont 2 HD Geta 3 Vil» 
eigenfunctions of the energy operator which are lav as 1 TV feds vt 

related to the lowest level (j = 1/2), which would 2 oh aaa 2 11 

simultaneously be eigenfunctions of the operators 

Beg ee va: sa ce isateaeen con the see With the help of these formulas , and keeping in 

operator of the system e by the expression pia Giobiiane en (4l vevelsel 
- 70 1 f (74) 
See elastnal 3 a Ligh” = — oy Oi9')"; Tr =— > 2)”. 

First, let us consider the result of the action of From this it is evident that the action of the opera- 
the operators ay and T,.,, which are defined by tors L,, and [et on eae reduces to the 
Eqs. (55) and (63), on the wave function of the action of Lt, and T*. on the factor Vos,ep in 
ground state of the system: Eq. (71). 


The problem consists in looking for such linear 
combinations of the four functions V25.,, which 
: ee i { would simultaneously be eigenfunctions of the 
28,27 = ) Vos.2p (980) exp [—z > l(g ee §(74) operators L}, and T},.These linear combinations, 
ve fortunately, exactly coincide with the components 
W” [see Eq. (41)], because Eqs. (74) show that 
each of the four components w” are eigenfunctions 
Se) Salt *|} of the operators L‘ and T',,inasmuch as o,, and 
T, are diagonal. 

Thus the eigenfunctions of the charge and spin 
operators of the system are given by an expres- 
sion of the form (71), in which we must put the 
appropriate linear combination in place of the 


8 1, M. Gel’fand and Z. Ia. Shapiro, Usp. matemat. function V2s,2» . This combination can be taken 
nauk 7, 1 (1952). from the table below: 
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f Charge of the system = (Ti2+'/2) 
Projection of the spin of 
the system Lj 0 1 

(neutron) (proton) 
f v 1 v 
—= TV 2 Cy 2 C3 

4 1 
: ——C,” ——C,” 
+*/2 ay a Wa 


The CY are defined by Eq. (35) of I. 

The calculated eigenvalues of the charge and 
spin projections of the system consisting of a 
nucleon that strongly interacts with the vacuum 
vibrations of the meson field, coincide with the 
observed values. 

In subsequent papers we shall consider, on the 


basis of the theory developed above, the scattering 
of 7 mesons on nucleons, the magnetic moments 

of nucleons, quasi-statistic nuclear forces and 
other phenomena. 


Translated by R. T. Beyer 
57 
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Meson Component of the Cosmic Radiation at an Altitude 


of 3200 m Above Sea Level 


N. M. KocHARIAN, M. T. AIVAZIAN, Z. A. KIRAKOSIAN AND 
A. S. ALEKSANIAN 
Institute of Physics, Academy of Sciences, Armenian SSR 
(Submitted to JETP editor, Dec. 1, 1954) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 243-247 (February, 1956) 


The momentum spectrum of u-mesons was measured in the momentum range 0.4 Sp 414 
bev/c at an altitude of 3200 m above sea level. The ratio of the number of protons to pr 
mesons at this altitude was determined. The ratio of positive to negative 4-mesons was 


found as a function of momentum. 


n 195] we began an investigation of the proton 
I and meson components of the cosmic radiation at 
an altitude of 3200 m above sea level. For this 
purpose there was constructed a special magnetic 
spectrometer, a description of which was given in 


Ref. 1. The proton component was determined as a 
result of the investigation. The actual shape of 


the spectrum was determined for the meson compo- 
nent. By using a series of improvements, the mo- 
mentum of the particles in the magnetic field was 
determined with great precision.! The relative 
error in determining the momentum of the particles 
is equal to 


5 = [(0,035 p)? + (0,018 /8)2}"°. (1) 
IN. M. Kocharian, J. Exptl. Theoret. Phys. (U.S.S.R.) 


28, 160 (1955); Soviet Phys. JETP 1, 
1 28 (1955). 


Here and everywhere below the momentum p of the 
particles is measured in units of bev/c; B is the 
velocity of the particles, measured in units of the 
velocity of light. 


1. Protons in the Hard Component 


In a second variation of the determination of 
Ref. 1, in which there was no lead above the mag- 
net and under the magnet was located x =45.2 
gm/‘cm? of lead and x, =139 gm/cm? of copper, 
then simultaneously with particles which were 
stopped in the absorbers, we also detected those 
particles which had gone through the complete 
system of absorbers. In contrast with the former 
particles the latter are called the ‘‘hard’’ compo- 
nent. The hard component consists principally of 
#-mesons with momenta greater than 0.370 bev/c 
(i.e., kinetic energy E > 260 mev), and a certain 
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number of protons(here we have in mind the components 
of the hard component at the entrance to the system 
of absorbers, i.e. in the air; following the passage 
through the absorbers the constitution of the hard 
component changes; in the flux of these particles 
there appear 7-mesons, nuclear fragments and 
electrons.). In very great absorber thicknesses 
(approximately 21 radiation units long) we can 
conclude that the hard component is practically 
free of electrons. The relative number of protons 
in the hard component is not very small, and in 
order to determine the differential u-meson spec- 
trum, it is necessary to take it into account. Pro- 
tons with momentum p >1.11 (£ > 500 mev) have 
an ionization range greater than the overall ab- 
sorber thickness and may emerge from it. As a 
result of the work in Ref.1, we can determine the 
number of protons in the hard component. In 267 
hours there passed through the magnetic field of 
the apparatus 680 protons with momenta 1.1] < 

Pp <2.33, which stopped in the absorbers and were 
removed from the hard component. The number of 


. 
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protons with p > 2.33 may be determined from the 
power law for the integral spectrum 


fi pias 46-1028 / 1,65. plsss (2) 


given in Ref. 1. We determine from Eq. (2) that 
the number of protons with p> 2.33 is equal to 
300. 

Hence the number of protons with momentum p > 
1.11 equals 970. Of this number 450 protons 
were detected as having stopped in the absorbers. 
At the same time 19, 150 hard component particles 
were detected. Consequently, the protons consti- 
tute (970-450) / 19150 = 2.7% of the total number 
of particles found in the hard component, and the 
hard component consists principally of u-mesons. 
We have compared the relative number of protons 
with p> 1.1 and p-mesons with p> 0.37 in the 
hard component. If we compare the number of pro- 
tons and mesons in the hard component with p> 1.1 
then the number of protons is greater, consisting 


(see Table 1) of about 8% of the number of p-me- 


sons. 


TABLE 1 3 
eo 
Momentum Spectrum of Hard p-Mesons és 
bed ele) 
on 
ve {) 8) t= 
z > | Number of ee ice ee ee 
rc x 2 |Number of a Ps Particles SEs ben Es 328% 
4 < o (Hard Particles| 2. 2| Corrected for| § a 3 ae oe 2g BO 5s 
- ae oe Luminosity Bis e233 32 geas 
el ee eet ees he fie lp ase £° |4s 5 
| 2 | 4 5 aS 8 9 40 At 
19—15 | 0,411 414 402 | 0,825 501 488 0) 501 989 8.0 
1543 5)0.0.000))—5 336 306 | 0.890 378 344 0 378 722 He 
43-11 | 0,583} 475 427 | 0.929 512 460 0 512 972 7.4 
41—9 0,778} 618 545 | 0,952 649 572 0 649 | 1224 6,48 
9—8 0,823} 410 344 | 0,965 425 356 0 425 781 6,01 
8—7 0,933] 509 363 | 0,975 522 372 0 522°| 894 qs 
7—6 LAOTO Ne 1625 458 | 0,982 635 466 94 541 | 1007 4,52 
65 4,271 854 637 | 0.987 864 645 428 736 } 1384 4,45 
3—4 A De AOS ¢ 689 | 0.995 1040 692 1 | 928 | 1620 3,48 
4—3 2,000} 1336 855 | 1.0 1336 855 78 4258 | 2113 2,75 
yee 2,800] 1537 1158 | 1.0 1537 | 1158 Ti 1460 | 2618 113 
2—1i 4,660} 1575 1066 | 1.0 1575 1066 83 1492 | 2558 0,611 
1—O | 14,000 993 729 | 4.0 993 725 41 952 | 1677 0.0446 


2. Momentum Spectrum of p-Mesons 


In Table 1 are presented the results of studying 
the trajectories of the particles which make up the 
hard component. In the first column are given in- 
tervals of range 5=7/p where p, as elsewhere, is 


measured in bev/c. In the second column is given 
the average momentum, corresponding to the inter- 
val § in the first column. In the third and fourth 
columns are given the number of positive and nega- 
tive particles. In the sixth and seventh columns 
are given the numbers of these particles corrected 
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for the luminosity of the apparatus. The number 
of protons in the hard component (column 8) is cal- 
culated from the results given in Ref. 1. As was 
already stated above, only protons with p? 1.1 
can get into the hard component, hence the hard 
component particles with p< 1.1 are only mesons. 
The number of protons with momentum 1.1 <p S 
2.33 entering with the hard component is taken 
from Ref. 1. For p > 2.33 the number of protons 


is calculated from the formula 
(46-107 Oo) p, 2 Do &*) — An, (8) 


where n is the number of protons with p, <p<P.; 
stopped in the absorbers. This number was taken 
from the result given in Ref. 1. Subsequently, we 
subtract the proton background in the ninth and 
tenth columns and give the number of positively 


NN 
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charged and the total number of mesons. In the 
eleventh column we calculate the ordinates of the 
differential meson spectrum, i.e., the number of 
mesons arriving in a momentum range equal to 

1 bev/c. The numbers in this column are ob- 
tained by dividing the numbers in the preceding 
column by the value of ksw@t=1.344x10° cn: ster. sec. ! 


In Fig. 1 there is represented the differential 
momentum spectrum of y-mesons on a log log scale.. 


On the axis of abscissas is plotted the logarithm of 
the momentum in bev/c and on the ordinate axis is 


lotted the logarithm of the number of mesons 
(alates in column 11). 


In Table 2 there is shown the calculated inten- 
sity of mesons with momenta greater than a given 


p (p in units of bev/c, n(p) in units of cm™2 sec"! 
ster-!), 


TABLE 2. 


Intensity of the Vertical Flux of p-Mesons with 
Momentum Greater than p 


p 10° (p) p pene ie cia s)) ; 

0,370 13.8 1,165 | 8,90 

0,466 13,09 1,40 7,87 

0,539 12,53 1,75 6,67 

0,636 14,80 (OO eal 

0,777 10,90 3,50 3,15 

0,875 10,32 7,00 A 25 

1,00 9,65 


Rossi? gives for the intensity of mesons with an 
ionization range greater than 167 gm/cm” of Pb 
(i.e. with momentum p 2 0.305 ) at the same allti- 


tude, a value of n (0.3) =15.2 x 10°? particles/cm? 


sec ster. It is difficult to find any agreement with 
this value from the corresponding momentum de- 
duced from Table 2. 

As can be seen from Fig. 1 the differential mo- 
mentum spectrum of p-mesons is determined up to 
the momentum p=14. In other work 3>4 the p.-me- 
son spectrum at mountain altitudes was determined 
up to a momentum of p=7. In this range of momen- 


2B. Rossi, Revs. Mod. Phys. 20, 537 (1948). 


33. G. Wilson and others, Progress in Cosmic Ray 
Physics, Amsterdam, 1952, pp.358 and 360. 


qi Whitemore: ana iP: Shut Phys, Rew ast O10 
(1952). 


tum, within the limits of experimental error, our 
results agree with the work cited. 

We can now derive a comparison of the intensity 
of the vertical flux of protons and p-mesons. The 


result of this comparison is shown in Fig. 2. The 
upper curve in this figure represents the relative 
number of protons and p-mesons at a definite mo- 
mentum. The lower of these curves represents 
the relative number of protons and p-mesons with 
momenta greater than that which is designated on 
the axis of abscissas. At the beginning, the ratio 
of the differential spectra increases rapidly with 
the value of the momentum. For momentum p= 0.9 
this ratio reaches its maximum value and, for fur- 
ther increases in the momentum of the particles, 
decreases rapidly. At the peak (p~0.9) the num- 
ber of protons constitute ~ 20% of the number of 
mesons at this momentum. The ratio of the ordi- 
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nates of the integral spectra of protons and p-me- 
sons decreases monotonically with increasing mo- 
mentum of the particles. For p> 0.4 the protons 
constitute ~ ] 2% of the number of mesons, for 


p> 1~ 9% and for p > 8 about 2.7%. 
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Whittemore and Shutt* found that at an altitude 
of 3400 m above sea level the number of protons 
with momentum p > 0.3 constitute 19 + 2% of the 
number of p-mesons of the same momentum. If we 
take into account the difference in altitude and 
recalculate for an altitude of 3200 m, then we ob- 


tain a value of 17%. This result does not agree 
with ours, where for this momentum the number of 
protons is © ] 2% of the number of p-mesons. The 
difference that is found is beyond the limits of the 
experimental errors. 

We found more serious differences between the 
cited work and our own work. The relative num- 
bers of protons and p-mesonswith momenta in the 
range given in Whittemore and Shutt increases 
monotonically with decreasing momentum of the 
particles down to p= 0.3, whereas our curve of this 
ratio has a sharp maximum at p~ 0.9. 

However, our results are in accord with those of 
Miller et al.° In this work it was found that pro- 
tons of momentum ~ 0.6 constitute approximately 
20% of the number of p-mesons of this momentum. 
In a later work of these authors® there is deduced 
the result concerning the relative numbers of 
p-mesons which agrees with ours. 


3. The Positive Excess 


The magnetic spectrometer also allows one to 
determine the charge of the particles which are 
present in the hard component. Hence we have the 
possibility of determining the dependence of the 
ratio of the number of positive and negative mesons 
on their momenta: k (p)=N,(p) /N_(p), where 
N,(p) and N_ (p) are respectively the ordinates 
of the curves of the differential spectra of + and—mesons. 
These ordinates are presented in the ninth and 
seventh columns of Table 1. 

The function & is shown in Fig. 3. The logar- 
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ithm of the momentum is plotted along the absicssa, 
and the relative number of + and — mesons at the 


5 
C. E. Miller, J. E. Henderson, D. S. Potter, J. Todd 
Jr., and W. Wotring, Phys. Rev. 79, 459 (1950). 
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C. E. Miller, J. E. Henderson, G. R. Garrison, D. S. 
Potter, W. M. Sandstorm and J. Todd Jr., Phys. Rev. 94, 
167 (1954). 
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given momentum is plotted along the ordinate. From 
this figure it is seen thatin the limit of smallmomen- 
tum p= 0.2 the numbers of mesons of opposite sign 
are equal (this point was made in Ref. 7). The 
ratio k (p) increases with increasing momentum 
and at first proceeds at a relatively rapid rate up 
to the value of p~1, then the rate decreases and 
apparently, for very large momenta, the ratiok (p) 
begins to decrease. 

Thé origin of the positive excess, as already 
noted in the literature, is closely linked to the 
nature of the primary particles of cosmic radiation. 
In fact, starting from the known spectrum of pt- 
mesons which are generated at different depths of 
the atmosphere ®’? it is not difficult to show that 
mesons with p > 0.2 originate on the average at 
a depth of ~ 400 gm/ cm? , and 50% of these par- 
ticles are generated at depths from 400 to 700 em/ 
em’, i.e., not far from the location of the points 
of observation. At these depths the numbers of 
protons and neutrons capable of generating fast 
pi-mesons are approximately equal, and hence, on 
the average, generate the same number of mesons 
of both signs. For momentum p > 1, the mesons 
generated at an average depth of 260 gm/ cm” are 
25% of the total number produced at the depths 
from 0 to 100 gm/cm? , where the number of 
protons is considerably in excess of the number of 
neutrons. Hence for this part of the p-meson 
spectrum we may observe a positive excess. 

A comparison of our work on the positive excess 
and the work of other authors performed at sea 


level!9,11 ceems to indicate that the value of 
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N. M. Kocharian, M. T. Aivazian, Z. A. Kirakosian and 
S. D. Kaitmazov, J. Exptl. Theoret. Phys. (U.S.S.R.) 25, 
364 (1953). 


8G. M. Garibian and I. I. Gol’dman, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 26, 257 (1954). 


°Ml. Sands, Phys. Rev. 77, 180 (1950). 
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B. G. Owen and J. G. Wilson, Proc. Phys. Soc. 
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k(p) at sea level is smaller than at the altitude 
of Aragats (700 gm/cm?). This circumstance de- 
termines the nature of their explanation that the 
mesons at sea level are on the average generated 
at greater depths of the atmosphere than those 
mesons that are observed at mountain altitudes. 
As may be seen from Fig. 3, for p= 14, the ratio 
of the number of positive to negative mesons is 
equal to 1.30 0.04. Clearly, these mesons are 
generated at the expense of nucleons with energy 
considerably in excess of 14 bev/ c. As is well 
known, at these energies we have the place of 
ltiple mes roduction’?-*5, However for 
multiple meson productio 
multiple meson production the mesons of both signs 
that are produced should be of nearly equal numbers, 
i.e., k (p)=1. Hence it follows that our experi- 
ment rejects the mechanism of multiple meson pro- 
duction. The larger values of k (p) may be ex- 
plained qualitatively, if we assume that the main 
number of p-mesons with p=~14 are formed in 
nuclear collisions in which the number of secondary 
particles that is generated is comparatively small. 
In regard to those y-mesons, which appear as pro- 
ducts of nuclear collisions with large numbers of 
secondary particles, most of these appear 
with low energies, and hence they disintegrate in 
the upper part of the atmosphere and do not reach 
us. 
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The results of an investigation of prebreakdown phenomena in transformer oil, castor 
oil, xylene and distilled water are presented. At voltages sufficient for breakdown, it 
is shown that ionization by collision occurs during the statistical delay period, result- 


ing, in a time of approximately 10-8 sec, in the production of electron avalanches and 
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small streamers. The latter do not always lead to cumulative breakdown, but are a 
preparatory stage. It has been established tha breakdown can occur when the streamer 
am 


current is greater than 5 — 8 x 10° 


It is also shown that in distilled water with highly inhomogeneous fields the break- 
down mechanism depends on the Heels of the point. If the latter is positive, then 


during the statistical delay perio 
is formed in about 5 x 1076 sec. 


J T is well known that both a definite voltage and 

sufficient time are required before a discharge 
can occur in a dielectric. The time interval be- 
tween the application of a voltage, adequate for 
breakdown, to the electrodes and the appearance of 
a free electron, capable of initiating a cumulative 
discharge, is usually called the statistical delay 
time. It is virtually impossible to determine ex- 
perimentally the moment at which such an electron 
appears, and consequently, for experimental pur- 
poses, the end of the statistical delay period is 
taken to be the moment at which there occurs 
either a noticeable voltage drop across the elec- 
trodes or a cumulative increase in the electrode 
current. 

The question of what occurs in a dielectric dur- 
ing the statistical delay time is of great interest. 
To shed light on these phenomena we have per- 
formed a number of experiments in liquids. The 
results of these experiments are reported below. 

In solid or liquid dielectrics, it is well known 
that the energy of free electrons, moving under the 
influence of an applied field, is dissipated in ex- 
citation of oscillations in nearby atoms and mole- 
cules, electronic excitation in these atoms and 


molecules, molecular dissociation, and collisions 
of the second kind!»2. The dielectric, as it were, 


hinders the development of discharges at low 
field intensities. Another barrier to the develop- 
ment of a discharge is the capture of free elec- 
trons by molecules of the material?. It is reason- 
able to believe that these processes depend on 
the physico-chemical properties of the dielectric. 
If ionization takes place during the statistical 


1 4, von Hippel and G. Lee, Phys .Rev. 59, 824 (1941). 


2 G, Hurd, Gen. Elec. Rev. 51, 26 (1948). 
3 A, Von. Hippel, J. Appl. Phys. 8, 815 (1937). 


a positively charged column of very small radius 


delay period, but a cumulative discharge does not 
occur, these physico-chemical properties should 
have some effect on the character of the predis- 
charge phenomena. Jhe experiments reported here 
indicate that such is the case ,at least in certain 


liquid dielectrics. 
According to present-day ideas of the structure 


of the amorphous phase, a liquid consists of sepa- 
rate crystallite aggregates comprising several tens 
of molecules in a group*. These groups, as might 
be supposed, do not consist of rigidly bound mole- 
cules but are constantly being dissolved and re- 
formed. In certain liquids at least, there is some 
justification for the assumption that iors of oppo- 
site sign are contained in these crystallite groups. 
This assumption is based on the experimental 
finding that the electrical conductivity o of hep- 
tane is very small at low field intensities. With 
increasing intensities, however, there is a pro- 
nounced rise in a. It is believed5 that this increase 
results from the destruction of electrically neutral 
ion pairs by the externally applied field. It is 
also possible to explain the increase in o on the 
basis of crystallite ion groups. 

It is well known that a wave function has a 
strong maximum at any defect of a perfect crystal, 
including those close to’the surface of the crystal.6— 
Consequently, it may be expected that extensive 
trapping takes place at the boundary surfaces of a 
crystal. In this connection it may be assumed that 
the size of the crystallite aggregates, the stability 
of the bonds, the nature of the levels, and various 
other characteristics, pertinent to the formation and 


ap Pp, Kobeko, Amorphous Materials, Academy of 
Sciences Press (USSR), 1952, p. 17. 


5 K, A, Reiss, Ann. Physik 28, 325 (1937). 
61, E. Tamm, Z. Physik Sowjetunionl, 733 (1932), 
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maintenance of an electric discharge, should also 
depend on the physico-chemical constitution of the 
liquid. 

The experiments were performed using the appa- 
ratus shown in Fig. 1. The voltage from a pulse 


To CRO 


Rice Experimentai set-up 


generator PG was applied directly to the sample 
under observation S (diagram a). This voltage 
was also applied, through a capacity divider, to the 
plates of a high-voltage oscilloscope which had 
been calibrated for the measurements. Certain of 
the experiments were performed using the scheme 
shown in diagram b. In these cases an ohmic re- 
sistance r was connected in series with the dis- 
charge gap in order to limit the discharge current. 

It has been stated in the literature that relatively 
small variations of the voltage across the spark 
gap are to be associated with the onset of stepped 
leaders or streamers /°8 and that the production of 
streamers causes a sharp drop in the voltage® even 
within so short time as 4 x 10°? sec. Hence im- 
pact ionization and the resulting production of 
avalanches and streamers can be observed through 
changes in the pulse amplitude as seen on the os- 
cillographs. 

In Fig. 2 are presented oscillographs recorded 
with scheme a (I-III) and scheme 6 (IV-VI) of Fig. 
1. The period of the reference sinusoidal oscil- 
lations along the abscissa axis in Oscillographs 
I-III is 5 x 10°? sec. Explanatory data for these 
oscillographs are given in Table l. 


TT, E. Allibone and J. M. Meek, Proc. Roy. Soc. 
(London) 169A, 246 (1938); 166A, 97 (1938). 


: N. A. Kaptsov, Electrical Phenomena in Gases and 
Vacuum, GITL , 1950, p. 582. 


ae Dunnington and H. J. White, Phys .Rev. 46,99, / 
(1934), 


Inspection of Oscillograph I reveals that the 
statistical delay time in transformer oil was 
greater than 30sec. During this period there 
was intense ionization by impact with resulting 
avalanche production; this can be seen from 
the nicks (1, 2, 3, 4) in the top of the pulse. 
Similar results were obtained in the tests per- 
formed in castor oil (Oscillograph II). In the 
latter case it is worthy of note that a small aval- 
anche was formed immediately after the applica- 
tion of the voltage (1). During the statistical 
delay time, which lasted for 50usec, three par- 
tial discharges were recorded; as in the trans- 
former-oil test, two of these occurred immediately 


prior to the terminal discharge of the gap. 

In the transformer-oil test, as can be seen from 
Oscillograph I, the avalanches appeared within 
small time intervals (1-3.5 psec) and the cumula- 
tive discharge was initiated within 3 psec after the 
the last avalanche. It would seem that the aval- 


anches prepare the way for the formation of the dis- 
charge. 


In the castor-oil test the avalanches appeared 
at considerably longer time intervals (3.5-28 psec), 
but again the cumulative discharge appeared within 
3.5 sec after the last avalanche. 

For strongly inhomogeneous fields, it appears 
that ionization processes occur during the so- 
called statistical delay time; these do not cause 
direct breakdown but constitute a preparatory stage 
in that ionization processes in the discharge gap 
lead to the production of volume charges. From a 
knowledge of the prebreakdown time (statistical 
delay time) for strongly inhomogeneous fields it is 
possible to ascertain the time during which impact 
ionization occurs with the resulting production of 
avalanches and small streamers. The latter pro- 
cesses do not initiate a breakdown but act to set 
the stage for it. It should be remembered that at the 
same time there are processes taking place in the 
dielectric which tend to inhibit the development of 
a discharge. In the main, these same results were 
found in the tests with homogeneous fields; a 
typical case (transformer oil) is shown in Oscillo- 
graph Ill of Fig. 2. At intensities of 315-350 kv/em 
breakdown did not occur in spite of the fact that 
the prebreakdown phenomena were relatively strong. 
Almost immediately after the pulse reached its _ 
highest amplitude (0.5 usec) 350 kv, nicks can be 
seen in the top of the pulse; these are similar to 
those which were observed in the tests with inhomo- 
geneous fields. In certain cases the nicks appeared 
somewhat later (2), A large number of rather weak 
lines — short-term fluctuations in the voltage which 
are indicated by arrows — can be seen in Oscillo- 
graph III. These all appeared within a time interval 
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less than a microsecond. These small voltage 
fluctuations are undoubtedly caused by electron 
avalanches which result from impact ionization in 
the oil. Small streamers, which are formed at the 
very beginning, ionize the interelectrode gap and 


produce a number of relatively | ow-intensity aval- 
anches with lifetimes less than 10-8 sec. Because 
of the various electron-energy loss mechanisms 
and electron capture in the potential within the 
crystallites, a discharge did not occur. 


(A Oscillographs of the voltage behavior at breakdown and during the prebreakdown. period 
in transformer oil, castor oil, xylene, and paper impregnated with transformer oil. 


It has been shown experimentally that small elec- 
tron avalanches in CC1,, mineral oil and certain 
other liquids can also be produced in an almost 
uniform ac field at very low field intensities (sev- 
eral kilovolts per millimeter) 1°. 

Oscillographs IV-VI of Fig. 2 were also made 
with uniform electric fields but using small spark 
gaps and limiting of the discharge current. For 
comparison purposes, tests were carried out on 
condenser paper saturated under vacuum with 
transformer (condenser) oil(Oscillograph IV). This 
oscillograph was made using alimiting resistance 
(see b, Fig. 1) of 3 x 10° ohms. The partial dis- 
charges could not be seen when smaller values of 
r were used. Two well-defined incipient discharges (1 
and 2) can be seen. In both cases these were limited to 
partial discharges because the formation of a com- 
plete discharge was inhibited. It may be noted 
that this type of oscillograph could not always be 


10s) Yamanka and T. Suita, J. Phys. Soc. Japan 8, 
277 (1953). 


reproduced in subsequent experiments. 

In the formation of a breakdown and the increase 
of the current in the discharge gap, a definite vol- 
tage appears across the resistance r. Since the 
dominant resistance in the circuit is that of the 
resistance r, the major part of the voltage drop 
appears across this resistance when a breakdown 
occurs. For a drop of 180 volts and r =3 x 10%hms 
the current at the instant of discharge was approxi- 
mately 6 x 10°° amp. With this current and the 
given intensity of the applied field, a cumulative 
breakdown can be cut off by inhibitory processes. 

Oscillographs V in Fig. 2 were obtained in ex- 


periments with xylene from which the volatile 
component had been distilled off at a temperature 
of 110-129°. These experiments were carried out 
with steel spheres 11 mm in diameter, a gap of 
0.2 mm and a limiting resistance of 5 x 10® ohms. 
The pulse voltage was increased gradually to the 
value at which breakdown occurred, which was 7 
x 10° kv/em; at smaller intensities, however, 
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charge column, the latter continues to break down 
but at considerably lower voltages. / 

The appearance of partial discharges a, ...a 
is an indication that impact ionization, with the 
production of electron avalanches and possibly 
streamers, takes place up to the moment of break- 
down. Complete breakdown of the gap, however, 
occurs only at a definite intensity of the applied 


numerous breakdowns were observed even before 
the time at which maximum amplitude of the pulse 
was reached. The current for partial breakdowns 
danse a, was roughly 5 x 10°° amp. This 

type of partial breakdown was not observed in sub- 
sequent experiments if r was less than 3 x 10° 
ohms. When the current is limited, a highly con- 
ducting bridge is not always formed when the gap 


breaks down. After some deionization of the dis- field. 
TABLE l 
Reference data for oscillographs in Fig. 2. 
6 WONG vate 
oc 2 @ & x 32 5 Time in psec required 
Ey iqui 50-8} &§ 8. © (for first avalanche to 
= C te oa a & Ke) gE & |appear after pulse 
9 2 £3 N chan 3 |reached greatest am- 
fe) Aas| Hass plitude. 7 
I Transformer egative (steel) point 50 Be 49.5 
(condenser) and brass plane 
oil 
A Se: Positive point 150 — 6.5 
and plane 
Transformer 
III ee rass spheres (nickel- 10 = Oc ses3 
oil plated) d = 62.5 mm 
IV | Four layers of con- | 10-2 408 fe eae 
denser paper-total teel sphere d = 11 mm amplitude 
thickness 40. Sat-  jand brass plane in trans- 
urated under vacuum | 
with condenser oil. 
V | Xylene withvolatile Steel spheres 0.2 51003 fs 
fr action distilled rT 
off at 110-129°. 
VAN Vacuum dried ” 5 Oar 5x108 


castor oil. 


In Fig. 2 VI are shown oscillographs obtained 
in tests with vacuum-dried castor oil. The limiting 
resistance was 5x 10° ohms. Inspection of these 
oscillographs reveals that breakdown of a gap with 
1 = 0.2 mmoccurred at about 480 kv/cm, but that 
with a constant pulse the discharge began to form 


insulator. The oscillographs in question were made 
using the arrangement shown in Fig. 1 (scheme a) 
and are shown in Fig. 3ywhile the explanatory data 
are given in Table 2. The period of the reference 
sinusoidal oscillations in OscillographsV and VI 
was also 5 x 10°? sec. The reproducibility of 
these oscillographs was found to be excellent. 

The lower two oscillographs in I of Fig. 3 are 
for cases in which breakdown did not occur. These 
give an indication of the length of the applied 
pulse (343 psec from maximum to half amplitude). 
In the other pulses, in which breakdown did 


at somewhat lower intensities (points J, and L). 
In these partial discharges the current was 4 — 6 
Se hOge amp. 

The data on current strengths in partial break- 
down given here indicate that total breakdown can 
occur for currents greater than 5 — 8 x 1075 amp. 


Several other predischarge processes were ob- 
served in the distilled water experiments. For a 
voltage pulse this liquid may be assumed to be an 


take place ,the length of the pulse is found to be 
shortened. This results from the fact that during 
the predischarge period there is an uninterrupted flow 
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of the ever-increasing prebreakdowncurrents which 
prepare the gap, soto speak, for breakdown. Since 
the form of the pulse remains the same, the dura- 
tion of all these pulses in I of Fig. 3 should also be 
the same. These prebreakdown processes in dis- . 
tilled water have also been observed with homo- 
geneous fields!!. It is evident from examination 

of the oscillographs in Fig. 3 that a more rapid 
decay of the pulse is to be associated with higher 


amplitudes, i.e., a greater current flows across the 


359 


spark gap during the prebreakdown time. Ina paper 
which has been published earlier, the assumption 
has been made that electrons which move from the 
negative point into the region of smaller field in- 
tensity are captured by water molecules and form 
volume charges during the formative lag period; 


these charges lead to an increase in the field inten- 


sity and are responsible for the cumulative break- 


down !2. 


In addition to the ionization processes, the point, 


Fic.3. Oscillographs of the voltage behavior at breakdown and during the prebreakdown period 
in distilled water. 


itself, can act as an electron source !3-15, It 


follows from Oscillographs I -III of Fig. 3 that 

the magnitude of the overvoltage plays a relatively 
small role in the general dynamics of the cumulative 
discharge. The length of the formative lag period, 
however, is strongly affected by the length of the 
spark gap; this lag is decreased in a pronounced 
way when the gap is reduced. For example, with 
agap spacing of 100 mm and maximum amplitude 

U =77 kv for the applied pulse, the formative lag 


111. &, Balygin, J. Exptl. Theoret, Phys. (U.S.S.R.) 
25, 738 (1953) 


is D. W. Goodwin and K. A. Macfadyen, Proc. Phys. 
Soc. (London) B66, 85 (1953). 


47, J. Lewis, Proc. Phys. Soc. (London) B66, 425 
(1953). 


“ Bragg, Sharbaugh and Crowe, J. Appl. Phys. 25, 
382 (1954). 


period before breakdown occurs is 202 psec; with 
a gap of 150 mm, however, and the same value of 
U, the time lag is 423 psec. This large difference 
may be attributed to the length of time required 

for electrons and negative ions to travel to theposi- 
tive electrode. 

With a high intensity field, it may be assumed 
that impact ionization occurs within a region of radiusR , 
during the prebreakdown period. This process 
leads to the production of electron avalanches; 
simultaneously, however, electron capture is tak- 
ing place, especially in the region R, > Rj. Thus 
avalanche production should occur in accordance 
with the well-known relation 


= flo exp I\ — a) dx] for? 7 < they. 


0 


12 1, E. Balygin, J. Tech. Phys. (U.S.S.R.) 24, 338 
(1954). 
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where, as usual, « is the number of 
ionization events per centimeter 

of path length due to one electron and « , is the 
number of electron attachments in the path length. 
In the region R, >R,, electrons due to incipient 
avalanches eile be captured by water molecules 
or at the surfaces of the crystallites. The rate 
at which this process proceeds is proportional to 
the average number of capture centers K and the 
number of electrons n “in an avalanche. Thus we 
can write 


dn' | dx = —pn'k and 


ie ne—vk(*¥—R1) for BG al Ci 
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since n’=n when x =R,- Hence, the avalanche 
is attenuated; on the other hand, the negative 
ions with captured electrons, moving toward the 
anode, form an ever-increasing field up to the 
moment at which breakdown occurs. 

In the case of a positive point and plane, an 
altogether different kind of effect is observed in 
distilled water. At threshold voltages, it can be 
seen from Oscillographs IV of Fig. 3 that the drop 
in the amplitude of the pulse does not occur. The 
decay of the voltage becomes noticeable only 
in strongly overvolted gaps (d, Oscillograph V). 

This decay may be called the initial (prebreak- 
down) stage in the development of the breakdown. 
Immediately afterwards there is a second stage 
— asharp drop in the voltage (a, Oscillograph 
IV and V). The third stage is characterized by a 


TAB LEC? 


Reference data for oscillographs in Fig. 3 


ST 
tig | | | 
a 2 i Maximum!| piclisce . Formative Statistical de- 
Oscill oo. ulse (Which voltage : SAAR 
on o- Electrodes Q go me Nitade |‘ ‘ Collapse’ lag period lay time in 
grap aN a Deciwrad in ££ sec fusec 
No. AES aegis HEE in kv | 


a a eee el Ee 


J ad/I| Negative steel point 


and brass plane 
150 
IIT Ms 100 
Veer Positive steel point 
and brass plane 150 


60—132 | 25,5—34.0 | 423—348 —_— 
77—115 30—43 202—180 _— 


53—185 39—125 0O—10 | 184—0 


relatively slow drop in the voltage (b, Oscillograph 
IV) and the fourth by a slight increase (c, Oscil- 
lograph IV), It is assumed that in the first stage 
a positive streamer column is formed which propa- 
gates from the anode to the cathode. In the effec- 
tive short-circuiting of the electrodes due to this 
column, the current increases and the voltage 
*‘collapse’’ occurs. It is evident that the magnitude 
of this “‘collapse”’ depends on the amplitude of 
the applied pulse; this is apparent on inspection 
of the curves in Fig. 4(U,. . . U,) which have 
been drawn from Oscillographs IV-VI of Fig. 3. 
After a time,which is taken as zero in Fig. 4, 
there is a pronounced drop in the amplitude of the 
pulse {beginning of breakdown). In the absence 


of an overvoltage, the first stage of the development 
of the discharge remains invisible because of the low 
intensity of the process and the ‘‘collapse’’ seems 
to occur suddenly. It would seem that the for- 
mation of a positively charged column occurs dur- 
ing the predischarge period, which as we have indi- 
cated, is called the statistical delay. In oscillo- 
graphs IV, this time is 184 and 52 psec. Judging 
from the size of the ‘‘collapse’, which is very 
small, it appears that the radius of the column is 
also very small. When the amplitude of the applied 
pulse is increased, this radius increases and there 
is a corresponding growth in the “‘collapse’’ U, 

. U, of Fig. 4. In the third stage the radius 
d the column grows slowly because of photoioniza- 
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“‘explosion”’ and the ejection of liquid), At 


this point molecules of non-ionized liquid pene- 
trate the column, the current diminishes, and there 
iS a corresponding increase in the voltage (fourth 
ie A of Fig. 4 and C of Oscillograph IV, Fig. 
3). 

It is evident from Oscillographs V and VI of 
Fig. 3 that even in the case of a very large over- 
voltage (3.5 times) a relatively long time (about 
5 usec) is reguired for the formation of the posi- 
tive column which short-circuits the electrodes. 
During this period, as may be seen from the nicks | 
in the front of the pulses in Oscillographs VI, | 
small streamers are formed; these do not start 
breakdown but cause a certain amount of ioniza- 
tion in the gap. The development of the filamen- 
tary positive column from the positive point also 

‘depends on random factors. This is seen in Os- 
cillographs IV of Fig .3 in which breakdown occurs 
after a lag of 184 psec in one case and 52 usec 

in the other although the amplitude of the applied 
pulse was the same in both cases. 


FIG. 4. Curves showing the decay of the voltage in the 
formation of a discharge in distilled water (positive 
point and plane); U, = 84; U, = 44; Us =34; U, =22; 

U; = 16; Ug= kV 


tion and thermal ionization. During this stage the 


temperature of the column increases and gas is Translated by Westincky 

produced; _ this process is terminated with an 90 \ 

if 
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i i i bsorbed in lead and rock 1 

-i t e of penetrating shower particles a : | 

of Poeun ct 3.7, 5.05 7, 65.5 and 148 meters has been measured. The as 

ies are carried out at an elevation of 400 meters above sea level. On ns ee 
the resulting path lengths, the integral energy spectrum of penetrating sho Pp 


: : -Y, where 
les is found in the form of a power function. This function has the form E 
cles 1S foun a : 910 ; | 
y = 0.62 +0.05 (for the energy interval from 5 x 10” to 3 x v). 
. . . , ' s . 
NVESTIGATION of the characteristics of pene- mation of an extensive atmosphertes haysisabier i 
ae shower particles is essential in con- to be the result ofa oe a eee SRN SEE ae } 
nection with the mechanism of generation of exten- which the main role is nee bmaeciee eee 
sive cosmic ray showers that is proposed by a group _ penetrating arene is - ale he nel 
of Soviet students working under the guidance of part of the energy re) a ole nes es Fciiay 
Skobel’tsyn }74. According to their idea, the for- mine the significant characteristi 


its spatial structure , and the energy balance among 
’D. V. Skobel’tsyn, G. T. Zatsepin and V. V. Miller, its different components. 


Phys. Rev. 71, 315 (1947), To this day, studies of the nature = ees 
2n. V. Skobel’tsyn, Dokl. Akad. Nauk SSSR 67, 45 cosmic ray showers furnish the only key o a 
GS). standing the interactions of high energy (of the 


3D, V. Skobel’tsyn, Dokl. Akad. Nauk SSSR 67, 225 afane of 10!5 10 'e.) particles with matter, and 


(1949). those physical processes which accompany these 
SIG ST’ Zatsepin, Dokl. Akad. Nauk SSSR 67, 993 snteractions. From this point of view, investiga- 
(1949), 
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tion of the nuclear active and penetrating compon- 
ents of extensive showers holds the most interest. 
Nevertheless, these components of extensive cos- 
mic ray showers remain relatively little studied. 
In particular, the mass spectrum of these compon- 
ents has not been investigated, nor has the spatial 
distribution of high energy penetrating particles 
along the radius of the shower. The goal of the 
present work is the investigation of the energy 
spectrum of penetrating particles of extensive cos- 
mic ray showers. 


1, EXPERIMENTAL ARRANGEMENT 


In order to investigate the integral energy spec- 
trum of penetrating shower particles, the attenua- 
tion of the intensity of these particles was studied 
by means of absorbers of various thicknesses. 
Lead and iron filters of a total thickness of 3.7 
meters water equivalent were used in one series 
of experiments. Absorbing layers composed mainly 
of rocky soil of thicknesses 5.9, 27, 65.5 and 148 


meters water equivalent were used in another series 
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The measurements were carrie] out at an eleva- 
tion of 400 meters above sea level. The intensity 
versus depth curve is dependent upon the energy 
spectrum of the penetrating components®, To ob- 


tain the one relationship from the other, it is nec- 
essary to use the relation between the energy and 
path length of penetrating particles. Let us de- 
duce this relationship for p-mesons, since at 
present it is generally accepted that the major part 
of the penetrating component of cosmic radiation 
underground consists of p-mesons.®»7 The loss of 
energy by fast p-mesons can be represented, ac- 
cording to Wilson’, by 


aE /dx=a+bE+cin(£-10°%), (1) 
where £ is expressed in mev. The first term on 
the right of Eq. (1) represents the magnitude of the 
energy lost by the fast p-mesons in ionizing proc- 
esses, the second term comprises radiation loss 
and the loss through nuclear interactions, and the 
third term gives the energy lost by the p-mesons 
through Cerenkov radiation. 


SAS Tene 


Values of dE/dx (mev g/em”) 


Energy Fr a bE ¢ 1n (£-1078) 
bev 
earth lead earth lead earth lead 
1 DP ee 0.00; 0,019 0) 0 
10 Die Al 0.05 0.19 On Ort 
100 J, pi 41 Ome 1.9 0.45 OR 
1000 a 1.3 5 19 0.7 0.3 


From Table 1 it can be seen that at about 100 bev 
the term which is proportional to E becomes com- 
parable in magnitude to the term representing the 
ionization losses. 

For smaller energies, the ionization losses far ex- 
ceed the other losses. In particular, in our case, 
where the maximum measurable energy of the parti- 
cles does not exceed 3 x 10!° ev one needs to con- 
sider only the ionization losses. In this case, the 
energy loss versus path length relationship takes 
the form: 


aE / dx 


= sme g/cm? for rock; 


(2) 


— |.3 mev g/cm? for lead. 


dE i ax 


Knowing the relationship between the energy and 
the path length of particles, and using the depen- 


dence of the intensity of the penetrating shower 
particles on the absorber thickness, one can obtain 
the integral energy spectrum by means of a well- 
known relationship”. 


2. MEASUREMENT TECHNIQUE 


The measurement of the intensity of the penetra- 
ting shower particles under absorbers was carried 
out by means of Geiger-Mueller counters set up in 
an arrangement providing for two, three, and four- 


fold coincidences. The counters were connected 


° L. Janossy, Cosmic Rays, p. 214 Sec. 11L 285 
(Russian translation) 1949, 


° C. A, Randall, Phys. Rev. 87, 241 (1952), 


7 G, Wilson, Physics of Cosmic Rays, p. 331 IIL, 
Moscow, Leningrad, (Russian translation) (1954), 
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in parallel, and were joined in rows in such a man- 
ner that the total effective area of each row equalled 
one square meter. In all, there were five such 

rows, three of which were arranged on top of the 
ground at the vertices of a right-angle triangle, with 
legs equal to 30 meters. The other two rows were 
placed one atop the other underground. Figure 1 
shows the schematic arrangement of the rows. 


Top view 


ULV r= 3 


L--.4 2f (two fold coincidence) 


Side view 


(three fold coincidence) C40 


ilar wees 
1G Y 


Ries d301,1L10, IV and V rows of counters; 3f, 4f, 
2f scheme of 3, 4 and 2 fold coincidence. 


The arrangement of rows I, Il and III was not 
changed during the course of the entire experiment. 
Rows IV and V were moved in depth after each 
series of measurements. The impulses from counter 
rows I, II and III were channeled for three-fold 
coincidences. Each functioning of the three-fold 
coincidence system was caused by the passage of 
an extensive cosmic ray shower through the rows 
of counters. By this means, a three-fold coinci- 
dence of the impulses from the upper rows regis- 
tered an extensive cosmic ray shower. The pene- 
trating component of this shower was registered 
with the aid of the underground row of counters, | 
whose impulse was channeled for coincidence with 
the master signal received from the three-fold coin- 
cidence of the upper counters. The underground 
part of the arrangement consisted of two rows. 
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These two rows were of identical construction, 
were placed one above the other, and were connec- 
ted for two-fold coincidence, This duplication 

of the rows registering underground particles was 
used to eliminate accidental coincidences between 
impulses from the upper and lower portions of the 
arrangement, which were not caused by shower par- 
ticles. In several series of measurements eight 
centimeters of lead were placed between the two 
underground rows of counters. 

The resolving time of the three and four-fold co- 
incidence systems was 3.5 x 107® sec. For the 
two-fold coincidence systems it was 1.5 x 10~® sec. 
Such a system of registering shower particles com- 
pletely eliminated all possible false coincidences 
arising in separate parts of the arrangement. By 
means of this arrangement, the frequency of three- 
fold coincidences in the upper rows and the fre- 
quency of four-fold coincidences between impulses 
from the upper and lower rows was measured during 
the entire series of experiments. From the experi- 
mental values of three and four-fold coincidences 
per unit time with different absorber thicknesses, 
there were determined the intensities of penetrating 
shower particles at these depths (see Sec. 4 below). 


3. RESULTS OF MEASUREMENTS 


In Table 2 are given the pertinent properties of 
the absorbers which were used in the course of the 
work. In the first three cases, 8 cm of lead was 
placed between the underground counter rows IV and 
V (Fig. 1). In addition, measurements were made 
at a depth of 27 meters water equivalent of the in- 
crease in the number of coincidences upon removal 
of the lead absorber from between rows IV and V. 
During this trial no change was observed in the 
number of four-fold coincidences recorded. The re- 
maining two series of measurements were carried 

. out without any lead absorber between rows IV and 
fe 

The resulting measurements of the frequency of 
three and four-fold coincidences are reported in 
Table 3. 

4. COMPUTAFION AND DISCUSSION OF RESULTS 

The experimental results given in Table 3 fur- 


nish the means for establishing the relationship 
governing the decrease of the intensity of penetra- 


ting particles with increasing absorber thickness. 


We shall first ascertain the relationship between 
the intensity of penetrating shower particles are 
given depth and the frequency of four-fold coinci- 
dences at that depth. The frequency of four-fold 
coincidences, proluced by the passage of shower 
particles through four rows of counters, is equal to 


i 
i 
} 
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PAT ee 


Density in Thickness in meters 
em/cm water equivalent. 


Absorbin ; 
eae Thickness 
Pb, Fe, Al 18cm Pb+ 
+8 cm Fe+ 
+10 cm Al+ 
+8cm Pb 
Brick Masonry yeas 
+8 cm Pb 
Rock 14,0 M 
Rock 28,5 
Rock 55,0 M 


Duration of 
easurements 
in hours 


No. of 3- 


Depth in meters 
fold coinc. 


water equivalent 


837 97 1360 
Oey) 118 1615 
27 416 9720 
65,5 554 7625 
148 852 11 180 
Cr = A\o ont) nt (1 —e se) do. (3) 
Here Ap—+1) is the differential spectrum of the 


density of extensive cosmic ray showers, p; is the 
density of shower particles falling on the ith row 
of counters, @ is the effective area of each row 

of counters. 

To evaluate the integral (3), we must determine 
p, with the aid of the spatial distribution function 
of the shower particles, taking into account the 
geometry of the experimental arrangement. How- 
ever, considering the unwieldiness of the resulting 
expression and the fact that the spatial distribution 
function of the shower particles is not known with 
sufficient accuracy at large distances, such an 
evaluation cannot be justified. Instead, for a first 
approximation, we can assume that for recorded 
showers the densities p, of particles falling on 
rows I, II and III respectively of the above-ground 
portion of the arrangement (i = 1, 2, 3), are identical 
and are equal to p. Furthermore, the density of 
penetrating particles p, will be eel to op, where 

«is the fraction of particles that consists of pene- 
trating particles. Thus integral (3) takes the form 


No. of 4- 


fold coine. 


1) 
(es 

1,85 5,9 
2,55 27,0 
2,3 65,5 
oi 148,,0 


TABLE 3 


3-fold coinc.| 4-fold coinc. 
per hr. per hr 


107 13,9-40,7| 4,1 40,1 | 3 
108 13,5-+0,6 | 0,85--0,07 | 2,4 
120 43,6-+40,4 | 0,294+0,03 | 0,75 
105 13,740,3 | 0,19-40,02 | 0,46 
106 13,9-£0,2 | 0,13-+40,01 | 0,3 
Cam A \ pH — e-*)8 (1 — e-**) do, 


This takes into account that for our arrangement 
o=1. Similar integrals are uve stipalcas in detail 
in the works of Daudin® and Zatsepin? , where the 
method of solution can be found. 

Integral (4) can be broken up into two integrals: 
C,=/, —1, where 
a — e-°)89—- +) do; (5) 
©0 
\ (1 = e-#)3 @— 829041) fp, 
6 ‘ 


© : 8 
Using the method shown in the latter reference 
we obtain 


0 


[aee4 


_  AP(3—x) . és 
ee gue 
ji AY (8 — x) (7) 


2. it Old) (a) 


x [a 


pr 3 (2 ++ a)* — (3 + a). 


8 J. Daudin, J. Phys. Radium 8, 301 (1947), 
Gas Zatsepin, Dissertation, FIAN, (1950), 
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Inserting the numerical value x = 1.4, we finally 
obtain 
C, — AP U.S) 


Ta nOE Oa et — 30 Jeane | (8) 


+3(2+ a)'* — (3+ a). 


Knowing the number of four-fold coincidences per 
unit time C, at a given depth, it is possible to de- 
termine the fraction of penetrating particles « at 
this depth. To do this it would be necessary to in- 
sert a numerical value for A in equation (8). How- 
ever, it is more convenient to compute « from the 
relationship between the frequency of four-fold co- 
incidences and the frequency of three-fold coinci- 
dences. The frequency of the three-fold coincidence 


is: is 


C;=A \ (1 — @-°)8 pH) do, (0) 


0 


Equation (9) coincides with (6). For the ratio 
CAG. we obtain 


Cy git 3 (10) 
ee 0p nen he)" 
5 1 ‘ 
gered Ce aed Maem kG ie Ate 


The third, fourth and fifth terms of right side of 
equation (8) can be expanded in powers of a. F'ur- 
thermore ,bearing in mind the small magnitude of « 
(a few percent), it is possible to disregard the terms 
containing «a. Therefore 


CHC, x(t 1 oh). (11) 


Substituting experimental values of C, and C, into 


the left side of this expression from the fifth and 
sixth columns of Table 3, we obtain values for « 


which are given in the last column of Table 3. 

Figure 2 shows the dependence of intensity on 
depth according to the data given in the first and 
last columns of Table 3. The ordinate is the loga- 
rithm of the intensity, and the abscissa is the log- 
arithm of the effective depth expressed in meters of 
water. Within the limits of error, all experimental 
points lie on a straight line. Therefore the depen- 
dence of the intensity of penetrating particles on the 
depth can be expressed as a power function of the 
form 


=e ie (12) 


The value of the exponent, as determined from 
the experimental results, is 0.62 +0.05. 

Given the above, it is possible to construct the 
integral energy spectrum of the penetrating par- 


ticles from the change of the intensity with depth. 
For this purpose we substitute the value of x ob- 
tained from expression (2) into (12); as a result 
we obtain: 


Ngee) Oe (13) 


This is the expression for the energy spectrum 
of penetrating particles of extensive cosmic ray 
showers. Here N is the number of penetrating 
particles which have an energy greater than E. The | 
constant Cy» represents the total number of pene- 
trating particles in the entire shower at an elevation | 
of 400 meters above sea level. The differential 
energy spectrum has the form: 


NaN = ¢,E-C+) dE, (14) 


where NdN is, the number of penetrating shower 
particles with energy lying between FE and E + dE. 


With the aid of this spectrum, it is possible to find 

the lower limit of the mean energy of penetrating 
shower particles. For the limits of integration em- 
ployed in finding the mean value, one must use the 
limiting values of the measurable energy, namely, | 
5 x 108 and 3 x 101° ev. By carrying out the inte- 
gration we obtain the value E , =1.7 x 10° ev 

for the lower limit of the mean energy of penetrating 
particles. 

Comparing the energy spectrum of the penetrating 
particles of the vertical component of a cosmic 
shower at sea level!° with the energy spectrum of 
the penetr ating particles of extensive atmospheric 
showers, we come to the conclusion that shower 
particles are absorbed significantly more slowly 
than are the particles of the vertical component. 
This fact confirms the work of George!!. George, 
comparing his results for measurements of exten- 
sive shower underground with the results of Greisen, 
was able to advance the hypothesis that the depth 
dependence of the intensity of penetrating shower 
particles must be a power relationship, with an ex- 


i0 J, G. Wilson, Nature 158, 414 (1946). 


11 —, P. George, J. W. Mac Anuff and W. Sturgess, 
Froc. Phys. Soc A66, 346 (1953). 
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ponent equal to 0.66, down to depths of 1600 meters 
water equivalent. 

The results of our direct measurements definitely 
confirm George’s hypothesis. However, in spite 
of George’s assertion, one must expect the curve 
of the energy spectrum to start falling sharply at 
certain depths significantly less than 1600 meters 
water equivalent in the contrary case, where the 
mean energy of penetrating shower particles becomes 
more like that reported by Fidus and co-workers !” 


121 Kh, Eidus,M. P. Adamovich, I. L. Ivanovskaia, 


V. S. Nikolaev and M. S&,.Tuliankina, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 22, 440 (1942), 
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For this reason, further investigation of the inten- 
sity of the penetrating components of extensive 
cosmic ray showers at significantly greater depths 
is of definite interest. 

In conclusion, I wish to express my thanks to 
Professor E. L. Andronikashvili for proposing the 
problem and guiding the work; to Professors C. 
F. Vernov and G. T. Zatsepin for valuable dis- 
cussions, and to M. F’. Bibilashvili, G. N. Muskh- 
elishvili, G. E. Chikovan and G. R. Khutsishvili 


for assistance rendered. 


Translated by D. A Kellogg 
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On the basis of a critical examination of researches previously published, the inadequate 
basis of the results obtained in them is pointed out. A rigorous solution of the problem is 
given. It is also shown that the solution takes the form corresponding to the approximation 
of geometrical optics in the limiting case of very high frequencies. 


A T first glance, the problem under consideration 
appears to be almost trivial, since the variables 
are separated in the basic equation of the problem. 
However, the desired choice of partial solutions, 
which can serve for the construction of the solution 
of the problem which satisfies all requirements, in- 
cluded the appropriate radiation principle at in- 
finity, and the correct behavior at the focus of the 
cylinder, and the actual obtaining of such a solu- 
tion is not so simple, as could be shown. In parti- 
cular, nowhere, to our knowledge, in the series of 
researches’ ~* on the wave problem for a parabolic 
region, is any fundamental solution of the problem 
under consideration given in the desired form.* 
Such a problem is taken up in the present work. It 


*For more detail, see Sec. 1 of Ref. 5, 
‘Encyklopadie Math. Wissensch. 5, 3, 511. 


22S; Epstein, Dissertation, Munich, 1914. 


3y, Magnus, Jahresber. deut. Math. Verein. 50, 140 
(1940). 


4 
W. Magnus, Z. Physik 118, 343 (1941). 


5G. A. Grinberg, N. N. Lebedev, I. P. Skal’skaia and 
Ia. S. Ufliand, Dokl. Akad. Nauk SSSR 95, 961 (1954). 


is shown further that the solution, in the limiting 
case of very high frequencies, takes the form which 
corresponds to the ray approximation of optics. 


1. STATEMENT OF THE PROBLEM 


We consider the problem of the reflection of 
electromagnetic waves from a conducting screen 
which has the form of a parabolic cylinder. We 
assume a linear vibration source placed inside the 
cylinder along its focal line.** The current 
strength of the source is Jal en where /, = 
const= amplitude of the current, w=angular fre- 
quency. 

We set up a cartesian coordinate system (x,y,z) 
so that the axis Ox lies in the plane of symmetry 
of the parabolic cylinder, and the axis Oz coincides 
with the exciting current. In addition, we introduce 


the parabolic coordinates (a%) with the help of 
the relations 


J : : ot 
The case of arbitrary disposition of the source is 
considered in Sec. 8, 


ELECTROMAGNETIC FIELD OF A LINEAR EMITTER 


x biy=3/,(0-+ ip, (L1) 


Oe Se es, 


(12) 


Then the equation of the surface of the cylinder 
will be B=B , ( Fig. 1), where By is some constant. 


The electric field vector E has in this case only the 
single component E£, of the form 


£; = ra ee y) efet — Egiet qd 3) 


To separate the field of the source, we write 


=F Ha: (1 .4) 


where 


Ey = — role? Hy (kr); r 
= VEEP Hh +P, 


k=@/c, c= velocity of light in a vacuum, H si (z) 


(1 .5) 


is the Hankel function of the second kind, u is the 
secondary electric field. 

Since the electric field E must satisfy the Helm- 
Hotz equation AE +k? E = 0, the radiation principle, 
and must vanish on the surface of the conducting 
screen, we can give the following mathematical 
formulation of the problem: to find the solution 
E (a, B) of the equation 
(BE | at) + (#E/ 08%) a6) 
+ (8 + BE =0, 


which is regular within the parabolic cylinder, 
except for the line a==0, in the vicinity of which 


ol 2 a2 2 
E=—", i (z “F) +H (1.7) 


(where wu is a regular function), which satisfies the 
boundary condition 


E |p=e, cae 0 


(1.8) 


and the radiation principle* 


*E quations (1.9) follow in the usual way from the 
condition that the same amount of energy is radiated 
outwards (by the wave) across an arbitrary cross section 
&= const per unit time, if the waves returning from 
infinity, are absent. 
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ao 
al 
a<0 
FitGaadlc 
E|jaj» eo = O(\« |); (1.9) 


Obs : : 
(- Aa + Hg) 0 Ae o ({a |~/2) 


(uniformly, relative to B). 
It will be shown below (see Sec. 6) that the prob- 


lem has a unique solution when stated in this way. 


2. CONSTRUCTION OF A FORMAL 
SOLUTION OF THE PROBLEM 


In order to separate variables in the wave 
equation 


(0? / da?) + (Gu / 082) + R(a? + B)4=9 (21) 


we set 


1 = A (x) B(8). (2.2) 


We then get for the factors A and B the ordinary 
differential equations 


A" + (ka? + 4) A = 0; (253) 
B" +. (428? —2) B =0, 


where A is the separation parameter. 
Making the substitution 
A (a) = exp {— tka /2}0(8); $=V ik «, (2.4) 


in the first of these equations, and setting 


h= tk (2v + 1), (2.5) 
we get an equation for the function v(€): 
ov” — uv’ + 2v0 = 0, (2.6) 


the general solution of which has the form 
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a (Rater 1 £2 
ANNAN ae e | (un 
~ po [(1— 
+ NF ( i) pak 
where if and N are constants; 
ro) yy Raat") 22 (28) 


E\a20;, 2) 


a ae) fot r(o+n) al 


is the degenerate hypogeometric function. 

Since the solution in our case must be an even 
function of the variable o, we must set NV =0, so 
that* 


A (a) = AY (x) (2.9) 


= exp {— tka? /2} F(—v/2, */2, tka’) 
= (tka?) *§Myjo44), (tka?). 


In this case we can limit ourselves to the interval 
0<a<® which is done in what follows. 

If we make use of the asymptotic expression for 
the function a (a) as o 700, ** 


Ay" () las co = 9(v, «) exp {ia /2}a-H) — (2.10) 


4 b(>, ct) exp {— tha? /2} 0% 
where gand w are functions which approach finite 
limits as ~~, and if we require that the desired 
partial solutions have the character of waves going 


off to infinity, and indefinitely decreasing in ampli- 
tude, then we get the condition for the parameter v: 


al) 3 <a Cry a0: (e151) 


The general integral of the second of Eqs. (2.3) 
(for a given value of the parameter A ) will be 


B = B,(8) = exp {— ik? / 2} (2.12) 


pr(tty 1  spoe 
x | PF | 2 > D ’ ik8 
=e 3 f 
+Q V ik GF (1 +3, 5 ik?)), 
*See, for example, Refs. 6,7. 
**See Appendix A, Eq. (A-1), and also Ref. 8. 


6 

W. Magnus and F. Oberheffinger, Formeln und Satze 
f. d. spez. Funktionen der mathemat. Physik, Berlin, 
Gottingen, Heidelberg. 


7 
I. M. Ryzhik and I. S. Gradshtein, Tables of integrals, 
sums, series and products, GTTI, 1951. 


8 
H. Jeffreys, Methods of Mathematical Physics, 
Cambridge, 1950. 
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where P and Q are constants. 
From the condition of boundedness of grad u 
at the focus it follows that Q=0 *, so that 


B, (8) = By” (8) (2.13) 
4 ey) 


ee 
er aye” ik) 


Thus the chosen partial solutions of the wave 
equation (2.1) have the form 


= exp {— ik8?/2} F( 


ity = Ay” (a) BY (8); —4, << Ri} <0, — (2.14) 


and the general solution of the problem can be 
hypothetically represented in the form of the fol- 
lowing complex integral: 

—d+ico 


u (a, 8) = \ C(v) AM (x) B (8) ay; 


—8—iw 
0<b <4). 
The unknown function C (v) must be found from the 
boundary condition (1.8) i.e., from the equality 
—S+ico 
C(v) AY" (a) By(8) dy 


—$§—i co 


(2215) 


(2.16) 


__ tol 779) oa? + ge : 

= tart to (A 1) (0 <a< +00). 
The problem is thus reduced to an expansion of 
the field of the source in an integral over the 
functions AM (a). Such an expansion can be ob- 


tained with the aid of the expansion theorem of 


Magnus.° ; 


—8+i co 
f(a) = F (v) AS? («) dy; (2.17) 
—$8— ico 
V beW it! 
Fo) = 1 (—3) 


foo) 


xr (- 4 4 ) einy/2 \ f(a) AW (x) de 


0 
(0<6<1), from which it follows that 


oV kleWit4y (- 5) Ir (° 
2nc* BO) (Po) 


co 


x \ Hye ¢ =F") AS (a)de.. 


4 ity 
Coye- 2 )e (2.18) 


Making use of the value of the integral 


*This result is obtained by means of a substitution 
of the partial solutions under consideration in Eq. (3.5) 


below. 
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y He (2 SEE) Av(a) de 


(2.19) 
0 
= (nh) "hells BOG), 
where* 


- 


(2.20) 


B® (8) = (ik8?)-"eT (= i ) W 
—,—vj2,1/, (tRB?) 
(Wy (2) is the Whittaker function” ), we obtain 


the final solution of the problem: 


—$+ic 
v 2. 
Oe Ve et) Bay 
x v+1)\ Jin BY (Bo) (1) 
P(A) emt ry BY PAM) ay 


«x (0<b <2). 


It is obvious that the formal solution thus obtained 
needs detailed proof. Such proof is carried out in 


Sec. 5. 


3. INVESTIGATION OF THE CONVERGENCE 
OF THE INTEGRAL WHICH REPRESENTS 
THE SECONDARY FIELD, AND PROOF OF 
THE REGULARITY OF THE RESULTANT 

SOLUTION 


1. The functions under the integral in Eq. (2.21) 
are entire, and therefore continuous, functions of 
the variable v. Since the function He (6, ) does 


not vanish anywhere in the path of integration 
(see Appendix B), the existence of the integral over 
arbitrary finite limits is assured. 

For the proof of the convergence of the integral 
over infinite limits, we make use of the asymptotic 
representations of the functions A (a), Be (B) 


and BB) for fixed a and B(a<A, 0< B<®), 
|p| 9 R { v }2-6>-1/2*. Setting v=-d tiz, we 


ris 1 
Bo) =r (5) Esra BO (B)+ (4) BO), 


Hae = v 3 
B®) (p) = oO V ik ar (4 some ae ing) 
is the odd solution of the second of Eqs. (2.3) 


*Equations (A-3) (A-4) , (A-5). 
pon T. Whittaker and G. N. Watson, Modern Analysis. 
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have, for T7~ ©; 
| AY? (a) Ne: 


= O(1); (3.1) 


| By” (8) | = O (exp {V 2k] =| 8}); 


| BY” (8) | = Ot] exp {— V 2k [=] By). 
Since 
Hal my ai) 6 
je (—4)r(4)e 2} = O(|z |"), (3.2) 
—s—iT 
v y+ 1 Balas 
s\siccspy) Ge eae 
BONG eee 
BO Goe Byala) a 
° ae 
<M\ exp {—V 22] =] 203 1 
iG 


the uniform convergence of the integral (2.2) at the 
lower limit follows directly. 


In precisely the same way, we find for T?+ © 


| AS” (a) | = O (exp (V 2ht}); a. 


| By” (8)| =O"); 


(3) y LN. 
| BS ()|= 0 (>=) 


| Ae (— +) r ‘ + *) c. SO 


whence 
—6§+i00 i (3.4) 
M ye imy 
n(-z)r (tem 
See 
3) (By) Bo (1) 
see = (p) AS? («) dy 


co 
<M \ ett eV 2kt ge 
2 Vet 


so that the integral (2.21) converges uniformly at 
the upper limit also. 
It follows from the uniform convergence of the 
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integral (2.21) that u is a continuous function of the uniform convergence of these integrals at the 


the variables a and B in the region under considera- —_ UppeT limit. In a similar way, the existence and 
tion. continuity of the derivatives of u of arbitrary 

2. For proof of the regularity of the function u, order with respect to a and 8 can be demonstrated. 
we must satisfy ourselves of the existence and We now consider the derivatives of u with re- 
continuity of its first and second derivatives with spect to x and y, which are given by the expressions _ 
respect to x and y, for which it is sufficient to 
show the unifrom convergence of the integrals which g, Bt B du (3.5) 
are obtained after carrying out differentiation under Ox o2+ Bida a+ p2og” 


the integral sign. 
From the estimate as T?— ©, 


: Ou COU halite Ou 
| Av" (#)| = O (Iz); dy ~ a+ pag T at BE On 
| BY” (8) | = O(/z exp (VW 2 k[=18}) 

It follows from these equations that du/dx and 
there follows the uniform convergence at the lower du/dy are continuous everywhere in the region 
limit of the integrals obtained from Eq. (2.21) by under consideration, with the exception, perhaps, 
differentiation with respect to a and § under the of the point a= B=0, in the vicinity of which an 
integral sign. In exactly the same way, there additional investigation is necessary. We set 


follows from T7>+ ©, 


(1)’ Any) 
Ay («)| = O(cexp {V 2k a}): “=rcosQ; P=rsin6(0<0<7) (3.6) 


(1)’ 7p : ; 
[Bs P)| = O(c) and consider the expression 


yee Ne ea) ee age pat 
where 
x (r) = = [cos 6 BY (r sin 6) AD” (r cos 6) — sin 8 Al (r cos 6) BY” (rsin9)]. (3.8) 
Since the quantity y,,(r) approaches a finite ly, (1) fsa) eae taal (VEER 


limit as r >0, equal to —ik(2v + 1), and uniform 
convergence of the integral (3.7) in the region 
ate follows from the estimate 


we can allow a transition to the limit under the 
integral sign. Then 


—6+ic 
0, OP ikwl : f v\pnfv+1 Be) (8) 
nee ee ) eta (2 eee) 
as = avai he a) ages 
ay eee ee eee 
This integral does not depend on 6, which also the vicinity of the point a=B=0. 


proves the continuity of the derivative du/dx in As regards the limit of the derivative du/dy for 
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r 70, the analogous expressions show that 


lim du/dy= 0, i.e., the derivative is also continu- 
r 


ous in the vicinity of the point. In similar fashion 
we can establish the continuity of the second deri- 
vatives of u with respect to x and y. 

Hence it has been shown that u(a 8) is a 
regular function in the entire region «<A, 0<B<f,). 


4. TRANSFORMATION OF THE SOLUTION 
TO DIFFERENT FORMS 


For subsequent examination of the formal solu- 
tion that has been obtained, it is expedient first to 
transform it to other forms. 

1. In order to obtain the first of these represen- 
tations, we complete the contour of integration in 
the formula (2.21) on the right by another circle of 
radius R ~® drawn from the point v=—1]/2. and 
apply the theorem of residues. The asymptotic 
expressions for the functions of a parabolic cylin- 
der* show that the integral over the path, under 
fulfillment of the condition 

a< 28) —8 (4.1) 
in every case tends to zero. 

If the inequality (4.1) holds then wu, after calcu- 
lation of the residues at the poles v=2n, has the 
form of the following series: 


(4.2) 
es , Bis) 
Qoil SVE (a +42) Ban (Po) pia) (gy 4)" 
ae ALF Be py Oe OA 


i 


n=0 


—8+ic 
ol ct B®) (Bo) 


2c? 
—s—ic 


BY” (Bo) 


where 


A® (a) = B®, (8). (4.7) 


Inasmuch as Magnus did not establish the regularity 
of his solution for an arbitrary point within the 
region of interest, it is not possible, without 


further investigation, to draw any conclusions as 
to the correctness of his solution. A detailed 
investigation is all the more necessary in that the 


partial solutions ae ( |o4| Be (B) given by 


*See Eqs. (A-3) - (A-5). 


By (8) Avlaidy (0 << 0<04,), 
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The corresponding transformation of the contour 
integral (2.16)-(2.18) for the primary field reduces 


to the analogous expression 


(4.3) 


@) a2 4+. 82 Dy Shane (3) ) 
He (e SE) — FARE ao ate. 


which is valid under the condition that 


@ <p (4.4) 


We note that the functions Aue )(a) are simply 
related to the Hermite polynomials: 


(4.5) 
2) (#) = (— 1)" gay exp {— ihe? ]2} Han (Vika). 


Thus, our solutions for the casea<f can 
always be represented in the form of a series in the 
Hermite polynomials oak (V ik yo hee oe am 
regard to the region a>8, we can demonstrate, by’ 
direct investigation of the convergence of the series 
(4.3) that it converges for a>B8. Similarly, the 
series (4.2) is convergent* for %>2B,) - 8B. Sum- 
ming up, we can say that the decomposition of the 
total field into a series of Hermite polynomials is 
valid only in those parts of the region which are 
determined by the inequality a< 6. Thus, there 
does not exist a single analytical representation of 
the desired solution in the form of a series of 
Hermite polynomials.** 

2. A solution of the problem has been given by 
Magnus‘ in the form 


(4.6) 


Magnus do not possess the property of regularity in 
the vicinity of the point o=B=0. 

Coincidence of the solution of Magnus (4.6) with 
our solution (2.21) in there common region of 
regularity can be established by means of the addi- 
tion of an integration contour in (4.6) on the right 
of another circle of radius R~©( which is permis- 
sible for «< 28, -—f) and computation of the 


residues at the poles v=2n. In this case, since the 


*The convergence of these series has been investi- 
gated with the help of the asymptotic expressions for 
the Hermite polynomials for n ~™, 

*This circumstance has evidently not been noted 
properly in the literature. 
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previous formula (4.2) is obtained, then, by virtue 

of the known properties of the solution of equations 
2of the elliptic type, the identity of the solutions 

(4.6) and (4,2) takes place wherever the two solu- 


this decomposition is valid in all regions, with the 
exception of the line 8=0.* 

3. On the basis of the results obtained in Sec. 
2, the complete solution E can be represented by the 
following integral** 


—8+ ico 
I (1) (2) 
B= 25 4 [BY (Po) Bs” (8) (4.9) 
‘ =, A® (Leal) 
=p (8) Bo (3)] BO (,) @,) a (8 > 0), 


which allows us to obtain still another forin of the 
solution, which is extremely useful for what fol- 
lows. 

We complete the contour of integration with 
another circle R ~at the left, and make use of the 
theorem of residues. Since the poles of the inte- 
grand are the roots of equation 


By) 0 “(= 1) 280 wltye Mu(deb0) 


located, as shown in Appendix B, to the right of 
Re {v}=—1/2, where Im { Vy KImv,}< ...,and the 
integral along the path approaches zero, we obtain 
(4.11) 
= ©o 2) (1) / 
_avsar$ Moore 


ES == c z (a) Yn 
n=1 [dB, (Bo)/ dV] yy 5 


Calculation of the derivative in the square brackets 
leads to the following decomposition of E ina 
series of functions BO ) (B): 


*See Ref. 4, 
*Here we make use of the relation B'?)(g,) Bi) (8) 


— By (Go) By” (8) = 2 = [By (Bo) BY” (8) 
— B®) (Bo) BS” (8) 
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tions are regular. 
We also note that the field of the source can 
also be decomposed into integrals of the functions 


AMS) (| a] )s 


(4.8) 
(8) AY (lal)dv (0<8< 1), 
aCe IV nik (4.12) 


8B 


x >, BY @) A® (Ja) /\ BY” @ a8. 


n=1 


0 


Such a form of the solution will be used in the 
following Section for proof of the fact that the solu- 
tion of the problem satisfies the boundary condition 
and the radiation principle. 

We also note that the decomposition (4.12) can 
be obtained directly by integration of the wave 
equation 


(G2E / da?) + (G2E | 08?) (4.13) 


4B (a + BY) E = Aric ® (08 +B) i, 


if we consider the current density to be uniformly 
distributed over a small region about the focus: 


eee for |@ |< aj 0c Ceram 


~ |0 for other values of o and Bb, 


while, in what follows, o,8, approach zero. 


5. PROOF OF THE EQUATION OBTAINED 
FORMALLY 


It follows from the results of Sec. 3 that the 
function u constructed above, which is defined by 
Eq. (2.21), is a regular solution of the Helmhotz 
equation at every point of the region under exami- 
nation. As far as the complete solution E is con- 
cerned, this, being the sum of the field of the 
linear radiator which proceeds across the focus, 
and the function u, it evidently satisfies the Helm- 
hotz equation at all points of the region except the 
focus, where it has a Singularity of the required 
type. 

It is then left to prove that the solution E ( o B ) 
satisfies the boundary condition and the radiation 
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principle. Such a proof can be carried out with 
the help of the form of Equation (4.1 2). 


1. Since the eigenfunctions SS (8) satisfy 
the boundary condition ae (By )=0, to prove that 


the boundary condition FE (a,B8_)=0 is satisfied, 
it suffices to establish the uniform convergence of 


the series (4.] 2) in the interval 0<@ oe 


Making use of the asymptotic expressions for the 
functions Bee (8) and A for v= —1/2 + 


Be): 

BY (8) = cos V 2kiz, 8; (5.1) 
AY) (a) = 2 V Qui /t, exp {— VDke, a}, 

and also Eq. (B-2) 


(5.2) 


= 


1 (= a 2 
2kB> 2 =) : 


we find that the terms of the series (4.1 2) will be 
of the order 


‘n 


i © 


1 exp \— eS te 
2% 


from which follows the uniform convergence of the 
series in the region of interest. At the same 
time, satisfaction of the boundary condition is 
proved. 

2. In order to demonstrate that the solution 
we have obtained satisfies the radiation principle 
(1.9), it suffices to show that the following two 
equations are satisfied: 


(5.3) 
| uw | — O (a—"/2); 
ah Ye) F 
— — + iku| — =0(«h), 
From the estimate for n ~©, (5.4) 
B® (8) : 
| = (1), | AS) (0) | = (09), 
\ B®? (8) a 


0 


the correctness of the first part of the radiation 
principle follows at once. 


—————————__ 


*The second estimate of (5.4), which is investigated 
in Appendix C, is uniform relative to . 


Differentiating the series (4,1 2) and making use 
of the estimate 


ee ; 
=z AM (@) + ikA® (a) (5.5) 


= gO (a—*l2) | 


investigated in Appendix C, which is valid for 
arbitrary « , we have the equality 


ou é P 
cae On all thu rie = O (a I2), 


whereby the second part of the radiation principle 
is established. 

Thus the solution of the problem obtained for- 
mally in Sec. 2 satisfies all the conditions set 
forth in Sec. 1 in its mathematical formulation. 


6. UNIQUENESS THEOREM 


The solution of the Helmholtz equation 


Av akeye.U, (6.1) 


is regular in the region (D ), bounded by the 
branch of the parabola B=, and the abscissa, 


satisfies the boundary conditions 


V loxp, = 0, 00/ dy |y—o = 9 (6.2) 
amd the radietiontrimeiples® 
Ao: (6.3) 


is identically equal to zero. 
For proof, we consider the region (D’), bounded 
by the x axis, the branch of the parabola B=B , 


and the branch of the parabola «=A orthogonal to 
it. Multiplying Eq. (6.1) by the conjugate function 
v, and the conjugate function by v, calculating the 
one from the other and integrating over the area 
(D’), we obtain [ making use of Green’s theorem 


and the condition (6.2) ] : 


**And similarly for the variable B. 


374 G. G. GRINBERG, N. N. LEBEDEV, I. P. SKAL’SKAIA AND Ia. S. ULFIAND 


“(sau ®) geo. 3 
\ (2 ie oe 
0 
Making use of the relation 
(6.5) 


e200 dv 
(om re =) 
= — 2ik |v? + vo (a—l2) — vo (a-"!2) 


which follows from the radiation principle, and 
taking into consideration the, fact that as neat 
the products « ‘“v and o v are boun e 
quantities, we obtain the following equality from 


Kq. (6.4): 
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lim \«| fds = 0. 


a> Or 
0 


(6.6) 


In order to show that the identity v=0 follows from 
Eq. (6.6), we consider the following partial solu- 
tion of the Helmholtz equation: 


Pe eB (8), (6.7) 


Yn \t 


: 1 
where v,, are the roots of the equation Bae (B,) 


= 0. These solutions are regular in the region (D Aa): 
which is bounded by the parabola B=B 9 ,a=e>O0, 
a= Aand the x axis, and satisfy the boundary con- 
ditions 

Un |e=ee = 9; OUn/ OB |z—o = 0 (6.8) 
and the radiation principle (6.3). 


Applying Green’s formula to the region (D’) for 
the pair of functions ( v, u ), we get 


Bo (6.9) 
ys ae ee 
Un On Ou / &=E 
0 
7 ; 
= Ov Ly, 
| aa Oa sa Ou jos ap. 


From this it follows that the value of the integral 


Go au (6.10) 
\ (un ae a, pe) ap = 0 for arbitrary o. 
0 


Substituting here the value of u,», and assuming 
(6.11) 
Bo Bo 
dn = \ vBY) ap/\ Be dB (n=1, 2, 3, ...), 
0 


i?) 
we find 
dv, dA) (a) 


AN (a) da = Un : 


whence 


On = CrA®) (a), (6.12) 


where ch, is a constant. 


F : ' “ 
Since the system of functions Bon (B ) is closed* 
1.€., 


PS cs f (6.13) 
dle P | By a8 = | | ol ap, 
n=1 0 0 


then it follows from Eq. (6.6) that lim a|v,|?=0 
0 


or, on the basis of Eq. (6.12), 


|cn |? lim «| AY 2 = 0. (6.14) 


But the asymptotic expression for the function 
Ave (a) as «1 ~-0** shows that the product 

a. A (a) |? does not approach zero as 77, so 
that Cra 0, 1.€., 


(6.15) 
i), ==) Ot hann ie Dee en ee 


By virtue of the closure condition (6.13), we have 
v=0 for arbitrary o> 0 and 0< B < By » which 


also was to be proved. 


7. INVESTIGATION OF THE SOLUTION FOR 
LARGE VALUES OF THE WAVE NUMBER 
k. TRANSITION TO GEOMETRIC OPTICS 


We shall investigate the be havior of the solu- 


does not depend on « , and, since as «~©this 
integral approaches zero (on the basis of the radia- 
tion principle), then 


*This follows from the general theory of eigenfunctions 
associated with differential equations of second order. 


**See Eq. (A-2). 
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tion obtained in Sec. 2 as k~®, which should cor- 
respond to the case of geometric optics. To in- 
vestigate the behavior as k ~© of the secondary 


BYP) hem = EE HTH 


field, we make use of the following asymptotic 
formulas: 


Vin -(iegt)tetnn, (7.1) 


B® (P)iipcosas EB ( 5 =) (ikB?)—A+~/2 e—tkB2/2, P fy} >> — Mos 


which were obtained from Eqs. (A-1) and (A-2) by 
replacing v by —v — 1, taking the relation A, («) 


wie, B) lx, oz 


—§+ ico 
1 es = 


—d—ioo 


In calculating the integral /, we make use of the 


V 2k i ik 
I, = exp{—- 7 — $e —2p 
' —S8+ic 
naam |r ($4) 
—ds—io 


We make the substitution v=2y — 1] in the com- 
plex integral. Denoting 26’=1 —6, we have 
8/-Lieo 

D (1) 


5/—i0 


2 2 
it 


285 fi 4 
ae peg XP aaa 


( es \—* 
\ —ike-* ny dy, 


whence* 


(7.4) 


= BS it . oi ae! 
Ve | a SEPA oa aah Bhs he 


Substituting (7.4) in (7.3), and carrying out the 
substitution e-?=x inthe integral /, , we get 


*Here we make use of the relation 
0’ +ico 
P (u) x7 ds. 


§/—ic 


“| 
att Spel, ES 
eat a 


AF Jf Veet 


ik ‘ 
2nV x cBy sues i (Cis 285) bh 


Pz) PCH )eon(Ry omar eas 


-)) ee 


=O. ] (a) into account. 


Substitution of (7,]) int 
expression: ) into (2.21) leads to the 


(722) 


integral representation ( A-6) which, when substi- 


tuted in Eq. (7.2), yields 


2 = 6 ika T,d0 
) | \ ex {> — Se enol as 7.3 
: ae “ 2 V cho ’ on 

2\—Vv 

RE Sn evo a—v9l Bo ) eitvl4dy. 
e 
~ tkIB ik roo m2 
u laren eae fe 15 (22 255 29%) \ (7.5) 
0 
4 
iko® 1— x® -f SA se ax 
x exp |— Sau at tk az zeae a 


As k ~©the principal contribution to the latter in- 
tegral comes from the neighborhood of the point 


x=0. Therefore 


au 1 = Me O92 r i NGA als 
W|k-r00 = 7a ot (RR) [Bo + («8 / Bo)®) "* (7.6) 


ik . 
raed he 

Transforming to cartesian coordinates, and taking 
into account the relation s= OA + AM=1/2(«? +B?) 


+p (Fig. 2), we can transform Kq.(7.6) to the form 


Be ee (re (7.7) 
cBy \1 +(y/ Bo)! i 
It is immediately evident that the index s, which 
appears in the phase factor, represents the path 
OAM which that ray would follow which sets out 


Sonn ss 
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from the focus O and falls on the point @ as a 
result of reflection (according to the laws of geo- 
metric optics) from the surface of the parabolic 
cylinder. 

So far as the amplitude factor in Eq. (7.7) is 
concerned, we can demonstrate that it also corre- 
sponds to the approximation of geometric optics. 
In fact, computing the mean over a period, of the 
density p of energy flow incident at a certain point 
I baer 

p = (c/ 16) (uy —ufy), (7.8) 
and using the asymptotic representations for H 
[ coincident with Eq. (7.7) ], we get 


P \h-v00 = (AI?/2cBo) /[1 + (y/8o)?], (7.9) 


On the other hand, we can get this same expression 
by starting out with the laws of geometric optics, 
if we calculate the electromagnetic energy 


W Fo 
In 49 = ayaa || = p|dy|, which is 
transmitted per unit time across an area of height 
dy in the vicinjty of the point M (Fig. 2); here, 
W=ckI?/2c denotes the time average of the 
amount of energy radiated by the source per unit 
length. From the geometric relations tan 


B= y/x, y? = 29 (x + 62/9) » we find that 


i [i+ (2"], 


\P0/ 


O70 


o2 9 
Y= cig 5 


whence the above expression (7.9) is obtained for 


the quantity p. 

Thus the solution of the problem in the limiting 
case k transforms us to the approximation of 
geometric optics. 


**Here we neglect the component H, of the secondary 


magnetic field, since it is of the order of 1/k in compari- 
son with Hy . 
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8. GENERAL SOLUTION IN THE CASE OF 
AN ARBITRARY LOCATION OF THE 
SOURCE ON THE AXIS OF THE CYLINDER 


When the source of vibrations is not placed at 
the focus, the method of solution of the problem 
set forth in Sec, 2 leads to complicated calculations, 
which are concerned with the decomposition of the 
source field in the integral into parabolic cylindri- 
cal functions. In such problems, it is expedient to 
proceed otherwise, namely, by investigating the total 
field at once. 

Let us first consider the case in which the source 
is located at an arbitrary point a =o*, B=0 on the 
positive part of the abscissa. Replacing the linear 
current / by a cwrent which is equal to it but uni- 
formly distributed over a small area, we can write 
down the following inhomogeneous equation: 

2h 2 iG . 
PE TE + BO (o8 + BE = SP (at +) /(% BD 


(Q0<a<oo, 0b <P); 


1/8 (+ Perl 
Net ee 


(8.1) 


for & ex mua +s, 0 6 <a 
lfor other @ and B . 


and the boundary conditions 


van 


pxa, = 9, OE /Ou|,_, =0, (8.2) 
OE / 08 |,_) = 0. 


If we seek the function E (a, 8) in the form of an 
expansion 


eee VR eWma aN a (8.3) 
Pao \ aioe oy ; 
—§—ico 
~ x (LE4) cimnie al (dv, O<B< Me 
where 


co 


E, (8) =\ EBAY («) da, (8.4) 


0 
then, multiplying (8.1) by Ae (a), and integrating™ 


over o from zero to infinity, we get the usual 
differential equation for E,, (8). Solving it under 
the conditions E,, (B,)= 0, E/(0)= 0, we are led 


to the expression 


E,(8) = 222 BO Be @) 6.5) 
A (a") 
) (1) ¥ 
= B® (8) By (89) Bw (8,) e 


*Here we also make use of the radiation principle. 
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as €, y, 70. Substituting (8.5) in (8.3), we obtain the final solution of the problem: 
ee: ee 
aa Ys t\ Strole M (g) Bo (8.6) 
Fea | T(—3)r(emeut oa) 
B® a) BO 8 AS («*) (1) 
v (8) v ( o)] Bw) (8,) Ay (x) dy. 
In a similar fashion, we can consider the case in tion ( along with the four functions A mee (a) odd 
which the source is located to the left of the focus functions, for which one would have to introduce 
at an arbitrary point on the negative abscissa. the corresponding expansion formula. 


We have limited ourselves here to the considera- 


tion of the case in which the source lies on the APPENDIX A 
axis of the cylinder. Similarly, it would be possi- SOME PROPERTIES OF PARABOLIC 
ble to investigate the general case of an arbitrary CYLINDRICAL FUNCTIONS 
location of the source within the cylinder. In ASYMPTOTIC BEHAVIOR FOR LARGE 
such a case, we would have to take into considera- VALUES OF THE ARGUMENT: 
(1) ey ih @ ‘y) ' —(v-+1)/2 4 
As (0) I joton 08? pea y HERO) Eosot) 
ika? itv | ys) * yoy2) 912 4 : 
So ered ye [1+ (ra) (A-1) ’ 
(3) ° /2 v —ike2 
AY? (2) |hajoeo = (hoy? T(— >) e-era]1 + OC S)]. (A-2) 


Asymptotic representation for |v | 7: 


AS (a) = cos Vik (2v+ Ia) 1 iO =! : 


(A-3) 
BY) (8) = ch Vik (+ 1) 8[1 + O[ 
(8) = ch Vik +1) 8[1+ O(7 = )]; he 
Va — 
B® (8) = a 4 Xp {+ V ik (2v + 1)B}. (A-5)** 
Integral representations 
1) ee \ exp{(v+5)0— SF th oh Z 
P(—v/ 2) (y+ 1) 72) . 2 2 Vch0 
(—1< Rev<0); (A-6),*** 
oyHya Taw s +2 
(3) ae V2 6 CRY ika ik Mee 
AP (0) = re mayy (a) exp [EH exe {apa — tf 2 ax 
0 
(Rev< 0), (A-7) 
APPENDIX B. THE DISTRIBUTION OF **Here the upper sign refers to the region Re {v} 
THE ROOTS OF B <—1/2, the lower to the region Re soa sean ee 
***This formula was gbtained trom the well-known 
In order to locate the roots of the equation integral representation 
1 
: T(b = b—a—1 ,t2 4. 
BY (@) =0 (= 3-+in), CD) Fe hA-—narosa) Gs * 
we make use of the relation . (Re b >Rea>0) 
Bw (B) BO” (p) — Bo” (8) BY (8) by the change of variables (a -t)/,= e2d 
v y B 10 
Oy (1) y9 N. N. Lebedev, Special Functions and their appli- 
2ik (1 + 20) \ | By | dé, cation, GTTI, 1953. 


0 
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which is easily obtained from the differential 
equations and initial conditions for the functions 
under consideration. If we assume that, for given 


B, the value of v is such that BOB )=0 then 

B oh) (B)=0 also, and consequently, Re {v }= 0 
Vv 

=-1/2,ie., all the roots v, of the function (Shoda 


(see (B) are located to the right of Re { v }=-1/2. 
As a more detailed investigation shows, the 
imaginary parts of these roots take the following 


asymptotic forms for | 7, | 7®: 


wt aay 
n= Taal 2 x). 
One can also show that the number T, is bounded 
below. 


(B-2) 


APPENDIX C. DERIVATION OF AN 
ESTIMATE FOR THE FUNCTION 


The purpose of this appendix — to establish 
some estimate for functions of the third type 
Ais) (a), uniformly valid in «for —7</m {v}<@ 


(T an arbitrarily large positive number ). 
Integrating Eq. (A-7) by parts, we find 


G. G. GRINBERG, N.N. LEBEDEV, I. P. SKAL’SKAIA AND Ia. S. ULFIAND 


(3) ie Pap ay as \v/2 ity ika? 
AM) = ary OA 
4 : 
x 5) exp fase — +} (zeae 1) ds 
yv=—6-+ it; 5>0. 


Estimating the modulus of the latter integral, and 
taking into account the behavior of gamma functions 
for large 7, we get 


| Ay” («) | = a-8¢ (t) (8 > 0), (C-1) 
where 
3 O (1) for! —T<t<T, 
Es lo (c—1—-8/2) for I hea yO bgt 


Making use further of the integral representations 
for the linear combination a A Ne. (a) tik A, 3Xq) 


[ easily obtained from Iq. (A-7) ], we find, as 


above, 


= AY) (a) + ikAY (x) | = a-2-8 p(t), (C-3) 


where 


(C-4) 
for — UPR Te 


Ta 00; 


O11) 
1) [ogecen 


for 
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The scattering of charged particles is considered inthe energyregion V(7) /e << In (E/m) <7 / oh 
It is shown that the cross section for electron-electron scattering with arbitrary radiation 


dees not differ from that given by zero-order approximation. For the positron-electron 
scattering the cross section is changed in the region of small angles. This change is deter- 


mined by solving an integral equation. 

I N two previous papers??? we have discussed the 

scattering of an electron by an external field and 
the Compton scattering at energies in the region 
Vale <In(E/m) <x/e?. This revealed the 
ollowing situation. The alteration in the cross 
section for the scattering by the external field and 
for Compton scattering is such that the reduction 
in the cross section for the basic process, without 
the emission of additional quanta, is compensated 
by an increase in the cross section for processes 
with multiple emission of additional hard quanta. 
The total cross section for processes with arbi- 
trary emission is still given by the zero-order 
approximation. In the case of the Compton effect” 
however, it was discovered that, in addition to the 
effect just described, there is a change in the 
angular distribution for small angles, which is not 
compensated by the inclusion of processes with 
additional radiation. The angular region in which 
this happens is so small that the change does not 
affect the total cross section; however, the forward 
scattering may change appreciably. 

In the present paper we examine the scattering of 
charged particles by each other. We shall not be 
interested in the amount of radiation emitted in the 
course of the scattering, i.e., we shall determine 
in practice the sum of the cross sections for the 
processes involving the emission of one, two, &c, 
real quanta. As we know from the previous 
papers} >? , such emission processes are compen- 
sated in a generalized graph by integrals over the 
momenta of the virtual quanta, taken over the 
region k?=0, Here we consider only the possible 
change in the cross section not relating to any 
real emission. 


1. BASIC DIAGRAMS 
The basic diagrams for single electron-electron 
scattering in zero approximation are shown in Fig. 


“A. A. Abrikosov, J. Exptl. Theoret. Phys. (U.S.S.R.) 
30, 96, (1956); Soviet Phys JETP 3, 71,(1956), 


2 
A. A. Abrikosov, J. Exptl. Theoret. Phys. (U.S.S.R.) 
30, 386 (1 956); 


1. Consider first the question of virtual quanta 
with k?= 0. We shall show that these are compen- 
sated by the effect of corresponding real quanta. 
For this purpose we consider one of the generalized 
diagrams for the process in question, e.g., the 
one shown in Fig. 2, a. In Fig. 2, b we show the 
different types of virtual lines, and the real ones 
which cancel them. Each type islabeledby a 
number, and the corresponding real line by the 
same number with a prime. The proof of this 
cancellation to order e”, i.e., for only one line, is 
extremely simple. For the general case the proof 
does not differ materially from that given in Ref. 2. 
There is only one point worth noting. The 
electron-electron scattering differs from the Comp- 
ton effect in particular by the presence of two 
fermions, and this can, in general, affect the cal- 
culation of the spinor numerators. (An example of 
this will occur below). However, here this fact 
makes no difference at all. Indeed, consider, for 
example, line 2 in Fig. 2, 6. Its spinor numerator 
(multiplied on the left by P,P, and on the right by 
quae , where Pi and q, relate to the first, and 


Ton . “~ 
Bs and q, to the second electron, i.e., Pi q1 


commute with oie Gy) is of the form 


(Dyit, (Py — 8) ty) (Pata(Ps + 2) 119s) 
= (Py Py) (Pot yPatvIe) 


= 2(p,P,) (Py%,4,) (Pxt,4)> 


i.e., of the same form as in zero-order approxima- 
tion. The same can be shown for any number of 
virtual lines with k?= 0. 

Now consider the possibility of a change in the 
cross section which is not compensated by the 
emission of real quanta. From Ref. 2 it is evident 
that such a contributioncan come only from lines 
of type 2 or 3 ( Fig. 2, b). Assume there is one 
virtual line of type 2. In that case we have in the 
denominator of the matrix element the expression 
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(Pp, — Rk)? (p2 + k)? R? (L — k)*, In the numerator, 
on the other hand, we have the spinors Py —k and 


Po i, By comparison with Ref. 2 we conclude 
that the appearance of the terms for which we are 
looking requires that |(p,. 4 ieee Cpe: Po)ils 
It is easy to see that this is impossible. Indeed, 
consider the scattering in the centre-of-mass 
system ( Fig. 3). We see that 


(PiP2) = £? + p? = 2£?, 
(2191) = E?— p?cos8 < E? + p*. 


Now assume there is one line of type 3. Then 
we require that | (p,g,) | S> | (pig2)!. This may 
happen, since in the center-of-mass system 


(Pig2) = E?—p*cosé’, which may be much 


less than p, 
i.e., if in the center-of-mass system the scattering 
is backward, Nevertheless this effect is not 
observable. Indeed, besides the diagram 1, a 
which we have considered, there is also a contri- 
bution from diagram 1, b. In view of the fact that 
the contribution from any diagram is essentially 
of the order 1°? , where J is the momentum of the 
photon which is transmitted from one electron to 
the other, the diagram 1, b gives the dominant 
contribution when (p, qo) [2 (0p, 4) | esrand 
this diagram does not give the term we require. It 
would do so in the opposite case, but then the 
diagram 1, a is dominant. We conclude, therefore, 
that owing to the possibility of electron exchange 
the expression for the electron-electron cross 


-q,, if the angle 0’ is small enough, 


section is given correctly by zero-order approxima- 
tion in the approximation considered here. 

The situation is different in the case of posi- 
tron-electron scattering. There there is no exchange, 
because the two particles are distinguishable, and 
the effect we are looking for may take place. 

The basic diagrams for this process are shown 
in Fig. 4. In this case, as in the previous one, a 
term of the required kind will appear in Fig. 4 
from a virtual line of type 3 ( Fig. 2, b) if 
Pi‘ 4, 77P 1° %,- But, contrary to the previous 
situation, diagram 4, b cannot mask this effect, 
since, according to Fig. 3, Dy ; Py is the largest of 


all the scalar products of momenta. Therefore 
diagram 4, 5 will, first, be of the same order as 
4, a, and second, will itself give a contribution 


of the required kind. 


The conservation of four-momentum requires that 


ER = 9 TY Pmt) O09 (1) 


Hence, we may obtain the following equality for 
the scalar products (remembering that the squares 
of all vectors p and q are negligible) 


(7191) = (P22) = (Pepi) — (P2491) (2) 
= (P2P1) — (P12). 


It follows from this that if (2192) < (pig) (2191) 
SS (Dip net ee 


It should be pointed out here that in the diagram 
4, b it is possible, in principle, to find a contri- 
bution of the required type from a line of type 2, 
provided p,* 4, <<Ppy° Y.- However, in that case 
diagram 4, a will dominate, and this does not give 
any such contribution. Thus an interesting con- 
tribution can come only from virtual lines of type 
3. With the help of this result we shall now deter- 
mine the matrix element for positron-electron 
scattering. 


2. THE MATRIX ELEMENT FOR POSITRON- 
ELECTRON SCATTERING 


In analogy with Ref.2, we can determine the 
matrix element by setting up an equation which 
gives the sum of all diagrams shownin Fig. 5. 
Whereas in the previous case” the equation could 
immediately be replaced by a direct summation, 
here it gives much the simplest way of finding 
the matrix element. This is connected with the 
fact that we are now dealing with two electrons. 
Consider first the diagrams derived from 4,a. 
Taking account of the results of the preceding 
section, we find the equation for the matrix element 
in the form 


MS Past, Gus ar Ta 


: (3) 
-- e ; 4 Wy eb; Vara ‘ 
7 \kccearerel M (Pi k, P2 
SRE Oa Ale Se 
— 


In this formula a and 6 refer to the initial and 
final states of the electron, and d, c , the initial 
and final states of the positron. (For the latter 
we take the four-momentum with the opposite sign, 
and the lines have to be followed in the reverse 
direction). 

Since the behavior of the poatrix element M is in 
zero order given essentially by the factor 1-7, we 
assume that M=M‘l-?, where M’ is some slowly 
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varying spinor. In addition we carry out a trans- 


formation similar to the one used for the correspon- 


: eee, ax \ 


2 
e 

ab) ge 
Qi 


4’/ab, cd — ~ab~cd 
M al is 


LIGa2 


ding lines in reference*. For this purpose we re- 
A A A Sa 
place Py —k by k , average the quantities 
A 
ktrans’ ’ ° “ktrans 12 the numerator over the 


A 
polarizations, and cancel le vi in the numerator 


against the same factor in the denominator, remem- 
bering the region 1” uv >> (p,- q.)* , in which 
this is permissible. In the end, the equation takes 
the form 


(4) 


Men ee (R, pos 91,92— Prt k+92; —U +h) dk bee ohee 
(k? — m?) (py —k)? (gi —k)? mg 


b 


if 
=p +2, 
eG 


Fic. 4 
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From this equation it is evident that M’ must be 
a scalar product of two tensors, of which one re- 
lates to the electron and the: other to the positron. 
These tensors are products of the Vig their rank 


therefore cannot exceed four. This means that any 
tensor of rank higher than four can be expressed in 
terms of tensors of lower rank, Since the only 
tensor which can in this case dispose of surplus 


subscripts is 6 the reduction in rank must 


per 

always go in even steps. Examination of Eq. (4) 
shows then that M’ may contain scalar products of 
tensors of first and third rank. Indeed, the tensors 
of fifth rank in the term with the integral can be ex- 
pressed in terms of tensors of first and third rank. 


We therefore write 
Nite ale aero, Epes 2 Tne gn 0B) 
where f, and f, are scalar functions and Tire an 
antisymmetric tensor of rank 3, formed from the 
ar 
Ome OA aoe hal ie ase 
(6) 
tale ok Wales ae Tel clp)® 


To find f; and f, we must, first of all, express the 


tensors YuYpy7 and VEY which arise from the 
integral term in Eq. (4), in terms of Vert and i i, 
Bringing y, to the left in each term of the expres- 
sion (6), we see that 


TeteTy ai shes Bs Jeng *5 sere aks TO py: (7) 
As regards the second combination, it is easy to 


see that, the most general form it can have is 


Tels (i ae A (as = Vereen oi Ony Tpun (8) 


S87 


nty et ney 


roy Oey ae) 


x Boen Tucy —- C [(Cz.8y2-—8 2-5) Tv 


+ (Gev8np — CepOny) Ye + (Beconv — Sey3nz) Ypl- 
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To determine the coefficient 6 interchange 
¥gand Yn on the left-hand side. This leaves 
ie eo ely Dos = 25. ie 


nro ip 
Male pty y" 


On the right -hand side the terms with A and C 
then change sign, whereas the term with 6 remains 
unchanged. Hence B= 1. To find A and C we take 
the special case €=y. and use Eq. (7) on the 
left-hand side. Displacing Yu and equating the 


coefficients of 7 ies and of the combination 


2 CHOS a3; orn) we conclude that A= 1, C=—1. 
The next step is to multiply the expressions which 
we have obtained. With the help of (7) we see 
that 


ab d b d bcd 
(Cees) (Rey tes eS ee 


Using (8) and the values of the coefficients A, B, 
and C, we find 


nerey eas GGiedE aad (10) 


as NOD 1S a Sy eg te 
We now substitute this result, as rel as (5), 


in Eq. (4). If we assume, as in Ref. 2, that f, and 
ie depend only on a = In{[l?/(pi—qz)"]__—, and 


remembering the region of integration, we obtain 
the following equations: 


a2 


Ala) =14+ 535 \ A(adx 
é re (11) 
= \ Ts (x) dx, 
fs(a®) = aoe filx)dx+ cal (x) dx 
16x \ J} 167 3 ; 


If we now differentiate with respect to a” , we ob- 
tain two differential equations of first order. The 
boundary condtions are, according to (11), 


f (0)= 1, f,(0)= 0. The solution of the pair of 


equations with this boundary condition gives ii 


and f, : (12) 


where p= py —o- 
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If we insert these values for i. and fe in (5) we 
have the required expression for the sum of all 
graphs of the type 4, a. 

Now we would have to find an analogous ex- 
pression for the diagrams of type 4,5. However, 
this is unnecessary since the diagrams 4, 6 
give exactly the same as 4,a. The minus sign in 
the denominator which comes from 1” = —][? js 
cancelled by the fact that the contribution of the 
diagram 4, b has to be taken with the opposite 


sign. The only difference is that, in the diagram 


Y/4f7 Sp [Patuqrtv] SP {(— Pa) vv (— 92) tol 


4, b the states ab, cd, are replaced by the states 
ad, cb. 


3. THE CROSS SECTION 


We now turn to the calculation of the cross 
section. The combined diagrams for this (giving as 
examples only the zero-order ones) are shown in 
Fig. 6. If we are not interested in the initial or 
final spin states of electron or positron, then the 
expression corresponding to the diagram 6, a is, 
apart from small terms ( we omit factors which are 
common to all diagrams ): 


(13) 


+ VF. fa SP (Py TsoyQy'tel SPM Pa) te (= Ge) Tel 
+ Va fa SP (Py 1% Tues) SPU Py) Tony (— 9) Ye 
ug ahs Sp [P: Pied Tenal Sp ie Po) Tena Ge qe) I ie 


To evaluate this expression we first find the 
basic spurs. One easily finds directly: 


1/,Sp [ytd == Py Vy 
+ Py aoe (P,9,) on 


(14) 


The next spur is Sp IP, Deg al: By means 
of equation (7), we can write this expression in the 
form Sp [ Pint Ey! P1y Zin ° This can be 
explained by the fact that Sp [7 ,.,Ye] = 0, since 
it is impossible to represent this expression in any 


other way in terms of 6-functions. If we make use 
of the symmetry properties of the expression in 
question, we can write it as a corresponding sum 


of tensors, which contain Pip? Tp and Suv with 


unknown coefficients. Combining terms on both 
sides, and comparing coefficients, we find 


*/4SP [PT ye Viel = (Pisin at Pry) Sue 15) 
=f (25 Gis a2 Pada) Ong ae (24, = Pisdae Des 


The last spur, Sp (p Dede ienl is 
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dealt with in the same way. Asa result of this 


1/,Sp [ (p, PyegiT 


a (Pye ae PrQy) on" Bun 


a (Died ae or Dag) Ogun — 6,8) oh (P.M ae Pde (2% en ree 
zx 62° en) er (Pier 


se (Ded ap Date) (6 D0 17) 


Now substitute (14) to (16) in (13). After some 
simple calculation we obtain the expression 


8 (fi — 12f, f+ 36 f5) (p19). 
Here we have used the fact that P19) ~P292~ PiPe 
>> p11)» So that we may replace p, by q, and 
ds by p,- 


Inserting now from (1 2), we have 


8 exp € In? =) (pin. 


We now proceed to consider the other diagrams 
of Fig. 6. Although the quantity 1”, which enters 
into the denominator of part of the matrix element, 


(7) 


equals —l? there is a minus sign in front of this 
part. We may therefore regard the matrices in all 
cases as differing only in the order of factors, and 
in the way the spurs are taken, but not in their 
signs or their denominators. Consider diagram 

6, 5. It is easy to see that this differs from 6, a 
only by an interchange between g, and — p,, so 
that it also contributes the expression (17). On 
the other hand, the diagrams 6, c and d give only 


small contributions, as one easily verifies directly. 


E. g. 


emnl = a tis Bendy, — Or eOundva ial by20-n%vn ce 6x20 ynOua 
a ven un wae ve un 7 ae (Pde a PyeQy,) Ca oe 

TAO) PieQie 7 Pyeh:) (3,8 oe mya) 
= Wa ike = Pade) (3,02 ee ebay) a (OR di a jPROES) (3,252 ri Og 


calculation we find 


(16) 


6. °en) a8 


9 
is) 
i iN 
0) 


) 
OE ony 


oa Deg (yous 


USP [Pit Palv Gotu Ite) = — Va Py GolPaIitel 
= 8 (p,92)(P2 I) 


We now obtain the expression for the angular 
distribution at small angles. It is easy to see that 
all deviations from the well-known results are con- 
tained in the exponential factor. In the centre-of- 
mass system we have 


4d), 2e? D 
do = 5 exp [= In? aa | (19) 
if M/EKn—O0<x/Q, 
and ‘ 4 ; 
doe exp [Ein ‘ =| (20) 


= 
if nr—O<—m/E, 
In the second case the correction is connected 
with the fact that, for (p,; — qo)" << m? occurs in 


place of (p, q,). It is interesting that these 


results are very similar to those which were obtained 
in the investigation of the Compton effect. 

In conclusion I wish to express my gratitude to 
Academician L. L. Landau for discussions about 
this work. 
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We have studied the cross section for meson formation in varoius nuclei. It was found 
that, the cross section increases differently at high and low energies, 


INTRODUCTION 


| is cross section for meson production by low 
energy protons (~ 400 mev) in various nuclei 
has been studied in the laboratory!»?. These ex- 
periments showed that the nuclear cross section 
for meson formation in various nuclei is propor- 
tional to A?/3, while the cross section per nucleon 
decreases with increasing atomic weight of the 
target nucleus. This behavior of the cross section 
shows that, at a given energy, not all the nucleons 
in the nucleus are effective in forming mesons, 
but only those on the surface of the target nucleus. 
The decrease in ‘‘meson-producing effectiveness”’ 
with increasing atomic weight was explained by 
assuming that the energy of the incident proton is 
rapidly dissipated in nuclear matter, so that mesons are 
formed in only the first few collisions with the 
nucleons of the nucleus. It turns out that this 
picture does, indeed, lead, at low energies, to the 
observed dependence of the cross section on atomic 
weight 3. 

At heights in the stratosphere of 25-28 km, we 
deal with particle energies of order 10? ev and 
higher. When the incident particles have such 
high energies, one would expect the cross section 
for formation of slow mesons to be approximately 
proportional to A, the atomic weight of the target 
nucleus. Hence it would appear that an investi- 
gation of the cross section for meson production 
in various nuclei at different heights in the strat- 
osphere would lead to the dependence of this cross 
section both on A and on the energy of the inci- 
dent particles. This dependence can also be ob- 
tained by comparing the cross sections for meson 
production by cosmic rays at mountain heights 
in the stratosphere. 

Up to now, the cross section for meson produc- 
tion by cosmic rays at mountain altitudes has 


1M. Block, S. Passman and W. Havens, Phys. Rev. 
88, 1239 (1952). 


a. Sagane and W. Dudziak, Phys. Rev. 92, 212 
(1953). 


3S, Gasiarowicz, Phys. Rev. 93, 843 (1954). 


been studied using thick absorbers’. The chief 
disadvantage of thick (5-17 cm) targets is that, 
through decay and electromagnetic or nuclear in- 
teractions, the mesons formed can again be ab- 
sorbed in the target, and this must be corrected 
for in computing the cross section for meson pro- 
duction. This correction is difficult to make be- 
cause the spectrum of the emitted mesons, for 
various absorbers at a definite height, is not well 
known. Some experimental data>»® seem to indi- 
cate that the spectrum of the emitted mesons de- 
pends on height. These difficulties can be by- 
passed by using thin targets. For sufficiently thin 
targets, the corrections for decay and for elec- 
tromagnetic and nuclear interactions can, presum- 
ably, be neglected. There is, of course, another 
difficulty — the incident cosmic rays will produce 
only a small number of mesons in a thin target. 
However, the statistical weight of the result can 
be increased by repeating the experiment. 

On the basis of the preceding, we used thin ab- 
sorbers to investigate the production of mesons in 
various nuclei. 


EXPERIMENTAL METHOD AND RESULTS 


In the present work we report our experimental 
results on the production of mesons by cosmic 
rays in Pb, Cu and C at heights of 24-28 km. 
Electron-sensitive photo-emulsions 300 and 340u 
thick were exposed to cosmic rays at heights of 
24-28 km during two flights in 1953 and one in 
1954. The apparatus used in the first two 
flights is shown in Fig. 1; Fig. 2 shows the height 
as a function of time for the flights. 

The photo-emulsions were surrounded by thin 
layers of lead, copper, graphite and paraffin; the 
thickness of the layers is shown in Table 1. 


4 N. Daliaporta, M. Merlin, O. Pieruccie and A. Ros- 
tagni, Nuovo Cimento 9, 202 (1952). 


5 V. Kamalian and A. Alikhanian, Dokl. Akad. Nauk 
SSSR 47, 425 (1954). 


6 U. Camerini, P. Fowler, W. Lock and H. Muirhead, 
Phil. Mag. 41, 413 (1950). 


385 


386 D. KAIPOV AND ZH. TAKIBAEV 


PB Both the shielded photo-emulsions and the air 
plates were 5 m from the rest of the equipment to 
avoid side effects due to other dense absorbers. 
After the flight, all the emulsions were developed 
and fixed under identical conditions. The emul- 
sions were scanned using a microscope with a 
20x objective and 15 x eyepiece. The various 
events were identified by 7 > p decays, o-capture 
and also by scattering and grain density measure- 
ments. 

The experimental results are shown in Table 1. 
The same table also gives details of the flights 
andthe emulsion thicknesses used. From Table 1, 
one can see the following: 

1) In all three flights ,the number of 7 mesons 
stopping per gm/cm” — hr increases as the atomic 
weight of the target nucleus increases. 

2) The number of p mesons does not depend on 

the atomic weight of the absorber. A small increase 
in the number of p*mesons with increasing A could 
Fic. 1. be due to negative 7 mesons which do not produce 


20 60 0 HO 0 220 260 300 HO 80 420 YO0 500 540 50 620 660 100 7YO 760 C20 860 
time in minutes 


Fc.2. Arrows indicate the moment of release, 
eae See noe Se O 
stars; it is known” that 27% of the total number DISCUSSION 
of 7 mesons do not produce stars. In our method 


of analysis, such negative 7 mesons would be in- 
cluded in the number of p mesons. 


Formation of slow 7 mesons in air: 
Surrounding the photoemulsions by a thin ab- 
sorber increased the number of slow 7 mesons; 


iA daleancand S. Jones, Phys. Rev. 75, 1468 * Translator’s note: The original a ears i 
g pp to be i 
(1949), error, having 7 instead of p. a 


TABLE 1 


Energy in mev of 
mesons produced in 


the absorber and stop- 


| 


PVents Number of mesons 


Number of 


Absorber 


Area scanne 


Emulsion 


Time of drift 


length in min. 


Mean height 
bove sea level 


Flight 
number 


produced per 


thickness in 


Absorber 


Thickness es a 


in min. 


Ping in the emulsion. 


gm/cm2 — hr, 


| 


wT 


gm/cm2 


in [L 


ascent | descent 


in km. 
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123 


67 
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26 


300 


425 


18 


110 


ad 


II 


340 


160 580 


110 


23,9 


Ill 


this cannot be due to a slowing down in the absor- 
ber of 7’s formed in air, because 7’s with energy 

< 100 mev travel ~ 6m, before decaying, while. 

in 6m at 24-25 km in the stratosphere there is 
about 0.06 em/cm2 of matter. This is about 10 
times less than the amount of matter in the packing 
around the plates and in the glass backing. Hence 
we can Say that the 7 mesons observed in the plate 
which was suspended in air are formed in the 
packing material, and in the glass backing, while 
some of the stars were formed before the ascent 

to the stratosphere during storage in the labora- 
tory. 

Upon comparing the number of events in the 
control plate with that in the plate suspended in 
air, we see that almost no slow 7 mesons are 
formed in air (in the stratosphere). Hence to find 
the number of 7 mesons produced in matter one 
need only subtract the number of 7 mesons in the 
air plate from the number of 7 mesons underneath 
the absorber. The number of mesons produced 
per em/cm” — hr is shown in Table l. 


THE CROSS SECTION FOR 7 MESON 
PRODUCTION 


From Table 1 we easily obtain the relative 
cross sections for production of slow 7 mesons. 
The second and third columns of Table 2 show 
the relative cross sections for meson production 
per nucleon and per nucleus, as calculated from 
the experimental data. 

Table 2 shows that the meson production cross 
section (relative to lead) increases with increas- 
ing atomic weight of the target nucleus; however, 
the increase differs from that observed at low 
energies with accelerators (column 4 of Table 2). 
We can calculate the relative meson production on 
the basis of various assumptions about the process 
by which mesons are formed when the incident par- 
ticles interact with the nucleus. The number of 
mesons produced per gm/cm? — hr is 


Ng = onSm, (1) 


where o = kA?/3 is the nucleus-incident particle 
interaction cross section, n is the number of nu- 
clei per gm/cm”, S = [F(E) dE is the current of in- 
cident particles per cm? — hr, and m is the mean 
number of mesons produced per interaction. 

According to (1), if we have two elements of 
atomic weights A, and A,, the relative meson pro- 
duction cross section per nucleus will be 


Nae A,/ Nox A, = 0; m, | or) Mo, (2) 


We can call om the meson production cross section 
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TABLE 2 


a 
Meson production cross section relative to lead 


per nucleus 


Target nucleus} per nucleon 


exper imental |experimental A2/? law-lforela' (3) toma som 
Paraffin 0,30-+-0,17 
C 0.42-+0,.12 0.024 ORNS 0,06 0 027 0,07 
Cu 0.55-++-0 ,18 0.16 0,46 O38 0,18 0.34 
Pb 4 1 4 4l 4 1 
= ss where k, = 1.5 is a geometric factor. 
S1roq! P2prod= 91 M/S Me, (2) It should be noted that in the above, the inter- 


m,/m » depends on the interaction between the in- 
cident particles and the nucleus. If we assume 
that, with a certain probability, mesons are pro- 
duced only in collisions between the primary par- 
ticle and individual nucleons in the nucleus, so 
that 5-nucleons do not take part in the formation of 
mesons, then the number of mesons produced will 
be proportional to the number of collisions of the 
primary particle with the nucleons of the nucleus. 

The number of collisions can be found from the 
following simple considerations. The primary par- 
ticle cuts out a cylinder upon traversing the nu- 
cleus. If ris the radius of nuclear forces, and R, 
the radius of a nucleus of atomic weight A, then 
the volume of the cylinder will be V = Qar2a, 
where a is the path length of the primary particle 
in the nucleus. its value depends on how the primary 
particle traverses the nucleus ,but on the average 
will be @ = lay Aes i.e., proportional to the nu- 
clear radius. The number of collisions (interac- 
tions) on the average will be 


Noou= Ve = GAM 


where p is the density of nucleons in the nucleus, 
and C is a constant, independent of A. Evidently 
in this case m ,/M » = (Ay A. ee and formula 
(2) becomes 
Siprod__ ae 
S2 prod G2 \A2/ * (3) 
If we assume that mesons are formed not only by 
the primary particles, but also by &nucleons, pro- 
duced in internal cascade processes, then similar 
considerations show 
1 
Siprod_ cA (4f—a]s) / 
ae 


(3 ) 


S95 prod 


action of the primary particle with the nucleus was 
considered to be a succession of independent nu- 
cleon-primary interactions. As remarked in Ref, 8 
such a picture is valid when the time between in- 
teractions is significantly larger than the duration 
of an interaction. The hydrodynamical theory of 
Landau® gives a different formula for the produc- 
tion cross section 


Siprod _ Oy a)" (3a) 


Soprod ©: 


A, 

Equations (3) and (3 ’) and (3 ’’) can be used to 
calculate the relative meson production cross sec- 
tions, and the results compared with the experi- 
mental data. 

Table 2 gives the results of calculations with 
Eqs. (3), (3) and (3 °’), and also, in column 4, 
the relative cross section according to the 4?/° 
law. Comparison with the experimental data shows 
that formula (3 ’) agrees best with the data which 
indicates, apparently, that internal cascade proc- 
esses are important in meson production. We 
note that our data refers to mesons with energies 
less than 28 mev, and hence should not be com- 
pared with the predictions of theories?’!° appli- 
cable at high energies, as confirmed by Table 2. 

Our data can be compared, to some extent, with 
the results of Refs .11 and 12, in which a cloud 


8 
I, Rosental and D. Cherniavskii, Usp. Phys. Nauk 
52, 185 (1954). 


°'L. D. Landau, Izv. Akad. Nauk SSSR, Ser Fiz. 17, 
51 (1953), 

1OE,. Fermi, Progr. Theor. Phys. 5, 570 (1950). 

11 B, Gregory and I. Tinlot, Phys. Rev. 81, 667 
(1951). 


12 4, Lovati, A.Mura,G, Salvinia C. Tagliaferri, 
Phys. Rev. 77, 284 (1950). 
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chamber containing alternate plates of lead and sions from our data: 
light elements (carbon and alumi num) was used 1) As A increases, the meson production cross 
to investigate the dependence of the nuclear cross _ section increases differently at high energies than 
section on atomic weight . By subtracting out it does at low energies (in accelerators). 
the number of nuclear events with 1,2 etc. end 2) When the primary particle has high energy, then 
particles, the authors of Refs. 11 and 12 were able not only the surface nucleons, but also the nu- 
to show that the probability of a nuclear interaction cleons inside the nucleus play a role in the pro- 
(per g/cm? of material) with a large number of duction of mesons. 
end products increases considerably with increasing 3) At high energies, internal cascade processes 
atomic weight. As noted by Rossi 3 this is to be are important in meson production. 
expected if the process goes essentially by suc- In conclusion, it is our pleasant duty to thank 
cessive collisions between the primary particle S. N. Vernov and Prof. N. A. Dobrotin for useful 
Behe nicleoas in the nuclous: discussions of the results, and our co-workers 

We can apparently draw the following conclu- M. G. Antonov and P. A. Ysik for help in pre- 


paring the stratosphere flights. 


13 B, Rossi, High Energy Partic les, Moscow, 1955 Translated by R. Krotkov 
p. 586 (Russian translation). 9] 
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A method of investigating trapping centers in crystals is discussed which consists of 
measuring the temperature dependence of the absorption coefficient at the maximum of an 
absorption band of a color center as the excited crystal is warmed up at a constant rate 
(the method of thermal bleaching). The theory of the method is given for both the case of a 
single kind of trapping center and for the case of several types of traps of appreciably 
different depth. The possibilities of the method are illustrated with data obtained in thermal 
bleaching of single crystals of KCl, KC1+CaClg > and KCl> SrCl, 


INTRODUCTION 


fsa the present time the method of thermal lumi- 
nescence is widely used in the study of trap- 
ping centers in crystals. This method consists of 
measuring the luminescence intensity / from an ex- 
cited phosphor as it is warmed up at a constant 
rate. In the past ten years a series of significant 
results on trapping centers in different crystal 
phosphors has been obtained with this method. 
However, at the same time some unsatisfactory 


features of this method have also been found. Be- 
cause this method is essentially connected with 


observing light intensity, it cannot be appliedin the 
investigation of trapping centers of nonluminescent 
crystals. Temperature quenching of the lumines- 
cence often does not permit the use of this method 
for the study of deep traps in typical crystal phos- 


phors. | Thus it is necessary in many cases to 
measure some quantity other than the intensity of 
the emitted light. In several investigations” 
attempts were made to measure the amount of con- 
ductivity i as the temperature is raised at a con- 
stant rate in excited crystals. However, obtaining 
the dependence of i on 7 involves a number of ex- 
perimental difficulties and the theoretical depen- 
dence is not yet known so that the method of ther- 
mal release of trapped charge has not received 
widespread application. 

It therefore seems most suitable to use the 


well-known phenomenon of thermal bleaching to 
study traps in nonluminescent crystals. This 


‘I. A. Farfianovich, J. Exptl. Theoret. Phys. (U.S.S.R.) 
21, 314 (1951). M. Schon, Naturwiss. 38, 235 (1951). 


pe 
G. Garlick and F. Gibson, Proc. Roy. Soc. (London) 
188A, 485 (1947). R. Bube, Phys. Rev. 83, 393(1951). 
N. P. Kalabuchov, Izv. Akad. Nauk SSSR, Fiz. Ser. 16, 
130 (1952). D. Dutton and R. Maurer, Phys. Rev. 90, 
1 26 (1953). 


bleaching is caused by the thermal release of 
electrons or holes from the traps. If the absorption 
coefficient Ax for traps of a given type is measured 
as a function of temperature on uniform warming, 
then the curve Ax (7) will have a rapid drop in 
some rather narrow temperature interval. This 
temperature will characterize the depth of the 
corresponding trapping level. A suitable method 
based on the temperature dependence of Ax will 
be called in the following the method of thermal 
bleaching.* : 


THEORY OF THE METHOD 


Since the coefficient of the additional absorption 
produced by exciting the crystal is proportional 
to the number n, of electrons trapped at centers of 
a given type, then determining the theoretical depen- 


dence of Ax(7) leads directly to n,(T). The latter may 


easily be determined analogously to the determination of 
I(T) by Randall? and Antonov-Romanovskii.* It will be 
seen that n,; (7) is in many cases much simpler 
than / (7°). 

If the phosphor contains traps of one depth only 
and if the kinetics are of bimolecular character, 
then the decrease per unit time in the number of 
trapped electrons is given by the expression 


“On 
GG NING 0) 


“Slap paths (1) 


*The absorption associated with trapping centers in 
many cases, if not in all, lies in the visible region and 
leads to a coloring of the crystal. A decrease of Ax 
corresponds to bleaching of the crystal. 


3]. Randal and M. Wilkins, Proc. Roy. Soc. (London) 
184A, 366(1945). 


4 
V. V. Antonov-Romanovskii, Izv. Akad. Nauk SSSR, 
Fiz. Ser. 10, 477 (1946). 
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o, is the effective recombination cross section; 
7, is the effective capture cross section; N,, the 


number of absorption centers; n, the number of 
ionized luminescence centers; P,, the probability 


of thermal release of the electrons. According to 


Ref. 5, 


Py = Pip &XP(— E,/ RT). (2) 


The quantity E_ will be called the thermal ioniza- 
tion energy of ie absorption center. 
Since the lifetime of an electron in a conduction 


band is much smaller than the lifetimeof an electron 


in a level of the trap, then we may consider that 
n, is equal ton. In most practical cases the 


excitation does not produce a complete filling of 
the traps © so that n, << N , Eq. (1) can be re- 


written in the form 


dn, C_fi: 
=e oe (3 
dt Pil on; +o,N, ° ) 
If the probability of retrapping A, is significantly 
larger than the probability of recombination 4 _, 
then 


— an; /dt = p,n2o,/,N.. (4) 


Using the fact that, experimentally, the tempera- 
ture is raised at a constant rate, d7'/dt =B > 


Eq. (4) becomes 
—dn,/dT = pnto,/o,NBo- (5) 


Integrating this expression with the condition 
N=n,, for T=T, gives 

(6) 
-1 
ripPo 
a, N\4iGo 


ip 
= nio {1 a \ Bo toate [kT)AT} 
if 


If the probability of retrapping is much smaller than 
the recombination probability, then 


—_— dn, / at = Dp"; (7) 


2 29 (1952). M. A. Krivolgaz, 
R. Kubo, Phys. Rev. 86, 9 
Je Exptl. ihearek: Phys. (U.S.S.R.) 25, 191 (1953), 


ny. V. Antonov-Romanovskii, Izv. Akad. Nauk SSSR 
Fiz. Ser. 15, 637 (1951). 
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whereupon 


i = Nin OXP \- = \ [exp (— EF, /kT)] aT} (8) 


Fy 
The theoretical dependence n; (T ) has a much 
more complicated character if A,~A_. 
Figures ] and 2 show the theoretical dependence 
calculated from Eqs. (6) and (8) for trapping levels 


of different depths. In the calculations, it was 
assumed that p,=107" secl; B= 0.15" Weee 


In addition for the case ae >> A, we took 
0,0; /0, N= 10°?. The characteristic parameter 
of the curves n (7) is the temperature r at which 


n,=0.5n,,)- From Figures 1 and 2 it follows that 


the following relationship holds with considerable 
accuracy: 


(9) 
Es = ole 


The coefficient « depends essentially on the 
quantities py and 8, and for the case A, >>A, 


also on mi N= In Fig. 3 it is seen that upon 


decreasing B, the region of rapid fall-off of n; (7) 
is displaced toward lower temperatures. We notice 
that the form of Eq. (8) does not depend upon the 
number of trapped electrons, but that the form of 
Eq. (6)is significantly affected by it. Fig. 4 
shows two curves of n(T) for the case A, coy 
calculated for different numbers of trapped elec- 
trons, o,n,,/90,N,= 10°? and 10°°. 

It is seen that decreasing n;, displaces the region 
of rapid fall-off toward higher temperatures. As is 
seen in Fig. 4, AT, ~ 30° K, which means that this 
effect can easily be detected experimentally. For 
the case A, << An the form of n,(T) does not 
depend on the number of trapped electrons. Con- 
sequently, studying the dependence of the curves 
n; (7) on the number of trapped electrons may 
provide a suitable criterion for the character of the 


kinetics of the decay. Analogous criteria permit- 
ting distinguishing between the cases A, >> A, 


and ae << A, by the variation of /(T ) with Nig 


were proposed by Antonov-Romanovskii. 
We note that 


— dni /dt =r. (10) 
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50 0 150 200 250 


300 | dod 400 450 500 T° 


Fic. 1. Theoretical thermal bleaching curves for the case of 
large retrapping probability. 


<0 

po=10"° sec}; 6 )=0.15 °K/sec; o,n,)/o,N;=10 : 

Curve 1, E~=0.23 Curve 2, Eq= 0.4; Curve 3, E7=0.63 
Curve 4, E_= 0.8; Curve 5, E,>= 1.0 ev. 


50 100 150 200 150 


Y00 450 T°K 


JN 350 


FIG. 2. Theoretical thermal bleaching curves for the case 
of small retrapping probability. 


10 1 


sec 


Py =10 


° . 
; Bo= 0.15) *ke/see; Ey values same as 


in Fig. 1. 


In the absence of any temperature quenching, n is 
a constant and the derivative of n (7) should give 


a curve which has the same form as the thermal 
luminescence curve of the given phosphor. If there 
is temperature quenching then a comparison of 

n; (T) and /(7T) may give the temperature depen- 
dence of the ‘* quantum efficiency of the phosphor- 
escence’’,n. If there are traps of several different 
sorts in the phosphor with significantly different 
depths, then in that temperature region in which the 
electrons are being released from levels i 


dn; 


dt 


%i (11) 
o,n+ >) 04; (N;—n,;) 
jot 
; “o,n 1-935 (N, =n) 2% i (Nj—2)) 
fu 


Again considering that the lifetime of the electrons 
in the conduction band is short and that n, is much 


less than N, we have 


o.n+ mar 
i j>i 
ee ee 
t Di v ; = 
¢ On +O Ni Nera 
j>i 


© ALD) 


For the deepest levels,, q,,N i= 0, and Eq. (1 2) is 
equivalent to Eq. (3), ee fae the deepest traps 
relations hold which correspond to those found for 


a single level only. For shallower traps, 


ZeejNj4 0. WA, >> 4, then 


200 250 3200 7°K 
Fic. 3 
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250 300 350 T°K 
Fic. 4 


Fic. 3. Theoretical dependence of the thermal bleaching 
curves on rate of warm-up for the case ot smal] retrapping 


probability Ep = 0.6 ev; py= 10 nS 


; Curve J, Bo= 0.005, 


Curve 2, B= 0. 15, Curve 3, 8B =4. 5° eae 
Fic. 4. Theoretical dependence of the thermal bleaching 


curves on the number of ppb electrons i the ee of lar Gs 


retrapping a 6 ev; po= 1010 sec-1 fis 0.15 K/sec; 
Curve I, Oo, Nio /0,N; = 1972 ; Curve 2, 0, N. io’ %t N= io"° 
SS iN; 
dn; a 8 =) T= pf; 
eee ee = ou, + So, /N, = Cp,n,. (18) 
jet If the probability of a retrapping is large, then 
From this we get : 7 
eT 
(14) o,;N;+ Ss 04 ;N; P; bs ( 9) 
lk =o 
ni = nigexp{— CE ( fexp (— Er /kT)] aT}. 
: T. 
and -dn,/dt will not coincide in general with /. 
im ifA,<< A, then Only if n, <<n and consequently a release of 
Gn} d= pan (15) electrons from levels i does not change the light 
sum n very much, 


Ny = Min OXP \-% \ [exp (— Ex (kT) aT} é 
Ts 


Thus for shallow traps, both cases A, >> A, 


and A, << He. give identical behaviors for nT % 


The only difference is the presence of the coeffi- 
cientC in Eq. (14). We note that for all trapping 
levels other than the deepest in both limiting cases 
the form of n,(T) does not depend on the trapped 


light sum. Thus 
dn o,n 

peat =, a7 
dt wig to AN = oe 


j>i 
so that the curve determined by differentiating 
n; (7) will be similar to/ (T) only in the case of 


small probability of retrapping , in which case 


ae Bp,n; (20) 


and -dn, / dt coincide in form with / in the absence 


of temperature quenching. 

Therefore for other than the deepest traps, the 
theoretical dependence of n,; (7) is much simpler 
than that of /(7). The variation of n,(T) is 
also appreciably simpler than that of i A 1). 

We now consider some methods for determining 
the thermal ionization energy of trapping centers 
fran the parameters of the thermal quenching curves. 
Some such parameters are: 1) the temperature 


L of which n, = 0.5 Njo 5 the ‘ ‘ halfwidth of the 
fall-off?’ 0 = -n,,/ (dn,/ GHEY) Ly3 


graphically in Fig. 1. 
The relation between Ee 


or is shown 


and p, of the traps with 


the above parameters and with the warming rate 
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B, also may easily be found. For the case where 


2 
— Fi = P| exp(—Z4) em) 
THe By RT/\o,n, +-0,,N; 
then for T=T,, 
(22) 


2 
aE = Pe exp =| O Nip, 2% 
CHE Hates Bo Ce RT O Nin 1% iNi 


from which 


20 N ext (23) 
ae hs | tet 
Vk = Fad ie In ie n(I iz Zz, | |. 
If A, >> A,, Eq. (23) becomes 
p S 7, Nio (24) 
B= lyin pee aA . 
If A, <<A,, then 
Ey = RTp In Page (25) 
Bo 


On the other hand, from the condition Ni lTHar 
maul 
=0.5 19, we getfor the case A, >>A, 


%. , vaseline (26) 
and for the case Ae <A; 
pokT3, 
j aed) BA en (27) 


[ Eqs. (26) and (27) come from an approximate inte- 
gration of the exponential in (6) using the approxi- 
mation, 1/T - 1/T, ~(7,-T)/ T?),in the region 

where the integrand is not very small.) From (24) 


and (26), for A; a? AM 


Ey = 2kT:/ bp. (28) 
Similarly for A, <<A,, from (25) and (27), 
E, = RTz/ 6x 1n2. (29) 


From what has been said before, it is evident that 
relations similar to (25) and (29) hold for other 


than the deepest traps. For this case a factor 
C <1 must be inserted in (25). In Tables 1] and 2 


are given the quantities and 6, determined from 


the data in Figs. ] and 2 respectively. Also 
given are ine calculated using (28) and (29). Com- 
paring the first and fourth columns shows that (28) 
and (29) give somewhat too high values of Ey. 
The error never exceeds 7 per cent. Thus the 
expressions obtained above may be used to deter- 
mine £,, for trapping centers. We note that the 
derivative curve n’.(7) also provides parameters 
(such as the position of the maximum 7’ and the 


halfwidth of the peak 6) depending on Ey and py 


and from which the latter may be calculated. ?*8 
however, the graphical differentiation can be diffi- 
cult and the determination of Ey using (23) - (29) 
seems more convenient to us. 


TABLE [| 
< E.., from 
£,,e Tpek Opn 4h 
te 5 . Eq. (28) 
0.2 106 9 0.215 
0.4 206 Ai 0.430 
0.6 304 26 0.620 
0.8 400 oO 0.830 
4.0 496 44 4.060 
TABLE II 
E.. from 
Be evi | Tp he epic T 
T k, k, Eq. (29) 
0.2 88 HAS 0.217 
0.4 A 8.5 0.425 
0.6 254 Ao 0.635 
0.8 335 17 0.820 
1.0 415 20 4.070 


It is easy to show that r,, differs little from 


l,: If A,>>A,, 7), is a few degrees higher than 
ern) A, << A,,T, is a few degrees lower than 
dG 


ne In the latter case 


Th —Tm ~ Tm In in 2 / In [ze én |. (30) 
, 0 


If the kinetics of the afterglow are monomolecu- 


lar? then for the deepest as well as for the shal- 
lower traps, 


ie : (31) 
i = Nip EXP \- 6 fe \ [exp (— ar) aT} P 


7 
Ch. B. Lushchik, Dokl. Akad. Nauk SSSR, 101 , 641 
(1955). 


8 
I. A. Farfianovich, J. Exptl. Theoret. Phys. (U.S.S.R.) 
26, 696 (1954). 


9 
V. V. Antonov-Romanovskii, Works (Trudy) of the 


ae Institute, Academy of Sciences USSR, 24, 430 
939). 


INVESTIGATION OF TRAPPING CENTERS IN CRYSTALS 


For the case A, <<A,,C <1 and for A, >A 


C=1. The form of n, CT) dons not now depend on 


the number of trapped electrons. The thermal 
lonization energies of the traps may be determined 


using (25) and (29). 


Until now we have been assuming that the number 


of electrons in certain trapping levels decreases as 
a result of releasing them to the conduction band 
where they subsequently recombine with holes in 
empty trapping centers or sometimes with ionized 
luminescence centers. However, it can also pro- 
ceed through thermal ionization of the holes in 
“‘empty’’ trapping centers which recombine 
with trapped electrons. In this case n (T ) will 
be determined by the thermal ionization energy of 
the “‘empty’’ trapping centers. The theory developed 
above may be generalized to the case where both 
holes and electrons can be released thermally. 

We consider a crystal containing electron traps 


of depth £., and hole traps of depth Gy. We will 
devote all quantities pertaining to electrons with 
the index ‘‘e’’ and those pertaining to holes 

with ‘‘h’’. Assuming that the lifetimes of elec- 
trons in the conduction band and of holes in the 


filled band are small compared with p3 and Pp, 
and also thatn, <<N,,n, << N,, we may write 


= dn; wf gisele ore Nn; (32) 
dt ees Fett; + %N, 
Ch fa 
+ Pit Sato, Ny 


(The number of recombinations of free holes with 
free electrons will be significantly smaller, be- 
cause of their small concentrations, than the 
recombinations with trapped charges and is there- 


fore neglected.) If Q, > Ep then p, 77 Pp and 


dn; 9,, 1; (33) 
SS SS LL.) SS 
dt Peli pie n; — Ove 
lf O, < E.. then Be SKS Ph and 
Bee fees nm oe ba 
dt Dp t Orn n;+9%,,N, 


We emphasize that the law of variation of the num- 
ber of electron traps and of hole tee are identi- 
cal. However, for 0, > E,,n; (T) leads to a 


determinationof the thermal ionization energy of 


395 


electron traps and for eh < £,, — hole traps. 
Thus only the smaller of E,, and Q,, can be deter- 


mined from nm. (7) and not the larger. 
The case Q,, < E., corresponds to the presence 


of high temperature quenching.“ Equation (32) 
represents a generalization of a relation found 
by Antonov-Romanovskii for the decay of a bimole- 
cular afterglow process with a monomolecular 
quenching” * ( see also Ref. 10). We note that 
the lower temperature quenching (which occurs 
after recombination of an electron with a lumines- 
cence center) does not affect the behavior of n; (T) 
but may greatly change /(7'). 

Consequently, even for luminescent crystals, 
the thermal-bleach method has wider applicability 
than the thermal luminescence method. 


EXPERIMENTAL DETERMINATION OF 
THERMAL BLEACHING CURVES 


To determine n; (T) it is necessary to measure 


some quantity proportional to n, while the crystal 
is being warmed up at a constant rate. One such 
quantity is the absorption coefficient in the maxi- 
mum of the band of the additional absorption A Hone 


Ax mi — Bn. 


It should be remarked that even for the case n; 


= const. there is some dependence of Ax _. on 
temperature because of the change in shape of the 
absorption band, so that strictly speaking B =B (7). 
However, as has been shown in a number of exper- 
imental investigations and as follows also froni the 
calculations of Pekar!! when n,=const Ax, ~ (pe: 
so that the coefficient B depends very weakly on 
temperature. The dependence Bb (7) may be entirely 
neglected in comparison with the extremely rapid 
variation of n; (7). For this reason in the follow- 


ing, we will assume that 


Ax mi = Bni and B of B (7). (35) 


We note that the increase in dielectric constant of 
acrystal with excitation Ae is also proportional 
ton 


10 
N. A. Tolstoi, Dokl. Akad. Nauk SSSR 95, 249 
(1954). 


11s. 1. Pekar, Investigations of the Electron Theory of 
Crystals, GTTI, 1951 (Translated into German, Academie 
Verlag, Berlin, 1954). 
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Ac=b n 


However in this case, as has been observed by 
Garlick!? the coefficient B’ is extremely sensi- 
tive (exponentially) to temperature. Thus ive((h 
does not permit a determination of n. (7). Con- 
sequently, the measurement of A i (T ) seems 


most suitable for the determination of n.(T). 
In order that the process of measuring Ax, , does 


not decrease the number of trapped electrons through 
optical excitation it is necessary to work with weak 
light intensity. It is evident that this restriction is 
determined only by the sensitivity of the radiation 
detector being used and may always be satisfied. 
For the crystals studied by us using a SF-4 spectro- 
photometer the number of optically released elec- 
trons was determined to be not greater than 1% of 
the number of electrons thermally released during 
the measurement. 

The most suitable objects for measurement are 
single crystals which permit precision determina- 
tions of the absorption coefficient. Since the deter- 
mination of the curve Ax, ,( 7’) is made using a 


single wavelength, the method may also be used 
with thin polycrystalline layers in which light 
scattering takes place. For this the most suitable 
material is evidently the so-called sublimate phos- 
phors. ‘3 


We have tested the thermal bleach method on 
single crystals of alkali halides of highest purity. 
The A x ,,(1) curves were determined using a 
special adaptation for this purpose of a SF -4 
spectrophotometer. The rate of warmup was 0.15°K 
per second, i.e., the same magnitude that was used 
in the previous calculations. Since the crystals 
that were investigated emit a weak thermal lumi- 
nescence upon being warmed up, we put a filter 
before the window of the photo element which 
passed only the ‘‘ operating wavelength” corre- 
sponding to the maximum of the band of the addi- 
tional absorption. 

It should be remarked that the sensitivity of the 


thermal bleach method is significantly less than 
that of the method of thermal luminescence. The 


latter method permits the investigation of traps in 


Ge Garlick, Luminescent Materials, Oxford, 1949. 


13h D: Klement, Izv. Akad. Nauk SSSR, Fiz. Ser. 9, 
411 (1945). 
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phosphors which do not have sufficient absorp- 
tion to be detected. 


APPLICATION OF THE METHOD TO 
THE STUDY OF TRAPPING CENTERS 


The method of thermal bleach has been applied 
by us to the study of several trapping centers in 
alkali halide crystals. We studied single crystals 
KCI with small additions of bivalent ions of metals 
in the second group. The single crystals were 
grown by the method of Kyropulous. The concentra- 
tion of the additive corresponds to the amount in- 
troduced in the melt. 

The single crystals which were grown from KCl 
marked cp were very weakly colored by a con- 
densed aluminum spark. Irradiation with x-rays 
produced an intense violet color. The spectrum of 
the additional absorption in an x-irradiated single 
crystal of KC] which was measured on the SF'-4 
spectrophotometer is shown in Fig. 5 (curve a). It 


Fic. 5. Spectra of the additional absorption: 
a-KCl, x-rayed; b-KC]- SrCl,°0.5 mol %, excited 


by spark; c-KCl- CaCl, +0.5 mol %, excited by spark. 


consists of two widely separated bands at 555 and 
225 mp. The first band corresponds to the so- 
called F-color centers (electrons), the second to 
V-color centers (holes). Single crystal KCl con- 
taining a small quantity (0.5 mole per cent) CaCl, 


and SrCl_ are colored very much more easily than 
the single crystals of pure KCl. Illumination by 
an aluminum spark for a period of one hour pro- 
duced about 10!® color centers per cm? *. The 
spectra of the additional absorption produced by 
the aluminum arc in the crystals of KC]. CaCl, 
and KC] - SrCl, are shown in Fig. 5 (\ curves 

6 andc). 


* ++ 
The number of Ca and Sr Hons present in the 


crystal and acting as electron traps i 
ps is not less than 
5°10 17 per ome Thus the relationship n; <<N. is 
i 


very well satisfied in our case. 
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For KCl. CaCl, there are bands at 580, 350, and 
225 mp. For KCI. srC1, there are bands at 590, 
350, and 225 mp. The bands at 580 and 590 mp 
coincide well with the so-called Z ,-bands in addi- 
tively colored crystals of KC]- CaCl, and KC1-SrC] 
studied by Pick. 14 : : 
Similar bands have been found by Ktzel!5 jn 

x-irradiated crystals of NaCl, -CaCl, : 


to the hypothesis of Seitz16 these bands correspond 
to electrons that are trapped at bivalent alkaline 

earth ions. The bands at 225 m jt, which are present 
also in pure KCl as well as in KC] containing Ca++ 


and Sr**, Seitz attributes to a complex of vacancies 
which has trapped holes.!? 

It is of interest to study the 350 myband which 
is present in KC]- CaCl, and KCl -SrC1, but 
which is absent in pure KCl. As is known! 
in pure KC] at 78° K there is a band of additional 
absorption at 335 mp which disappears at room tem- 
perature and which Seitz attributes to holes trapped 


According 


at single cation vacancy sites. 17 Since in crystals 
containing bivalent positive ions there must also 
be an equal number of cation vacancy sites, it is 
not surprising that similar bands appear in crystals 
of KCl]- CaCl, and KCI « SrCl, . 


We note that in correspondence with the data of 
Etzel for NaCl. CaCl, ** we have also found that 
the addition of CdCl, to KCl does not lead to 


d** ions form 


strong coloring. Apparently the C 
complexes with the cation vacancy at room tempera- 
ture in contrast to Ca** and Sr** . This is not sur- 
prising since it is more electropositive than Ca** 
and Sr** because of the special electronic shell 
structure of Cd** * 

From Fig. 5 it follows that the optical activation 
energy aN of the trapping centers in the impure crys- 
tals is less than EY for F-centers and that aN for 


Sr** is less than for Ca**. It is of interest to see 


whether there is a correspondingly similar behavior 


*Shamovskii and Gosteva!®? have given another in- 
terpretation to this observation. 


144, Pick, Ann. d. Phys. 5, 35 (1939). 
15H, Etzel, Phys. Rev. 87, 906 (1952). 


ay Seitz, Phys. Rev. 83, 134 (1951). 

17F Seitz, Phys. Rev. 79, 529 (1950). 

18p, Pringsheim, R. Casler, P. Yuster, J. Chem. Phys. 
18, 1564 (1950). 

BL M. Shamovskii and M. I. Gosteva, Zh. Fiz. Khim. 
28, 1266 (1954). 
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for the thermal ionization energies also. In order 
to determine E, we used the method of thermal 


bleaching. The curve of Ax (1) so obtained for 


the electron traps is given in Fig. 6. From the 
figure it is immediately clear that the thermal 
lonization energies of the traps in the impure crys- 
tals is less than E,, for F -centers and that E 

f +40 T ++ T 

or Sr" is less than for Ca. 


In order to obtain quantitative data about i 


of the corresponding traps it was necessary first 
to consider the question of the applicability to 
the present case of the different formulas intro- 
ducedearlier. Since we experimented with crystals 
in which there were practically only traps of a 
single depth, then by studying the dependence of 
the shape of the curve A Kini (T ) on the number of 
trapped electrons it was possible to give a direct 
experimental answer to the question of which one 
of the various formulas derived earlier is applicable 
to the present case. We measured the curves 
A Hai (T ) for two values of the trapped light sum 
Cees Noo = 8.1). As is seen in Fig. 7, the shape 
of A x. (T) is practically independent of Ns 
(in particular T’, does not depend onn,,). The 
data presented justify the conclusion that there is 
small probability of retrapping in phosphors of 
this type which was made by us in an earlier work.’ 
In Fig.8 are given curves of thermal bleaching of 
the phosphor KC1- TIC] which were obtained under 


the same conditions as the curve Ax, , ( T) for 


KCl.* Comparing i of the curve Ax; Gig) 


for F-centers in KC] and 7, of the corresponding 
thermal luminescence peak shows that 1a > Ns ; 


This also affirms the conclusions of the theory 
which assumes small probability of retrapping. 
We note that graphical differentiation of the curve 
Ax,,;(1) gives a curve which almost coincides 


in form with the curve /(7') (Fig. 8, curves 2 and 3). 
On the basis of these experiments we used for- 
mulas (25) and (29) to calculate the thermal ioniza- 
tion energy. In using (25) we assumed in accordance 

with the result of earlier work?° that Po = 10!° 
sec.-! The quantities obtained by the different 
methods differed from each other by no more than 
SS rs I(T) was obtained after a preliminary 


warming to 380° K and subsequent cooling to room 
temperature. 


20 
Ch. B. Lushchik, Dokl. Akad. Nauk SSSR 101, 833 
(1955). 
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300 550 400 450 T°H 300 «850 400 T° 
Fic. 6 Fic. 7 
FIG. 6. Thermal bleachin gurves for electron traps: 
I-KCL, A,,=555 mp, Bo= 0.18 K/sec; 2-KCl- CaCl,, 
Am= 580 mp, B= 0.15 °K/sec; 3-KCL+SrCl,, A, = 590 mp, 
Bo= 0.15° K/sec. 
Fic. 7. Dependence of the thermal quenching curves on the 
number of trapped electrons, Nee 580 m p, p= OS eek sec; 
2-KCl- CaCl, spark excited 3 hours; 2-KC *CaCl, spark ex- 
cited 15 minutes, 
4x47 h In 
ae $0 100 450 T°H 
Fic. 8. Comparison of the thermal 
bleaching and thermal luminescence 
curves. B,=0-15 K/sec; 1-Ax,, (T) 
for the F-band of x-irradiated KC]; 
2-I1(T) for spark excited KC1+ TIC] 
0.01 mol %; 3-the graphical differ- 
entiation of Ax 4 4 Dy: 
5%. The calculated values of E., are given in in KC] - CaCl, and KC] SrCl, . Comparing 


Table 3. The values of E, are given also for 
comparison. From the values in the table it fol- 
lows that Eon and aN are larger for F-centers than 
for the centers which are produced by adding Ca++ 
and that and E,, are larger for the impurity cen- 
ters in KCL- CaCT, than for the traps in KCI- SrCl, s 
This agrees with the fact that the ionization po- 
tentials of a hydrogen atom (analog of an F-center) 
is greater than the ionization potential of Ca” but 
that the latter is greater than the ionization poten- 
tial of Sr. * 

We also measured the curves of thermal bleach- 
ing of the trapping centers for holes (A, = 350 mp) 


A Kai (T ) for the hole traps (Fig. 9) and A Xin i 7) 
for the electron traps (F'ig. 6) shows that the de- 


TABLE If 
occ re te Cane GM See 
Ey E.., from Ee trom 
in ev Eq. (25) Eq. (29) 


in ev 


in ev 


KC] 


2,22 0.97 1,02 
KCl-CaCl, | 2.42 0.85 0,86 
KCl-&rCl, 2,08 0.80 0.80 
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JOD 550 400 TK 


Fic. 9. The thermal bleaching 
curves for hole traps. 1-KCl+CaCl, 


Am= 350 m p, By= 0.15 ° K/sec; 
2-KC1:SRCI,, A, = 350 mp, B,=0.15 
K/sec. 
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crease in the number of electrons and in the num- 
ber of holes follows the same law just as one 
should expect. In connection with this result the 
question arises: Which are freed by the warming 
up, electrons or holes? We assume that the elec- 
trons are released. This assumption is based on 
the following facts: 

1. The peak of the thermal luminescence in the 
phosphor KCl- TIC] which is associated with 


recombination of electrons (!) with ionized lumi- 
nescence centers agrees well with the region of 


rapid fall-off of the curve A Mini (T ) (see Fig.’8). 


2. For electron traps Ey depends on the type of 
impurity, for hole traps it is independent of the 
impurity. Since the data from the thermal quench- 
ing shows clearly a dependence of E, on the type 
of impurity it is natural to consider that warming 
the crystal releases electrons. Then the tempera- 
ture dependence of the absorption coefficient 
associated with the hole traps is determined by the 
thermal ionization energy of the trapped electrons. 

The data given here, notwithstanding its illus- 
strative character, serve in our opinion as evidence 
for the potential usefulness of the method of 
thermal quenching for the investigation of trapping 
centers in crystals. The application of this method 
in conjunction with the thermal luminescence method 
and the method of additional absorption will pe r- 
mit extending our knowledge of trapping centers in 
crystalline materials. 

The present work was carried out in the labora- 
tory of luminescence under the guidance of Prof. 
F’. D. Klement to whom the author offers his deep 
thanks for the interpretation of the results. An 
author is very much indebted also to N. Lushchik 
and E. Vil’ per for their help in this work. 


Translated by B. Goodman 
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A nuclear shell model in proposed, on the basisof which classification is carried out 


of the spins and magnetic moments of the gro 


und and metastable levels of nuclei with odd 


mass number. Classification is also made of the masses and of data on 3 -decay of nuclei 


with odd mass number. 


1. CONSTRUCTION OF A SHELL SYSTEM 
IN ATOMIC NUCLEI 
N the research of Mayer," the three dimensional 
harmonic oscillator was used as a model for the 


construction of nuclear shells. The number of 
states NV, of a three dimensional oscillator with 


vibration quantum number v for particles of spin 
¥% is given by the formula 


N, = (v + 1)(v+ 2) (v =9, I, 2,..-) 


(the number of the shell is designated as v + 1). 
In the successive filling of such shells, the fol- 
lowing numbers are obtained for closed ‘“ magic’’ 
configurations: 2,8,20,40,60,112. Absent from 
this list is a series of ‘ ‘magic’’ numbers that are 
well known from the experiment: 28, 50, 82, 1 26. 

We assume that both successive and non-suc- 
cessive filling of shells are possible in atomic 
nuclei; the latter is the case when one internal 
shell is entirely unfilled with nuclei( for example, 
the filling of shells 1, 2,4 with a skipping of 
shell 3 gives the ‘‘magic’’ number 28= 2 +6 +20, 
etc.). We begin with the assumption that in cer- 
tain atomic nuclei the process of non-successive 
filling of nuclear shells can be energetically more 
favorable than the process of their successive fil- 
ling. For example, one can expect that in nuclei 
which have a number of nucleons of a particular 
kind close or equal to 28, non-successive filling of 
the levels will be more likely than successive fil- 
ling, in which there are about 8 nucleons outside 
of the closed shell of 20 nucleons. 

All the ‘‘ magic’’ numbers which are obtained 
both in successive filling of the nuclear shells, 
and in the skipping of one of the interior shells 
are shown in Table 1. In each square of the table, 
there is placed, along with the magic number, the 


*In December, 1955, & supplementary paper was sub- 
mitted which takes into consideration new data on nu- 
clear masses and levels. 


1M. G. Mayer, Phys. Rev. 78, 16 (1950). 
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list of filled levels which correspond to this magic 
number. The entire set of magic numbers of Table 
1 can be characterized by two integers n, and n_ 
( laid out in the table along the vertical and 
horizontal axes). The number n denotes the num- 
ber of levels filled successively before the break, 


the number n_ denotes the number of levels filled 
successively after a single interior skipping 
( unfilled level). 

We referred earlier to ‘ ‘subshells’’, i.e., to 
energetically less favorable configurations, all 
capable of filling, for which n_ > 7,4. 

In such configurations, relatively low energy levels 
are left unfilled. Below, we shall give additional 
arguments for the usefulness of such a subdivision. 
After separation of the ‘ ‘ subshells,’’ there remain 
15 ‘‘ magic’? numbers on the left side of Table 1. 
Of these, 6 correspond to successive filling (n_=0): 
2, 8, 20, 40, 70, 112; 5 correspond to an unfilled 
penultimate shell (n_=1):14, 28, 50, 82, 126; 

3 correspond ton_ = 2:58, 92, 138; and, finally, 
one — 148-— corresponds ton_=3. Experimental 
data show that 7 magic numbers ( 2, 8, 20, 28, 50, 
82, 126) stand out clearly. 

There have been reports on the literature in the 
existence of four more shells: 40, 70, 14, 58 = 
there is some indication of the existence of the 
shells 112, 92, 138. However, there has been 
very little experimental data in the region of heavy 
nuclei; it is possible that the existence of the shells 
112, 92, 138 and 148 will receive further confir- 
mation. That some of the shells stand out less 
clearly than the others can be explained in part in 
the following manner. 

The closed properties are most prominent in 
nuclei with shells that are filled both for protons 
and fer neutrons ( double magic numbers). Making 
use of the list of shells and subshells in Table 
1, we can find 19 stable nuclei of this type. In 


ten of them id ue ee 
ie 1 (Heys Og °) 14S14°s go agg 
ee 7, 90 120 140 
204828 > 49 4lso > 505979 > sacegs > gotaae 


su. E. Duckworth et al., Phys. Rev. 83, 1114 (1951). 
G. P. Dubex and S. Iha, Phys. Rev. 85, 1042 (1952). 
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sé ‘ 
Magic numbers’ 


NUCLEAR SHELLS AND CLASSIFICATION OF ATOMIC NUCLEI 


TABLE. 


0 4 3 4 5 
0 2 2,3 23.4 23-4, 5 2,3, 4,5, 6 
6 18 38 6 0) 
4 iL 3} ye 15:3, 4) 9 1, 3, 4, 5,6 
| 2 14 34 64 406 
2 ine 1,2,4 4 2,4,5 a2, 4; 0.0 
8 28 58 100 
: ates 413350) 149.35. 5.6 1)05D.8)5,6-7 
20 92 148 
L 2s oe 1,2,3, 4,6 | 4, 2,3, 4,6,7 
40 82 138 
s {23 45. 1 4-2. 374 5. 7 
; 70 126 
6 1,2,3,4,5,6 
112 


aN ) both filled shells are ground shells; 


they ought then to be more clearly delineated in 
comparison with the others. These are shells with 
N= 2, 8, 14, 20, 28, 50, 70, 82, 126, 138 and 

Z= 2, 8, 14, 20, 40, 50, 58, 82, 92. The remaining 
shells ought to be less clearly marked—— these 

are the shells with Z = 28, 70 and N= 40, 58, 92, 
112, 148. Seven of the double magic nuclei 
(oaNigg’> a45240 > 50564? 505268» 644on 


70% b's oY b 4°) bave a filled ground shell 


and one subshell; finally, in two nuclei (,C)? and 


Pron) both the filled shells are subshells. 
Therefore, one should expect that the most clearly 


evident subshells will be Z=6, 34, 68 and N= 6, 


34, 64, 68, 100, 106. It is interesting to note that 
in tin, the element with the largest number of 
B-stable isotopes, there is the largest number of 
B-stable double magic isotopes: 59Sn¢41*> 
eee aie 

It is more appropriate to compare the vibrational 
levels under consideration with the vibrational 
levels of polyatomic molecules, rather than with 
single particle levels, as is done in the quasi- 
atomic model of the nucleus. However, thereexists 
a definite connection between these two models. 
Post* has shown that the Schrédinger equation for 


4H, R. Post, Proc. Phys .Soc. (London) 66A, 649 
(1 953). 
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a system of vibrating particles, interacting with 
each other in pairs according to Hooke’s law, can 
lead to the Schrédinger equation for noninteracting 
particles located in the field of some effective 


oscillation potential. 


3. CLASSIFICATION OF SPINS AND MAG- 
NETIC MOMENTS OF NUCLEI WITH ODD 
A: NUCLEAR ISOMERS 


In our model, a given atomic nucleus can have 
different configurations of filled levels, one of 
which ( the energetically more favorable) corre- 
sponds to the ground level, the others to definite 
excited levels. It is appropriate to distinguish 
the different nuclear configurations with the 
numbers n_ and n, introduced above. 

The spin and magnetic moment of a nucleus with, 
odd mass number A is determined, as usual, by 


the configuration of shells with odd numbers of 
nucleons. The shell of a given nucleus with 
different configurations will correspond to differ- 
ent values of nuclear spin / and magnetic moment 
pu. If the two lowest energy levels of different 
configuration ( one of which is the ground level) 
are close together in energy, then the phenome- 
non of isomerism will be observed for the large 
spin difference of these levels. In our treatment, 
isomeric transitions are accompanied by a rear- 
rangement of the shells, which leads to additional 
prohibition rules in addition to those concerning 
spin and parity. In this connection, attention 
should be turned to the region of existence of 
even-even isomers; this is the region of rare 
earths with A= 160-170, where double magic con- 
figurations exist with filled subshells. The close- 
ness of the levels corresponding to such con- 
figurations , and to configurations with successive 
filling of shells, also leads to the existence of 
even-even isomers. Furthermore, it has been re- 
peatedly noted in the literature5,6 that systems 
of nuclear levels are observed in the decay schemes 
of certain radioactive isotopes between which no 
{-transitions occur, in spite of the fact that such 
transitionseare in general not forbidden. We as- 
cribe such systems of levels to the different shell 
configurations. It is of interest to note that they 
are connected with B-transitions and with various 


°1,.K. Pekar, L. A. Sliv and A. V. Zolotavin, Dokl. 
Akad. Nauk SSSR 88, 781 (1953). 


61. A, Sliv and L. K. Pekar, Dokl. Akad. Nauk SSSR 
92, 277 (1953). 
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isomeric levels of the parent nucleus. 

We shall denote the magnetic moments of nuclei 
with odd A by u* and yp for nuclei belonging to 
the Schmidt groups (/+1/2 and / — 1/2, respective- 
ly ( or simply by the sign + or — along with the 
value of the spin). In our treatment, nuclei with 
magnetic moment p + correspond to configurations 


in which an odd number of weakly interacting 
nucleons lie outside of the closed shell; nuclei of 


the type x” correspond to configurations in which 
a sufficiently large number of nucleons, which are 
very strongly coupled, lie outside the closed shell, 
and in which only a small number of nucleons is 
needed to fill the shell. 

Experimental data permit the establishment 
of the following empirical dependence of the spins 
of the lowest states of the nuclei ( of a definite 
configuration) on n_ and n,: 


f= (1,— n_)- '/, for nuclei of type we, (la) 


[ = (n,— n_) —1/> for nuclei of type yo. (1b) 
The classification of spins and magnetic mo- 
ments of the ground and metastable levels of nu- 
clei with odd A which corresponds to these rules 
is given in Table 2. The Table is divided into 
four groups, corresponding to the four values of 
n_: 0,1, 2, 3; each group begins with the magic 
number for which n_= n,, i.e. , the numbers 0, 14, 
58, 148, respectively. Each group consists of 
two parts, which correspond to neutron and proton 
configurations. Within the limits of a single group, 
the spins of the nuclei, in accordance with the 
rules (] a) and (1b), change regularly, undergoing 
successive unit increases after the filling of a new 
shell. A given value of the spin and magnetic mo- 
ment of the nucleus can arise in the lowest state 
of a certain configuration for a wide interval of odd 
N or Z, whereupon configurations of the type p* 
ought to arise in the initial filling of the shell, and 
configurations of the type p™ in the closing of the 


shell. The regions of possible appearance of nu- 
clear isomers are immediately evident from the 


Table. These are the regions in which the lowest 
state of the nuclei of different configurations differ 
strongly in spin value; N, Z= 41-49, where the 
configurations 9/2*, 0 and 1 /27, 1 ( the first num- 
ber denotes the value of n) , can compete with 
each other. Similar groupings are formed by the 
region of configuration 11/2+, 0,3/27,1 and 1/2* 
2 for N, Z= 71-81, and the region 13/27, 0, 5/25, 
1; 3/2*, 2 and 1/27, 2 for N= 113-125. 

As is seen from Table 2, the experimental data 
on spins and magnetic moments of nuclei with odd 
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Fic. 1. Curves forthe dependence of the packing fractions on the 
mass number for light nuclei with odd a and N—Z=-1, The upper part 


of the curves is given at the right on the increased mass scale. 


NOTATION: O——nucleus with known mass, energy level; O—nucleus 


with unknown mass or undiscovered level; X——intermediate nucleus with 
different configurations for neutron and proton shells. 


A) on the mass number9>!°, [et us first consider 
Fig. 2 ( N — Z=+1), where the data are most com- 
plete. The basic curve in this Figure links up the 
lowest level of configuration of consecutive filling 
of shells with the magnetic moment *. It consists 
of four smooth parts, which correspond to consecu- 
tive filling of /=1/2, 3/2, 5/2 and 7/2. The follow- 
ing values of spin are attached to the excited 
levels of the series of nuclei: 3/2 — levels 

3.09 C13, 5.28 N15; 5/2 — levels 0.197 F*°, 
0.347 Ne2!, 0.439 Na23, 1.28 Si29, 1.03 P??, 
0.85$33, 1.1C135, 1.46 A®? ( all levels in mev). 
Such a value of the spin does not contradict the 
experimental data. In K?9, in accordance with the 
data curve, one must expect the levels 5/2 m0 


94. H. Wapstra, Physica 21, 367, 385 (1955): P. M. 
Endt and J. C. Kluyver, Revs. Mod. Phys. 26, 95 
(1955); G. F. Pieper, G. S. Stanford and P. V. Herrman, 
Phys. Rev. 98, iiss (1955); H. J. Gerber, M. G. Munoz 
and D. Maeder, Helv. Phys. Acta 28, 478 (1955); H. 
Daniel, Z. Naturforsch. 9a, 974 (1954). 

10F, Ajzenberg and L, Dauritsen, Revs. Mod. Phys. 
ay rt. (1955), 


with energies of the order of 3 mev. The ground 
levels of the nuclei C1*®, N*®, S?°, C1°5, A37, 
K3° correspond to the configurations p , 0 and 
possess larger binding energies than the excited 
levels *, 0; the latter are treated as weakly bound 
configurations. The levels of He® (2.6 mev), to 
which is assigned the spin 3/2*. 027(.0) 5/2" 
and Ca‘! (0) 7/27 lie in the transition region and 
are not included in the curves (*, 0) and (7,0). 
They occupy an intermediate position, since they 
have a closed neutron shell ( which corresponds 
in mass to the configuration p , 9), and a proton 
shell with the configuration p*, 0. 

Here we must emphasize the essential difference 
between the suggested order of the levels and 
those accepted in the single particle model of 
Mayer. In accordance with the latter, in a shell 
with certain orbital quantum number J, the levels 
with j=l +% are filled first, and then j=lx— 7%. 
For example, in the nucleus 017, for which an odd 
neutron is found in the shell d, ,, in the ground 
state, there ought to be a low excited level in 
which the odd neutron would be found in the shell 
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A, and also on isomeric atomic nuclei, with few 
exceptions, agree excellently with the proposed 
classification. 

We emphasize here that: 

1) the experimental data verify that nuclei of the 
type * originate in the ground state at the begin- 
ning of filling of a shell, and nuclei of type p-~ 


at the end of filling of the shell; 

2) the ground state of the nuclei always corre- 
spond to small numbers of nucleons outside the 
closed shell or to an insufficient number for closing. 
This rule is conspicuously violated among heavy 
nuclei; 

3) Shells of successive filling (n_=0) appear 
mainly among nuclei with small A; shells of non- 
successive filling with n_=] predominate in the 
lower states of nuclei with medium values of A, 
and, finally, in heavy nuclei, the lower states 
correspond chiefly to configurations of the type 
n_=2. This indicates that the spin of the nuclei 
is strongly dependent on its binding energy. Con- 
- figurations with nucleons on the lower levels 
(successive filling) and even with a small number 
of nucleons outside of the closed shell, but with 
high spin (11/2, 13/2) are energetically less 
favorable than configurations with non-successive 
and less closed filling of shells, but with small 
spin (1/2, 3/2). 

The possibility of a mutual effect of the proton 
and neutron shells on the order of nuclear levels 
can be shown in an example of a nucleus for which 
N= 40-50, Z = 30-40, and the ground and metasta- 
ble levels correspond to the configurations 9/2", 
0 and ] /2., 1 for neutrons, and 3/2", 1 5/2-520 
for protons. This is the region of nuclear isomers 
with odd A and with transitions of the type M4. 
The question can be raised as to what combination 
of configuratons of neutron and proton shells is 
energetically most favorable. Frequently it can be 
solved from a consideration of B-transitions. For 
example, it is evident from the decay scheme of 
3aht4q ( Ref. 8, p. 193) that B-decay proceeds 
from the level 1 /2~ Kr®>™ to the level 3/2* 

3 7itb ‘pel excited) and from the level 9/2* of the 
ground state of Kr®> to the level 5/27 ( ground) of 
Rb85__ One can draw the conclusion from this that 
the neutron configuration 1/2, 1 exists together 
with the proton configuration 3/2*, 1, and the 
neutron configuration 9/2*, 0 along with the prot on 
5/2”, 0. An addition forbiddenness is superposed 


on a B-decay between other pairs of levels, by 


°M. Goldhaber and R. D. Hill, Revs. Mod. Phys. 24, 
179 (1952), 


Av VASAVIGH 


virtue of the configuration change.* 
The spin of the ground level of the second iso- 
tope of rubidium RAN is equal to 3/2. In this 


nucleus, the neutron configuration n=1 is closed 
(N=50) and the additional gain in binding energy 
leads to a change in the order of the levels —- 
the configuration with neutron shell n_= 1 and the 
proton configuration 3/2* , 1 correspond to the 
ground level. By considering the intercoupling of 
neutron and proton shells, it is possible to explain 
why certain configurations out of the number of 
those possible in the lowest state ( that are in 
accord with the proposed model) are not observed 
experimentally. Continuing with this same line of 
argument, we can explain the absence of isomeric 
transitions for nuclei with Z =47-49. In this 
range, for two possible proton configurations 
n_=0 and n_=1, there do not exist two corre- 
sponding pairs of neutron configurations which are 
energetically nearly equally favorable; therefore, 
the isomeric levels are widely separated. 

The assumed model does not correspond to the 
experimental data in the range of light and medium 


naclei.for, Hj, U=172). 0 Nes (3/2) oni, 


(5/2), 5_ May (5/2), Se, 67/2) 0c, ale 


Further lack of correspondence is observed in the 


region of rare earths: ef Eee (7/2), py lanace 
(7/2) and in the regions near uranium: pelt anes 


31P 8149 (3/2), Br re (1/2), unre: (5/2). 


A possible explanation of this lack of correspon- 
dence in the region of light nuclei will be given 
below. In the region of rare earths and uranium 
these noncorrespondences can be connected with 
the appearance in the nuclei of o-particles — 
structures which go beyond the framework of the 


shell model. 


3. MASSES OF LIGHT NUCLEI WITH ODD 
A AND B DECAY 


Curves are shown in Figs. 1-3 of the dependence 
of the packing fraction (binding energy divided by 


*We note that in our treatment the change of spin 

I coincides, as arule, with the theory of Mayer, both 
for 8 and for y-transition$; however, the change of 
parity frequently does not coincide, and together with 
this, new prohibition rules are introduced, due to the 
change of configurations, ices, in An. Therefore the 
classification of B-transitions and nuclear isomers in 
the given treatment ought to be entirely different. 
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Fic. 2. Curves of the dependence of the packing fractions on the mass number for light nuclei 
with odd A, with N — Z=—1.Upper part of the curve is given at the right with increased mass scale. 
Notation same as Fig. 1. 
dg /,- In our treatment, these levels are classified ,*, 1, which is in the region N, Z=14. In a series 


as 5/2*, 0 and 3/2°, 0 and the level 3/2, 0 can- 
not be observed in the 027 nucleus, since con- 
figurations of the type exist only when the shell 
is close to being filled ( in the given case, for 

N, Z=17, 19). Furthermore, in our treatment, for 
nuclei with a ground state #” ( for example, with 
3/27, 0), one should expect a neighboring excited 
level .* ( for example, 5/2*, 0). In Mayer’s model 
on the other hand, when an odd nucleon is found 

in the d, ,. shell in the ground state of the nucleus, 
it cannot undergo transition to the d, ,, shell in the 


excited state, since the latter is already filled. 

We turn our attention to a consideration of Fig.2. 
The packing fractions of the ground state of the 
nuclei ,4Si ae and eye are separated on the 


curve since they correspond to. a new configuration 


of nuclei where the rules, which connect the spins 
and configurations of nuclei (1a) and (1b), are not 
observed (F!9, Ne?!, Na?%), the ground levels 
must be related to o-configurations on the possibil- 
ity of which in light nuclei has never been shown. 
These levels are drawn in the form of separate 
points under the curve p:*, 0. The lower states of 
He® must also be related to oconfigurations, which 
is confirmed by the method of obtaining this level 
— resonance scattering of neutrons by o-particles. 


The level 2.6 mev, which lies close to the curve 
yu. , 0, is obtained from the reaction Li (d,a) He? 


i.e., from the ‘‘shell’’ nucleus Li? 1° The 
curves of the packing fractions for nuclei with 

N — Z=-1 (Fig. 1) are analogous to the curves of 
Fig. 2. The levels of these nuclei are known much 
worse ( the unknown levels are denoted by an open 
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FiG. 3) The same aa in Figs. 1 and 2 for nuclei with N — Z=3. 


circle). It is difficult to doubt the existence of 
the assumed levels, since “‘similar’’ levels are 
always observed in mirror nuclei. The assumed 
energies of these levels are indicated in Fig. 1 in 
parentheses. For nuclei with N — Z=3, the pack- 
ing fractions curve ( Fig. 3) is similar to the 
curves of Figs. 1 and 2. We must regard the 
level treatment here less hopefully in view of the 
insufficiency of the experimental data. Thus the 
assumed classification of the levels makes it 
possible to systematize the masses and energies 
of the lowest levels of light nuclei with odd A. 
For the systematics of the data on J-decay, we 
consider transitions between similar nuclear con- 
figuration p*, 0 or pz”, 0 of the type A/=0, AM=0, 
with no change in the parity . Transitions in 
which the levels of other configurations enter in, 
are excluded from consideration.* The values of 


*For B-transitions with lg ft~5, the quantities Al 
cannot be determined unambiguously from fh decay alone. 
The value A/=0 is based on theoretical aasumptions, 
and is confirmed by the location of the corresponding 
levels on the curves for the packing fractions ( see 


Figs. 2 and 3) 


lg ft for the transitions under consideration are 
given in Table 3, from which the following regu- 
larities are seen;: 

1) for nuclei of the type p”, 0, Ig ft increases 
systematically with increase in the number of 
nucleons outside of the closed shell ( with in- 
crease in A). The nuclei 01° +Se43 are excluded; 

2) for nuclei of the type p , 9, lg ft increases 
systematically with increase in the number of 
nucleons needed to close the shell ( with decreas- 
ing a). 

Such a behavior of lg ft confirms the treatment 


of nuclei of the types and pas subshells 
and “‘holes’’ and indicates the dependence of the 


probability of transitions, above all, on the degree 
of closed-ness of the nuclear configurations be- 
tween which this transition takes place. 


Translated by R. T. Beyer 
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Motion of a Charged Particle in an Optically Active 
Anisotropic Medium, | 
A. G. SITENKO AND A, A. KOLOMENSKII 
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of Ukrainian SSR 
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(Submitted to JETP editor July 8, 1954) 
J. Exptl. Theoret. Phys.(U.S.S.R.) 30, 51 1-517, (March, 1956) 


The Fourier method is used to obtain expressions for the components of the electro- 
magnetic field and for the total energy losses of a charged particle moving in an optically- 


active anisotropic medium. 


THE passage of a charged particle through an 

* optically-active anisotropic medium is char- 
acterized by many features. First, to satisfy the 
conditions for the Cerenkov radiation the -moving 
charge need have a considerably lower velocity in 
an anisotropic medium than in an isotropic medium, 
because the index of refraction of the waves be- 
comes large at certain definite fre quencies.Second, 
if a charge moves in an active anisotropic medium 
with a uniform velocity greater than the phase vel- 
ocity of light in the same medium, the light emitted 
by the charge is more complicated in nature as 
compared with the isotropic case. Instead of the 
single circular cone of rays observed for the iso- 
tropic body, we have in the active anisotropic case 
two noncircular cones of rays, with the radiation 
intensity varying on different generatrices of these 
conical surfaces. 

The electrodynamics of anisotropic media was 
developed in the investigations of Ginzburg! who 
examined in particular the emission from an electron 
moving in a uniaxial crystal and from an oscillator 
placed in such a crystal. The problem of the en- 
ergy losses of a charged particle moving in an aniso- 
tropic medium was subsequently treated in several 
investigations””°. The work of Ref. 1 was gener- 
alized by one of the authors for the case when the 
medium is optically-active (gyrotropic) in addition 
to being anisotropic. 

This article employs a method different from that 
used in Ref. 3 to determine the components of the 


Vel. Ginzburg. J. Exptl. Theoret. Phys. (U.S.S.R.) 
10, 601, 608 (1940). 


Z 
A. A. Kolomenskii, Dokl. Akad. Nauk SSSR 86, 
1097 (1952). 


Gs 
A. A. Kolomenskii, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 24, 167 (1953). 


4 
M. I. Kaganov, J. Tech. Phys. (U.S.S.R.) 23, 507 
(1953). 


°K, Tanaka, Phys. Rev. 93, 459 (1954), 


410 


electromagnetic field and the total energy losses of 
a charged particle moving in an optically-active 
anisotropic medium. The question of the singular- 


ities of the expressions obtained in Refs. 1-5 for 
the losses is discussed, and a computation method 
that does not lead to singularities is given. 

2. The electromagnetic field produced in a medium 
in which a point charge g moves at a velocity v is 
given by Maxwell’s equations: 


erent 450 Hee 
TOUE == tae (1) 
4 0D 4 x 
rot T= a —~ qvi(r—vt); 
divH=0; divD = 4ngé (r — v2). 


We shall solve this system using the Fourier method 


E (r it) — \ \ E (k, «) AN te do (2) 


etc. Using the connection between the Fourjer 
components of the induction and of the field inten- 
sity 

D, (k,o)=¢,, (o) £, (k, ©); 


we obtain the following equation for the Fourier 
components of the electric field intensity K(k,w) 


Tink, Sash Ss ay q U; >» i \ 
ree sea i 


where 


Tin = Nn? (xin — Oi) + Op; (5) 


n= RC (ws x, = sR: 


Using the inverse tensor 7; , we can represent 
the solution of Eq. (4) in the following form: 


MOTION OF A CHARGED PARTICLE 411 


i aly ie 
a tore 


Trivia (txj0,—-1). 6) 


To calculate the energy losses of a moving 
charge we employ the relationship 


—d&/dl = —(q/v) (vE) (7) 


r=v?’ 
where the value of the field is taken at the point 
where the charge is located. Using (6) and (2) we 
obtain the following value per unit path for the 
total energy losses due to the remote collisions: 


a i q (8) 
al ary 
coc km 
x | | | Titonesd(S jo) — 1) 3 eae do. 
—ao 0 4n 


ee 


The integration with respect to k must be carried 
out up to a certain maximum value k_ of the order 
of magnitude of 1/b, where b is the minimum paran- 
eter of the remote collisions. 

3. Let us apply the equation obtained to the 
motion of a charged particle in an optically-active 
uniaxial crystal having a dielectric-constant tensor 
of the following form: 


Lal >a 1&5 0) \ 
fin=fle, 8, (9) 
e0 0) fp 


In the case under consideration the tensor te is 
defined by the matrix 


2 
in’ Gq — 1) +2, I ni%y — ty N%y%3 an 
10 

: 2 

Tin= | nPxyny + ity n’ (xg — 1) + 8 os 
2/2 
NxsXs NxoXs n° (x3 — 1) +83 

To obtain the components of the inverse tensor it (11) 


is necessary to divide the minors of the correspond- 
ing elements of tensor 7’., by the determinant con- 
sisting of its components. This determinant 


T = (e, sin?6 + e, cos*6) (2? A ae (8)], 


aan where 
nt ete a a 
a= (e{—e3) sin?6+ e,€3(1 + cos?6) + Ve — e} —e,¢3)’sin' 6+ 4e%c cos? 6 @2) 
ae cara a EO Gs Se 


are the ordinary and extraordinary index of refrac- 
tion and @ is the angle between the optical axis 
of the crystal and the propagation direction k of 
the wave. 

Equation (8) is a general expression for the 
energy losses of a moving particle. Let us apply 


co Umr 


this equation to the two simplest motions of a 
particle, along and perpendicular to the optical 
axis of a crystal. 

4. Inthe case of a particle moving along the 
optical axis, we orient the coordinates as in Fig. 
1. In this case Eq. (8) takes the following form: 


2 


aé ec gu \ n* cos? 6 — ne, (1 — cos2 6) oe : — 
4 ae | | Vip oe 6) [a — ni (®)] [n? — 7} 0) (13) 
—co: 0) 0 


x 6(n8 cos 6 — 1) sin 8 d0a*dnwdw, 


where k is replaced by a new variable n = ke/w. 


The delta function yields the integral with respect 
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to the angle variable, while the integration with 1/B ton =k c/w. The integration yields 
respect ton must be restricted to a region from Ba ke. 


Ge) é 2 : 2n2 
2 ¢ (1 — £18”) (n? — €,) — Bes ne B= ne? 
— 48 — 1 Re i\—— a eee 
dz aCe e, 22 (n° as n3) ee nes? (1 4) 
2 o¢ (t—er8*) (ng — 21) — Beg | 7,83 — 138" 
= Re i\ : a - -In— Fa de, 
C ¢ €18" (5 ny) 1— np 
where 
ne = {(c2 — 22 + e123) B® — (¢2 — 2) + [(e2 — 62 — exts)64 (15) 
eee ie) ae eegleei = one ee en) eer 


charge will be caused by the frequency regions in 
which the arguments of the logarithms become 
negative, and also by frequencies at which the in- 
tegrands have poles, for it is only in these cases 
cos? G,, = | /8 ae res that the real part of (14) differs from zero. We 

ei thus have 


are the values of the indices of refraction in the 
direction of the emission maxima, determined by the 


following equations: 


It is evident that the energy losses of the moving 


dg qh. ¢ t—eB4) (n? —e,) — pre? 92 ¢ (1—e;8%) (n2—e,)—p%e2 
ae a 6,82 (n? — 12) ode 2 \ eo odo 
1 iommel lS £10? (13 — 7) 
gn OF Revs Eq | 

+45 Simao a ey [’ 
where the integration is carried out in the first two —_ and in the third term the summation is over those 
terms over the frequency regions defined respec- frequencies @;, at which Cnet anvil. é, vanish 

: eis _s > 2? 
tively by the following inequalities simultaneously. he ea the ele expres- 
2B? > 62> 1; 2p > 282 > 1, (16) sions for n? and n. we obtain finally 
SOEs (1 : 
dz Qe? Be, 
Deis 4 
|| “i Sela tate | 
1—e,8%) [(e2@ 22 De 2 ood 
(1—e,8?) [(e; €1€3)"B4—2e, (2 == otes)& ?+-2es(2ete2 )B?-+(es—e,)?]"/2 | Se 
2 @; jee we Q 7) 
! q a ue € 
ie eamat a, 
yr Did /aoh, | 2 o? ( €3 )s 


(integration over the regions defined by Eq. 16). This expression determines the total energy losses 
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of the particle, including both the polarization and 
the Cerenkov losses. Let us note that Eq. (4.5) of 
Ref. 3 leads to the same expression for the inte- 

gral of (17), which determines the Cerenkov losses. 


cylindrical surface surrounding the trajectroy of 
the charge. For this purpose we shall first deter- 
mine the field produced in an optically-active 
anisotropic medium by the motion of a point charge. 


Inserting Eq. (6) into Eq. (2), and using the known 
relationships 


2m 


yetrenso dp —= 26) 5 (xr); 
Fy : 


Cy (x a . 
\ eet _ K, (kr); Rek>0, 
0 


Fre. 1 
5. To clarify the character of the losses given we obtain the components of the eleciie Reta 
by al 7), let us compute the energy flux through a Intensity in cylindrical coordinates Serle 
” "agile 
rae (l—e 6°)(n® — ,) — pre? 
Ext) = A | pe Ki (rh) (18) 
TU aha n xa ne 
(1 —— B?\n2 = ) —p2e2 . | 
—+ u = = 2 K, (rk)| gaa) Ee 
Ay — ny ; 
nv — 


1 bi Ky (rhy) 


oy 


a 


je . 
+ > hak (rha)} efeelo- dar 
il! 


2 
iq iG £2 é io(z/v— 
E,(r, t) = =F | eda) (RiKG (ry) — kok, (rkp)} 8 Gl2—1) do, 


where k, : =(»/v)? (1—p? a 2)» and hes are For the magnetic field intensity we obtain analo- 


sly: 
given by (15). re 


iene — 87n5 ; as 
ee Pe | nee ! k Ko(rke)¢ eb? 4/2) wda; 
Ho = wat \ ea heh) + ee Kalra) 
H (r t) = — Ege ( hs ee {kK (rk) <= koKy(rkz)} eden; (1 9) 
ae wot) F(n? — n3) ; 


2 2 2 
No—€ € r ; Iq — 
ae = = = kok, (rks) } etolzi Den, 


ny 1 
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The optical activity of the medium results in an 
electric field intensity component E., and in 
magnetic field-intensity components 1, and, 
which are lacking when a charge moves through an 
inactive medium. 

Using the Poynting theorem, we now determine 


aden ERS 
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the quantity of energy radiated by the charge per 
unit path 

\ (EgH; — Eli) 2erdt, |) 20) 
Inserting Eqs. a 8) and (19) into Eq. (20) we obtain 


through simple transformation 


dz «Tv 


(1 —e,B?)(n? —e,)—@ 
- hao! 


lf Eyles 


part of the expression just obtained will be made up 


of contributions from only those frequencies at 
which k, and &, are imaginary. Noting that in the 


and Es have no zeros in common, the real 


case of imaginary k we have 
R'K, (rk’) Ko (tk) — RK, (rk) Ko (rk*) = in/2, 


the losses due to Cerenkov radiation assume the 


following form [ compare with Eqs. (16) and (17) ]: 


(22) 
2 2 2.2 
ag q? (1—e,6 \ny 4) =f Eo 1 
— —— = — J odo 
dz : Mi eis) : 
22 DDS 2 
Grn > 1 
1 
2 2 
2 
: : odo 
9 


The second term of (22) diverges logarithmically. 
This is because we obtained the fields FE (r,¢) by 
integrating with respect to k from zero to infinity, 
while macroscopic electrodynamics is not valid for 
k ~©, Jt is evident that in (22) one is restricted to 
the frequency region B mt > Pre ae 


The total losses ‘taking the near collisions into 
account) in an isotropic medium are known to be 
independent of the parameter,k_~1/b. This parameter 
which enters logarithmically into the expression tor 
the losses in the case of near collisions, and which 
also enters into the expression for the polarization 
losses that account for the interaction between the 
moving charge and the longitudinal field, cancels 
out in the final expression. In an anisotropic me- 
dium the losses in the case of near collisions are 
the same as in the isotropic medium. But now the 


Ko (rky) RK, (ki) 
(21) 


2 92 + * 
2 Ky (rks) kok; (rhy)| tod o. 


a ea 


parameter k_ enters logarithmically into the ex- 
pression for the losses due to the radiation of the 
extraordinary waves, which are also longitudinal 
in the case of n, ~® Thus in an anisotropic 
medium the total losses, taking the near collisions 


into account, are also independent of the undeter- 
mined parameter £_ , 
m 


6. If a charge moves along the axis of an inac- 


tive (e,= 0) uniaxial crystal, expression (17) for 
the los8es is considerably aie pleee 


dé 


OG 
Gre pa \ (i — a, jodo (23) 
(7) >1 
+5 \G 1) 
oo \\ ae. l)oda 
ae ; | he O" ae 
. wo) [dea Ins Tse oe (+), 
4 


( the second integral is taken over the region 

2 2 2 2 
ne @ (eae, UB jp - 1) > 0 and B Gil, 
while @, are the common zeros of a and ey ) a he 


pression (23) is identical with those obtained in 
Refs. 2 and 3. However, thanks to inequality 


nin pr> Cele (82 — 1), the boundaries of the 


frequency regions, over which the integration is 


_ carried out, are so shifted that expression (23) con- 


tains no pine tlarinics: If €, and ¢, have no com- 
mon zeros, the third term of (23) drops out. In this 
case, making the transition in the limit to the 
isotropic medium (€, ~€, ), the second term of (23) 


reduces to the ordinary expression for the polari- 
zation losses. 
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In the case of the simplest gyrotropic medium 
(c, =€,) the equation for the losses becomes 


The summation extends over all frequencies at 
which €, and e, vanish simultaneously. If ¢, and 


€, have no common zeros, the total losses are 


determined by the first term of (24). The integra- 
tion in (24) is carried out over the frequency regions 
defined by the inequalities 


2 @2 
Nim? 


9 
> 


> (22? — 2)B ey V/ dey + 67e2) B2/22,8 > 1. 


Expression (24) contains no singularities in the 


CO QT fay 


xndnd oo do, 
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(cf. also Ref. 3): 


indicated frequency region. 
7. Let us consider now a charge moving per- 
pendicularly to the optical axis of the crystal. 


Choosing the coordinate system shown in Fig. 2 
we obtain: 


%; = Sind cose; x, = cos}: 
‘ I ? 
%3 = sind sin o ky = ku cos? 
Let us determine the component of the inverse 
tensor Es , substitute it into Eq. (8), and inte- 


grate (8) with respect to the angle g . As a result 
we get: 


+ . ’ m 9 2 ris . . o 
( \ \ n*({—"e, cos*¢—B"e, Sin °@) + B%e,eg3—€, sin2’@—-e,co0s2o 


Ant + Bn? + C 


(25) 


2 2 
= £" (e, cose + e, sin’); 


B = (e, — 8s) sin’e — p(s; 


Assuming for simplicity that €,, €,, and €, have no 


common zeros, we obtain finally the following 


— #3) cos*y — BYe,¢, (1 + sin’); 
ne 4 8 2 2 
C = B's, (¢; — e2) — (81 — 85 


— 2&3) sin’, 


equation for the total energy losses: 


QT 
ee pees 
i, ane d9 \ l 52 (e, cos? m + €3 sin? ¢ 
0 
ree 1 — Pe, cos? o — Be sin? (26) 
i pieed B%e,e4 — ©, Sin® @ — €, Cos’ » 
Bett ce Ener w do, 
nm, =(—B+V B—4AC)/2A 


(integration with respect to dw in the regions de- 
fined by Eq. 16). The upper sign of (26) corresponds 
to losses due to the radiation of the ordinary 


od. Be eee 2 ee SS 


waves, and the lower to those of the extraordinary 
ones. The conical surfaces for the ordinary and 
extraordinary waves are complicated in form (ex- 


(24) | 


\ 
{ 
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varies on the different generatrices of the conic 


surfaces. 
In principle, it is possible to carry out the inte- 


gration in (26) to the very end, provided the com- 
ponents €), €5, and €, of the dielectric tensor are 
given as the functions of the frequency. 

lfep =e ea (26) becomes identical with the 
result of Ref. 3, provided the integration limits are 


changed in that reference in the manner shown 
above. Inthe limiting case of an inactive uniaxial 


crystal (€,= 0) we obtain the corrected Ginzburg 


equation : 


Fie. 2 
hibit a dependence on the angle ~) andthe intensity 


Qn 
ag _ \ do 1 *e1 cos 
ep Otee sles \ ae \ (1s) atpteeces 
dy 27" ‘ val ; Brey sin? Lite costg 22 
nib > 10° >1 ee 
a 4 2 

+\(1 : } a €3 Sin? © 

Bees / (sin® p + Be, cos? g)(e, cos? » + €3 sin? @) ae de | , 


tO RU oD ae eee 


In conclusion, we thank Prof. A. I. Akhiezer for 
2 2 4 interest in the work and for evaluation of the re- 
Nim? > [BP €1S3 sults obtained. 5 


The second integral is taken over the region 


Translated by J. G. Adashko 
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Nonlinear effects which arise in the propagation in the ionosphere of modulated and 
unmodulated electromagnetic waves of arbitrary amplitude have been computed with con- 


sideration of the earth’s magnetic field. 


1 The elementary theory of the Luxembourg- 

Gorkov effect has been given by Bailey and 
Martin. 4 Later, the theory was improved by Ginz- 
burg, who gave a rigorous analysis of nonlinear 
effects in the ionosphere by means of the kinetic 
equation.” 

The kinetic equation was solved by Ginzburg by 
means of successive approximations, in which 
analysis he, for well understood reasons, re- 
stricted himself to a consideration of the first ap- 
proximation only. In the same paper the results 
were applied only for the case of sufficiently 
weak electromagnetic fields.* Meanwhile,the use 
of the velocity distribution function of the electrons, 
obtained in closed form in Ref. 3 for the case of 
propagation in a plasma of an amplitude modulated 
high-frequency electromagnetic wave of arbitrary 
intensity ( in the presence of a constant magnetic 
field) permit us to carry out the calculation of the 
magnitude of cross modulation and other ionospheric 
nonlinear effects without any assumption as to the 
smallness of the field intensity. As a result of 
such a calculation, an essential simplification of 
the theory of nonlinear effects in the ionosphere 
can be achieved, inasmuch as we can avoid the 
direct application of the unwieldy method of the 
kinetic equation. 

Suppose that a high power transmitter produces in 
the ionosphere the field 


E, = Ey (1 +p cos Qt) cos o f, (1) 


where p is the depth of the modulation, 0 the 
modulation frequency and w, the carrier frequency. 
Further, let us suppose the existence of an addi- 
tional disturbing electromagnetic wave with fre- 

*We note that, as a consequence of the omission by 
Ginzburg of a solution for arbitrary magnitude of the 
field intensity, the very meaning of a ‘ ‘weak field’’ 
therein remains insufficiently defined. 

ly, A. Bailey and D. F. Martin, Phil. Mag. 18, 369 


(1934). / 
2V. L. Ginzburg, Izv. Akad. Nauk SSSR, Ser. Fiz. 12, 


293 (1948). 


oy: M. Fain, J. Exptl. Theoret. Phys. (U.S.S.R.).28, 
422 (1955). Soviet Phys. JETP 1, 205 (1955). 


quency w, . In the quasi-stationary approximation, 
which exists for Q << @,, and upon fulfillment of 
the conditions 


2? 


(2 > vor; | — yz | > ver, (2) 
where Oy = |(e /mc )H|, the absorption coefficient. 


k is proportional to w,. Therefore, the field of the 
wave with frequency @, at the receiver is propor- 
tional to the expression4 


E ~exp {— (0,/c) | keds — (s/c) | bods}. @) 


Here ( o/c) fk, ds is the total absorption in a 


wavelength for the weak field. For brevity, the 
notation n= Aver Vero is introduced, where 


Yong is the effective number of collisions in the 
weak field; BY pevene Vero is the increment in 
the effective number of collisions under the action 
of an electric field of frequency @,, radiated by 
the transmitter; 7 is some mean value of the 
quantity 7 along the direction of propagation. We 
emphasize that, because of the conditions (2), Eq. 
(3) is equally applicable for both small and large 
values of Av, >. 

We seek the quantity 7, which characterizes the 


cross modulation, in two limiting cases. In the 
first case, 


Q. Reel OYer, (4) 
while in the second, 
Q SS OVer, (5) 


where 6 characterizes the mean energy lost by 
the electron in a collision with a molecule or an 
ion. Below we shall consider only elastic col- 
lisions. Then 


6 = 2m/M, (6) 


where m is the mass of the electron and M is the 
mass of the molecule or ion. 
2. We consider the case (4). If the condition 


4 
Ia. L.. Al’pert, V. L. Ginzburg and E. L. Feinberg, 
The propagation of radiowaves, Moscow, 1953. 


417 


418 
(1 See oF — 1 (7) 
G2 37 


S. A. ZHEVAKIN ANDI. 


M. FAIN 


is satisfied, where z= / (aw) + v*), the iso- 


tropic part of the velocity distribution function of 
the electron is a Maxwell function with effective 
temperature 


pe ee Se (8) 
Me? (eo Se 2 2 
a lle 1, 
Tes rl © 6RT a? m? ( ie Hei) me OOSSEE) | 


where E, and E, are the components of the elec- 
tric field fosrecuive perpendicular and parallel 
to the earth’s magnetic field H, 7 is the tempera- 
ture of the ionosphere (more precisely, the tempera- 
ture of the molecules and ions). 

In a weak field, in the case of collisions with 
molecules, 


4na? a 
Vef,m,0 = 3 Nn, (9) 


where v = (8kT /mm), 1/2 q is the molecular radius, 
N , the molecular concentration. For collisions 
with ions, * ‘ 
2netN;v In « 
CTO al wae 
where N; is the ionic concentration, o=2k ip fe 
(P= ihe maximal impact parameter‘). 
fA the strong field of the transmitter with fre- 
quency @, the quantity v,, is found from Fas. (9), 


(10) 


tere 


(10) by simple eres tiraticn OL ef for Es 
, Sena, l 8kT 4, ' 
ef, Wk me saireceae hy =n 5 (9 ) 
2 en, In« 
1 Sea MS 7 SN Ty) Ee / ; (10 ) 


where Oe f= 2kT of pees Fence, for the quan- 


tities 7, and 7,, which characterize the cross mod- 


ee ee ge ee ee ee 


Ig (Vv) = Cexp |- \ dome {eT + (1 + pcos or) = ( 
0 


ER MP 


+ FePa 
where 
yh pe chsh ae Be eee 
1(4+ 2’) 5 
z= es yo 
w+ y? ? l 


Oy ~0z 


2E, ,E,,0eH MI sin ( — ie =) 
3Ame (w? + v?)( =) 


ulation, in the case of collisions with molecules 
and in collisions with ions, we get, respectively, 


ea" AV ef m ae Yot.m — Yef,m,0 na V/ To aN (11) 
Ym Yof,m,0 Vof,m,0 di 
ved AV op 4 & Tels In Hof ie (12) 
ji Yepi0 te Ina 


In the case of propagation of the transmitter wave 
(frequency @) ) close to the gyromagnetic fre- 
quency @;, Gan = On) we must consider that this 
wave, generally speaking, is elliptically polar- 
ized. The electric field at an arbitrary point of 
space is then written as 


Ey, = £o,coswt(1 + pcos Q2), 
Ey = Eoy cos (wt — B)(1 + pcos Q2), 
Ez, = Eoz cos (wt — 7)(1 + pcos QZ). 


The velocity distribution function of electrons 
in the presence of snch a field and a constant 
magnetic field #. directe1 along the x axis, is 


obtained by the method set forth in Ref. 3. It 
has the form (in this Fans D. Ta. Kaushan- 
skii took part) f(v)=f,(v) + v -£, (wv), where the 


isotropic part of the reaiee Perce is equal 


(we recall that we now assume the quasi-station- 
ary condition (4) to be satisfied) to 


CEs eae £2) MI 
6A 


|> 


(J is the mean free pathlength of the electron, 
e=—|e| is the electronic charge) and 
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fy = —(1+pcosM2) {[d,(E,ycos8j + £y.cosyk) + 91(—HE.cosyj --HE ycos8k) 
+ r,(HEpozsinyj —HEoy sink) + q1(— Eoysin 8j — Epesinyk)+ AE oxi]coswt 


+[g1(Eoy cos Bj + Foz cos yk) + r(— HE oz cos yj + HE oy cos 8k) 
+41(—HE,zsinyj + HEpoy sin k)+ dy(Eoy sin Bj + oz sin yk) + pF oxi] sin wt}, 


where 
2 Ce 
1 A 60? 81 ofwrP(—2z’P + v1 42zP] O05 
pee ae l Ofo . eae — Ves)" ¢ 
a wt? + yu? dv ’ ae me (w? + y2) ’ 
=e a le +. e (wd, + ve) 
i ~~ io 3 Teh ae me (w? + v2) 


We note that in the isotropic part of the distribu- 
tion function, the term 2MIE, yEy,0 eH sin (@ — y) 
3Ame (w?2 + v?)(4 + 2’) 


is positive if the electric field has the direction of 
rotation corresponding to the so-called extraordi- 
nary wave, and negative for the direction of rota- 
tion corresponding to the ordinary wave. If 
B=y=0, i.e., if the electric field is linearly polar- 
ized, then the velocity distribution function of the 
electrons coincides with the function obtained in 


.) Hebs3. 


Let the condition 
Glyy = "6; ; wr > vey. (13) 


be satisfied. Then the isotropic part of the distri- 
bution function takes the form 


c ; _ p2 ((E2, + E2,)M 
Je Cexe |—(ae mv {e7 + (1 + pcos Qf)? | Maa aay 
= 0 
: Eu.M Ey yEoe MH sin (6 —+) \)= 
re 6 [77] ee 
In this case, e=— |e|. Met 2 
The effective collision number is found from the 7.= rl st —__*F. (1 + cos 07) 
formula‘ 6m°kT wt 
— Met? [ 9 2 
an Cv! Ofo 1 = DamRT)\ Foy + Foz 
—— \ — 5 dv. (15) op 
: — 2EoyE ve rr sin 8 — )) (1 + cos Q£)?, 


Normalizing fy to unity and substituting in Eq. 
(15), we find, for /= const (as will be the case in 
the collision of electrons with molecules), that 


4a SRT 
vein = Nn Vat 8), 08) 


where 


and the function g(w) is determined by the ex- 
pression 


Ve 


\ xe-* (1+ x/u)" dx 
0 (47) 


\ V xe—* (1 + x/u)* dx 


o 
For integral values of u, the integrals which 
appear in the function g(u) are expressed in ele- 
mentary functions (see Ref. 5). The values of 
(u) for integral wu are the following: 


"1, M. Ryzhik and I. S. Fradshtein, Table of integrals, 
sums, series and derivatives, Moscow, 1951. 
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u=0 I 2 3 4 5 7 10 
£ (a) = 10005 2200 314 1.3879. 1431 Mpa 7b Tl OlO 


From Eqs. (9) and (16) for the case of collision 
of electrons with molecules, we find 


(x) — 1; 
3. We proceed to the calculation of the magni- 


tude of the cross modulation for the case 


Q>> Ove p-ln view of the fact that in this case the 
Fo (V) = Doo + Fo,1 cos OF + Gor sin Qt 


(18) 


(0, = Oy). 


quasi-stationary condition (in relation to the fre- 
quency of the low power transmitter ®,)is 


essentially made use of by us, the modulation 
frequency (2 must be limited Blea O46 < < OK <ao. 

By the method developed in Ref. cos it is easy to 
find the isotropic part of the distribution function 
in this case. Jt has the form 


+ Fo2 cos 2QO¢ + Go» sin 20¢ 


(19) 
+ Fo,3 cos 30¢ + Gos sin 3Q¢ ++ Fo, cos 4Q¢ + Gygsin4Q¢+.--- 
Expressions for D9 0 Gow Agee 09? Fo» ne ae Vieexp ae aa : 
etc. have been developed in Ref. 3. When con- ‘ ark T+ eet 
ditions (5) and (7) are satisfied, these expressions where 
take the form 
. Me® (1 of 5 ut) / eee 
joe = — 1 BI ee )}; 
z is BRT? m? | ies OS ye + £o l 
4 6 [perv 2 (1+2) OD) 9]. 
Goi = 3am val mr? | ites =e? “ou |? 
Go2 == + Gori 
5 0G. 
4 i) Roms. ae (lez), FE | rae: 2 0,1 
Lyi 6v2Q dv E mor l (z oz) * I a ov 
4l a[m va kTv® 0G, | ‘ 
~~ Qu? dv | M1 ML Ov |? 
. 0G, 
4 OL [ig Ce ro eee) 2 25 i Be 
Poa 12020) ae mo? | a G7 Hon)! (et te con 
U. a[m UG, RT eal 
~ 16002 dv | M1 M 1 ov |’ 
iSighoa pen: ee) pf, \ Be 2.4 | . 
[Bes — 18Qv2_ Ov. fo Bray, (44 JLT ae StE 0 8 OV ’ 
Ue ‘ 
Fo,4 aa a6 f,3: 
4 0 e? re (bse ea) 2 \ / 2 OFo, OF 0 
Cae, aatiey 3 nites ’ ’ 
Go,s ~ 48Qv2 au ie me | (23 ali (i1—2F or Eo I ( 4 ov (6) 
ahs = \OFos . py? yp? OF, s) rapes NO Oleh i ee ‘Fos, kT ae ; 
du ov 3Qv du i Mi ov |’ 
Ge Bee) pt OFoe , Fos 
os Sa oe Hee Sans Eo 1 4— W824 g Foi a “en } oe 
| et Niemen aol! [4 GOAL and t Wia, 
\ }} Ie 4Qv du l ML ov }|° 


Substituting all these expressions in Eq. (15), 
and setting |=const there, we find the effective 
number of electronic collisions with molecules: 
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Vefsm = Yo + YQ cos QE + vo sin Qt + Yiq C08 20¢ +-¥), sin 2O¢ 


(20) 


+ Yaa cos 8Q¢ + at sin 3Q¢ + Vag C08 40 + a sin 4Qf, 


where 
ins aie geile targeted oe LE gn a 3 
3l Tite 622 302/2m2e? M OL COR ee oll } Yo» 
. 4ue? 2 (1+2) 
eet Se om 2 . , atk U- tr ” ” 
2 302 mia? ( ol dz + £o 1) ‘aa 46 a’ 20 a Vos 
25,2 
y. 4d). y Sea eee Saar e) he jee (te a Sey Steere 
3Q 3Q M 180% me? 2 OL zp © Soll )%a? Ysa 0; a Ga 
the linear approximation relative to E2 and, in 
Hence the absence of a magnetic field, with the formulas 


Nm = No + 4, cos Qt + No sin Qt (21) 


+ 7%, 608 2Q¢ + Too sin 204 
+ Tyg COS 8Q¢ + 4), sin 3Q¢ 


+ Nha COS 408 +- x; 


4Q 


sin 4Qf, 


where 


Ve al 


: ; eee ee 
Ue ve ereaa No = Val ¥ep.m.,0° 


Rens Sah gece 
“loa = Vil Yer m,o% Nea = Yea Yef,mo HT. A. 


We shall not consider the collisions of elec- 
trons with ions, because of the small practical 
interest of these collisions when condition (5) is 


satisfied. * : 
4. All the formulas we have obtained agree in 


obtained in Ref. 4.* The difference between our 
formulas and the corresponding formulas of Ref. 
4 are illustrated in Figs. 1 and 2. 


_@ & mM 


In Figs. 1 and 2 the quantity eo 
Mm 2 6kT 


X.ltucosM)* is plotted along the abscissa and the 


quantity 7 = Ave;/Yez0 along the ordinate; the 
earth’s magnetic field was not considered. 

We now estimate magnitudes. In this case, we 
consider that we need to replace the quantity 
2m/M =6 o1 which characterizes the energy lost 
by the electron in an elastic collision, for the 
calculation of inelastic collisions by a certain 
mean quantity 5). We assume, in accordance with 
Ref. 6, that 6) =2x 107°. Assuming that the sys- 

tem of the transmitter radiates upwards with a gain 
of g=1.5 relative to radiation isotropically radia- 
ted in the upper halfspace, we shall compute the 
field intensity £) in the ionosphere by means of 
the formula, 


Wy 
ene (10)/ - x | exp {— 2k (0,) ds} CGSE, 


*In Ref. 2 the isotropic part of the distribution 
function lip +f 9) for the case ().<< Over o Was incorrectly 


not normalized to unity. Therefore, in this case our 
formulas do not agree in the linear approximation with the 
formulas of Ref. 2. In our work, Av, , for the collision of 


electrons with ions has the same sign as in the elemen- 
tary theory, while in Ref. 2, Aves has a different sign, 


because of the incorrect normalization. 


a G. Huxley, Nuovo Cim. Suppl. 9, 59 (1952). 
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Fic. 1. Relative increase of the effective number of electronic collisions 
with molecules 7,,=¢ Vef.m! “ef,mo 28 4 function CEN parameter x, which is 
proportional to the square of the amplitude of the high frequency electromag- 
netic wave. J-according to the approximate theory with consideration of 
terms only of order jDeP 2-according to the exact theory. 


where W ew is the transmitter power in kilowatts, rad/sec, and considering that 

r+, is the distance in kilometers. Assuming the Fadi 

distance from the power transmitter to the region —. \ k(w,)ds = ace \ Ro (@2) dS = 1, 
of the ionosphere, where the cross modulation takes : : 


place, to be equal to 85 km, the modulation factor 
of the field of the power station to p=0.5, the 
temperature of the ionosphere T7=300 °K, the 
circular frequency of the power station #, =106 


we obtain a table for the comparison of the magni- 
tudes of the cross modulation according to the 


exact theory and in the linear approximation rela- 
tive to Ey : 


nN exp J_@ a\ hed} 
linear linear ; 
FS epproximalionsilli “atd> oe, | approximation pee cae 
5 i Collisions i: 
= a n nD a D ‘i> vs (ae 5 
ms & a eo g BS im om | 
© 3 a) 3 ° 3 sj 3 ° 
= 3) o at cS) ) tc) 
a a aor peste s £4 2 a5 a 
Sieben ee) ee 
! 
125 Ones) I ORE OR 0.24 0.44 OR 0.49 0.79 0.645 
250 AROGF | 70253 1.44 0.44 0.62 0.59 0.237 0.645 0,54 
500 2128 OG 2.88 0.77 Onis ORES 0.056 | 0.465 0.455 
1000 LS PHL AVY ie U5 1.29 0.90 Oe 0.003 | 0,276 0.44 
Thus, even for transmitter powers ) ae mitter powers 2250 kW. We note that the amount 


~ 250 kW, noticeable deviations from the results of of cross modulation in Eq. (3) is characterized 
the linear theory are obtained. The above applies by the factor exp {-w’ n- fko(w,)do}, and that 
particularly to the cdse of collisions of electrons 

with ions. As a result, the linear approximation 
relative to Ee is no longer satisfactory for trans- 


it is impossible in thé case of strong fields to 
limit oneself to the first two terms of the expan- 
sion of this exponent in a power series, as was 
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done in Ref. 4. 


Fic. 2. Relative increase of the effective 
number of electronic collisions with ions 
i= Wer i Ver io 2S 4 function of the para- 

? > 


meter x, which is proportional to the square 
of the amplitude of the high frequency elec- 
tromagnetic wave. 1-according to the approxi- 
mate theory with consideration of terms only 
of order E“; 2-according to the exact theory. 


It is natural that in the two limiting cases (4) 
and (5), our formulas, in contrast to the formulas of 
Ref. 4, contain the frequencies 30, 4Q, etc., in 
addition to the frequencies () and 2Q. It is curious 
that the coefficients for sin Q¢ and sin 2 Qt in 
Eq. (21) (in the case /=const) agree in accuracy 
with the corresponding coefficients* obtained in 
Ref. 4. We also note that the coefficients 7 0 ; 


1 ‘99 which already appear in the linear approxima- 


. . Be e . 
tion relative to E>, but which are ~ ierg times 


smaller than the coefficients 7 “¢Q and 7 “‘9qQ are 

not considered in Ref. 4. 

5. Vilenskii’ considered the phenomenon of 
phase and amplitude self-modulation of an electro- 
magnetic wave which arises in its propagation 
through the ionosphere. This phenomenon was 
studied experimentally in Refs. 8,9 at a frequency 
close tothe gyromagnetic. In these works, the 
phenomenon was given the name ‘‘automodulation”’ 


*Provided that the presence of a magnetic field is not 
taken into account. 


ay, M. Vilenskii, Dokl. Akad. Nauk SSSR 92, 525 
(1953). 
BIE Gutolo, Nuovo Cim. 9, 687 (1952). 


9 
M. Cutolo, Nature 167, 315 (1951). 
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(see also Ref. 10). However, in Ref. 7, the 
normalization of the distribution function of Ref. 2 
was applied incorrectly, as a result of which the 
author of Ref. 7 obtained wrony results for the case 
O<< Sve f,o° For the correct calculation, the 
effect of phase self-modulation is some 103 times 
smaller than that found in Ref. 7. 

Actually, let the transmitter radiate a modulated 
wave which, upon its entry into the ionosphere, 
corresponds to the field E=E, (1tp cos QO) cos at. 
We set up the condition that the coordinate s runs 
along the path of the wave so that on the lower 
boundary of the ionosphere (for entry into it of the 
electromagnetic wave) s=0. The field of the wave 


at a specific point s in the ionosphere can then be 
represented as 


= E,(s,¢)(1 + cos Q£) cos (at — ¢(s, £)). (29) 


We now calculate the current arising under the 
action of this field. In such a case, in contrast to 


Ref. 7, we shall neglect not the quantity rie <1, 
but the ratio v4+/@*. The distribution function in 
the absence’ of a magnetic field and upon fulfill- 


ment of the condition Q < Ov eg will be:® 


FW= fle) owls 
where 
n 91; -mv?]2kT . 
‘es (ser ) sheahieel 
a M @ey : 
Ve = he | ea + cos QF)? | 5 
2 4 
f, = —E, “ f aie, = = Cos (wt — ¢ (s)) 
1 ras) Rae a 
=e Cacia (ot — 9 (s)) | 
Ro Of -uCOs 
x erate +- cos QF) 
e [ cos(wt — o(s)) 1 vo 
a —E, = | il ++ eri (! =) sin (wt 
# (3) [5 He Conse ae 


*In the isotropic part of the distribution function, we 
have neglected the quantity ( v/w)2, because in the cal- 
culation of the current density this is equivalent to 
throwing away terms of order v4/w*. Just for simplicity, 
we have neglected the ratio (v/@) 2 in the coefficient 
for cos ( wt - pl s)) also, since this leads only to an 
insignificant change in the calculation of amplitude modu- 
lation. 


an ect in the ionosphere, Usp. Fiz. 


A new nonlinear eff 
Nauk 49, 484 (1953). 
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Tas eles ance a and (E”)) ah Cl + pL cos Qt) has the form: 
1’s=+0 ~0 : 
: fe TEP (24) 
ie U2) eV) iutdy, FE, = {Ey (1 + pcos QZ) 
pe . 
which yields me 
1 4+ 2AR/n ,=3 . 
— Be Tanp £0 (1 + p cos at)s| g-wks/e 


fea {o cos (wt —¢ (S)) (25) 
ay Si Ake 
any h gabe bad (ot — (s))} (1 + pcos Qt) 20 1+ 4(k/n)? 


At 


E§ (1 + pcos Q4)3 e3ees/e; 


+ Eis, {cos (wt — (s)) @ o, fk 1+4+2Ak'n 
p(s) = US + 55 an T+ 4 (Rin 
+ Asin (wt — o(s))} (1 + pcos 24), : 
— 4\ £3 (1 + pcos M4) (1 — e294), 
where /V_, is the molecular concentration, 
Nev, ¢ 9 4 os eS 
Sa) Met = ay Nn; alk: ; 
E = Ege (1 <5 fgg 

ee ere es Ane? (i It ase 10 2), 

ion ACR Om |” mo 2 Toe]? X {1 + pe cos Qt — peg cos 2Ot — ps9 cos 8Q2} 

a SRT \*/2. ed eO] Yer,0 
= (#2) » A= : ov) x cos {wt — (wns /c)—a(1 + p?/2) 
In the following we shall for simplicity consider the sted 
rQ COs Qt — J 

region of the ionosphere in which self-modulation Pea cos 202}, 
arises which ishomogeneous in an isotropic medium. h 

Then the quantities k(@), n, o etc., which enter alc 

into the theory are certain averages corresponding b 

to the quantities of the real ionosphere. of aS Saale pete avanon on 

zm b6kTw'm \n 1+4(k/ np 


For a homogeneous and isotropic medium, we get 
from Maxwell’s equations . 
Os? Ce OF CaOb : oe M is 
' = part ——____ 
Substituting the current (25) and the field (22) in een LO 


Eq. (26) and taking into account that Q<<ao, 14— 4,42v,, ok / on 
we can equate separately the terms in sin(wt — (s)) >, ST EEL? CIES: Bd er 20ksic). 
and cos (wt— ps )). As a result we get two 
equations for E’,=F ,(s,t)(1+pcosQt) and ¢(s,t): ope eae (toy an 
Ae Cy yes 
das ROL =p do \* wep! ARCA pig-T 0 
as? Ey io = Cc? Ei — wh 362i Ey = 0; (27) a 8/2 

, : =F 1 — —— oy 2? 

OE, @ Oe 4nmom ,' , 40,0 7’ re de 
9 WAS @ 1 3a 
= OSS reed ae ae Bid, e? ae aye 
— 4 . oe =. . 

It is easy to convince oneself by the proper sub- PQ Ty — Jory? Bo = 2a; 


stitution that the solution, with accuracy to EO 


which satisfies the boundary conditions (gp) +50 Boy = on? / 2 
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If we assume that k<<n, as is done in Ref. 7, and 
use the final results of this work, then the quan- 
tity a which determines the phase modulation is 
1.2 x 10° times smaller than in Ref. 7, and the 
quantity which determines the amplitude modulation 
is about 4 times smaller. 

Assuming the distance to the lower bound of the 
ionosphere to be r = 100 km, the temperature of the 
ionosphere to be 7’ = 300° K, the power of the 
transmitter W =200 kw, the angular frequency of the 
transmitter / =3 x 10° rad /sec, the effective 
number of collisions vera 10°,, the angular fre- 


quency of modulation 0 =300 rad/sec, and replacing 
the value 2m/M=6 + (which characterizes the 


energy transfer in an elastic collision with a mole- 
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cule) by 2x 10°° (Ref. 6), we get for the frequency 
shift Aw (upon satisfying the condition 2wks/c 
>> 1): dg/disa TAgma— B OsinO, a quan- 


tity of the order of 2 rad/sec. 

We note in conclusion that the experimental 
investigation of the phase self-modulation, arising 
in the passage through the ionosphere of an ampli- 
tude modulated electromagnetic wave would be 
useful for the determination of the effective num- 
ber of collisions in this region of the ionosphere 
in which the phase self-modulation arises. 


Translated by R. T. Beyer 
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On the basis of dispersion theory, with the effect of saturation taken into account, a 
theory is given of the operation of the molecular generator and of the microwave molecular 


power amplifier. 


Formulas are derived for the condition of self-excitation of the generator, 


and for the generated frequency and the amplitude of the steady oscillation. Other problems 
considered are the power amplification factor of the molecular amplifier, the bandwidth of the 
amplifier, and the condition for operation of the amplifier in the linear range. 


1, INTRODUCTION 


B Y a molecular generator we mean a self-oscil- 
latory system that uses the energy connected 
with transitions between different energy levels of 
molecules. The oscillatory circuit of a molecular 
generator is a cavity resonator. Through the cavity 
resonator is passed a molecular beam, in which 
there is a partial or complete absence of molecules 
in the lower level of the transition being used, so 


that such a beam is capable of radiating energy. A 
feedback coupling in the molecular generator is 
affected by the electromagnetic field of the resona- 
tor, which, acting on the dipole moments of the 
molecules that are passing through the resonator, 
causes induced emission by these molecules. In 
order to achieve a condition of self-excitation, the 
resonator must have a sufficiently high Q so that 
the power radiated by the molecules is greater than 
the power lost in the resonator and in the generator 


load. 


The saturation effect in the induced emission 
constitutes the nonlinearity that determines the 
amplitude of the steady oscillation in the circuit of 
the molecular generator. 

However, the molecular generator is not com- 


pletely analogous to other generators with respect 
to the feedback coupling, since it is not a classical 


system; for the induced emission is an essentially 
quantum effect, which cannot be obtained by a 
classical method. In distinction from other genera- 
tors, in the molecular generator the oscillatory 
energy is not produced in the generator circuit, but 
is carried into the generator circuit by the mole- 
cules of the beam, each of which must be considered 
to be excited by the oscillatory circuit; i.e., a 
molecular generator is an oscillatory system with 
a very large number of degrees of freedom. Therefore, 
the theory of operation of a molecular generator must be 
developed by a statistical quant um-mechanical 
method. In the present article this is done with 
the aid of dispersion theory, with the saturation 


effect being taken into account. ! »? 


The distinctive property of the molecular gener- 
ator is the enormous stability of its frequency, 
for the generated frequency is little dependent on 
external conditions and is essentially determined 
by the frequency of the spectral line employed. 
Therefore the molecular generator can be used on 
the one hand as a standard of frequency, and on 
the other as a spectroscope of high resolving 
power. 

If the conditions for self-excitation are not ful- 
filled, then the molecular generator ean serve as an 
amplifier of microwave power with a small noise 
factor. 

The theoretical possibility of constructing a 
molecular generator was pointed out in an article 
by us** A report has recently appeared of a reali- 
zation of such a generator.* Jt should be mentioned 
that in the latter work there is no theoretical con- 
sideration of the reason for the operation of such 
a generator. 

2. THEORY OF THE MOLECULAR GENERATOR 

In this section we shall obtain formulas for the 
generated frequency w of a molecular generator 
that uses an isolated spectral line of frequency @,. 


At the same time formulas will be obtained for the 
amplitude of steady oscillation of the electric field 
E in the generator resonator, tuned to fre quency 
® and having quality factor Q. 
The problem proposed reduces to the considera- 
tion of the behavior of a cavity resonator filled with 
*The first report on the theoretical possibility of 
constructing a molecular generator was presented by the 


authors of the present article in May 1952 at the All- 
Union conference on radiospectroscopy. 


1,. Landau and E. Lifshitz, Quantum mechanics, 
p- 170, (1948). 


2 
R. Karplus and J. Schwi PI : 
brag winger, Phys. Rev. 73, 1020 


3 
N. G. Basov and A. M. Prokhorov, J. Exptl. Th t 
Phys. (U.S.S.R.) 27, 431 (1954). P eoret, 


4y.P. Gordon, H. J. Zeiger, and C. H. T 
Rev. 95, 282 (1954), : ee a 
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a medium with negative losses in the vicinity of 
the frequency @,. In the solution of this problem 
we neglect the Doppler broadening of the spectral 
line, considering that it is always possible to 
choose a type of oscillation in the cavity resona- 


tor for which Doppler broadening is absent. 
Let the medium be described by a complex dielec- 


tric constant 


e =e’ — ie” = | + 4rxN, (1) 


where « is the polarizability of a molecule, and N 
is the number density of molecules in the cavity 
resonator. The value of x, with the saturation 
effect taken into account, can be written in the 


form)? 


rae ae (2) 


ray 
h om 


2 


(o, —«@ —i/ t) (ef) — ep) 


(o, — oP 7-241 d,™P [EPA - 
2 


where ld ™ is the square of the matrix element 


of the z-component of the dipole moment corre- 
sponding to the molecular transition between 
levels m andn; T=I1/v_ is the mean time of transit 
acrossthe resonator field, / is the length of the 
resonator, v is the mean speed ot the molecules, 
P is the probability of occurrence of molecules 


at level & at the moment of entry into the field of 
the resonator. 
Let Ne active molecules cross the cross section 


S of the resonator in one second:* then 
N=WN,/Sv. (3) 
Substituting Eq. (2) and (3) in Eq. (1), we get 


(@. -—— @)T (4) 


e = | — Ay o, (0, oP +t +y1EP’ 


ip co) 1 


— AiG To, OFF FF TIEF! 


*By the number of active molecules we mean the dif- 
ference between the numbers of molecules in the upper 
and lower levels of the transition under consideration. 
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where 


A=4nN,h/Sl; +=|d, LO (ick 6) 
The equation for the electric field intensity in the 
resonator will be written in the form 


(6) 


a oO, a 


92 
0 
Gh oO de ee 2 =, 


where 
Mere Vincent) 


For simplicity we consider that E does not de- 
pend on the coordinates x, y, z of the resonator, 
since Kq. (4) was derived on the assumption that 
the field E is uniform over the cross section of 
the resonator. When there is a dependence of the 
field E on the coordinates of the cross-section, it 
is necessary to derive new formulas. Taking 
account of the fact that the magnitude of the 
saturation effect is different for different points 
within the resonator. Such a calculation cannot 
give anything new in principle, and our solution 
amounts to the introduction of a certain effective 
field. 

We seek the stationary state in the form 
E=E, e’®? Upon substituting in Eq. (6) and 
setting the real and imaginary parts equal to zero, 
weget , 


— oF + of /[(e’) + @"] = 0; (7) 


© /Q + ey 2" / [(2e’)? + (e’)?] = 0. 


By taking account of the expressions (4), it 
is possible to rewrite these equations in the form 


Q? 
(Caray Fl: is) 
® (®,— @) T 
; (= OP +t 1 EP? 


Qe / © 
Color Ft 
ae A 4 
chip esc 


@, (O,— OPT? +71EP * 


By eliminating the amplitude of oscillation £ 
from Eqs. (8) and (9), we get the following 
equation for the frequency of steady oscillation: 


—_—_ — = 
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oF + oo (aca ei ieee 1) (10) 


— 03 Of al) esa 


From Eq. (10) it is clear that 


A = |o,—o|/or<. (11) 
On solving the equation to terms of the first 
order in A, we find the generated frequency 


). a2 


DQ) Dy 1 


oT O, Qo, T 


LAG 
\ 


As is clear from (1 2), the generated frequency does 
not coincide with w, even when the resonator is 
exactly tuned to the frequency of the spectral line 
(@ =, ). As an example, for a molecular genera- 
tor with @ T= 2 x 107, with Q = 1000, and with 
j oH -6 : 

(w, —w.)/w, =5 x 10°, we get (20/@,7) 
x (@) — w,)/w, =5 x 10-?° and 1/Qw, 7 
=5 x 1071}, 

The values quoted can be realized for a mole- 


cular generator operating on the line J = 3, K=3 of 


the NH, molecule, i.e., such a generator can be 


used as an absolute standard of frequency of 


accuracy ~10°9, 


The amplitude of steady oscillation can be deter- 
mined from Eq. (9). It is equal to 


Lae t = ((9 2 


Qo @, Wp 


y ; 1 (13) 
— (0, — w)? ? -— Ih 


If we consider that Oy =O, =@ and that 


1/ Q << 1, then from (13) we get the following ex- 


pression for the limit of self-excitation of the 
generator: 


4x N, 


Ay?Q>1 or a 


| de'n [2 Qt? > 1, (14) 
The expression (14) was obtained by us earlier 
in Ref. 3. If Ayv?Q >> 1,  , then the amplitude 
of steady oscillation takes the form 
|E)? = (4nN, fie, / SL) Q, (15) 
in this case the molecular beam radiates to the 
resonator the maximum possible power 


W max = ho No hor. (1 6) 
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3. THE MOLECULAR MICROWAVE POWER 
AMPLIFIER 


If the condition for self-excitation in a molecular 
generator is not satisfied, then such an apparatus 
can be used as an amplifier of microwave power. 
This apparatus is analogous to a regenerative 
receiver. A molecular generator possesses a small 
noise factor. 

We shall find the power amplification factor of 
such an amplifier. The molecular amplifier is 
described by the same equations as the molecular 
generator, except that on the right side of Eq. (6) 
it is necessary to add the external force, related 
to the power being amplified: 


(17) 


: mI ea d | © Pe iot 

—E - 0 Fa : B= oF" Bees 
The amplitude of the external force B is deter- 

mined by the power input WV. to the amplifier 


resonator. We can represent by We the power out- 
put from the amplifier; then the power amplification 
factor of the amplifier is 

K= W/W, (18) 
In the absence of the molecular beam, K is the 
coefficient of power transmission through the 
resonator. 

To find the amplification ( transmission) factor, 
we shall calculate the field in the resonator in two 
cases: in the presence of the molecular beam in 
the resonator, E, , and in its absence E,. Then 
the power amplification factor will be equal to the 
ratio of the squares of the field in the resonator in 
these two cases, multiplied by the coefficient of 
transmission through the resonator Ky in the 
absence of the molecular beam: 


K = K,(E,/ E,). (19) 


From Eq. (17) we get the following value of i) 
Ey? B2 (ay eee a 
|Z, | {I( o) @ Fee 1} (20) 


_@o\? a! 4 1 @))4 
+ (Gy eerer to Shh 
We get E, from (20) by setting ¢’=1, e’= 0. 


At resonance, @)= @, =, the amplification 
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factor has its maximum value. It is equal to 
Kn = Ky] (1 — Are) @1) 


From (21) it is possible to estimate the bandwidth 
A of the amplifier. We shall define the bandwidth 
of the amplifier as the amount of detuning of the 
frequency, with respect to the resonance frequency, 
for which the amplified power is diminished by a 
factor two. For K < @, 


te Ad) Ral tn. (22) 


Eq. (22) shows that the bandwidth of the amplifier 
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decreases with increase of the amplification 
factor of theamplifier. This also takes place in an 
ordinary regenerative receiver. 

In order that the amplifier may operate in the 


linear range ( far below saturation), the following 
condition must be satisfied: 


pica or ea (/) 


Translated by W. F. Brown, Jr. 
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The symmetry of ead Lapis with a magnetic moment is considered. Besides coordinate 


transformations, trans 


ormations involving time reversal are investigated. The correspond- 


ing point groups are derived. It is shown that the structure of crystals which possess a 
magnetic moment is not invariant under time reversal. 


1. INTRODUCTION 


N the determination of crystal symmetry, one 

regards the crystalline matter as a definite con- 
tinuum. Such a description is statistical. In fact, 
the atoms and molecules of a crystal are all 
the time in motion. The crystalline continuum is 
to be understood as a time average over the state 
of the crystal. Below we shall be concerned with 
this average state. 

A transformation which transforms this continuum 
into itself is called a symmetry transformation. The 
possible symmetry transformations depend on the 
properties of the continuum. One usually attributes 
to the crystalline continuum the following proper- 
ties: (1) it is of infinite extent, (2) it is ‘ ‘rigid’, 
i.e., under any symmetry transformation the dis- 
tance between any two points of the continuum does 
not change; (3) it possesses a three-dimensional 
space lattice. 

Condition (2) restricts the symmetry transforma- 
tions of the continuum so as to reduce them to 
translations, rotations and reflections. 1 Condition 
(3) limits the possible symmetry transformations 
still fathers. The existence of a space lattice 
rules out, for example, the occurrence of a rotation 
by 27/5. 

The picture of a crystal as a continuum with the 
above properties is not rigorous. In a crystal some 
parts may move relative to the others. This motion 
may be described by a time averaged current density 
j (x,y,z). If charge is moving, then j (x,y,z) 
represents the time average of the electric current. 
In the equilibrium state of a crystal the average 
current density j (x,y,z) satisfies two conditions: 
(a) there must not be any sinks or sources for the 
current i.e., div j=0; (b) there must be no macro- 


1B. N. Delone, N. N. Padurov and A. D. Aleksandrovy, 
Mathematical Foundations of Structure Analysis, Moscow- 
Leningrad, 1934, 


ae Belov, Structural Crystallography, Acad. Sci. 
USSR Press, 1951. 


scopic current, i.e., the integral {j dS, taken over 
the surface of a unit cell, must vanish, since 
otherwise the state of the crystal would be ener- 
getically unfavorable. 

For the vast majority of substances : j=0; this 
applies to nonmagnetic, as well as paramagnetic 
and diamagnetic substances. On the other hand, 
ferromagnetic, antiferromagnetic and pyromagnetic 
substances must have iz 0. 

Crystals with j # 0 should not be visualized as 
‘‘rigid’’ structures, but rather as the stationary 
flow of a liquid, in which the flow velocity : 
v (x,y,z ) represents the current density j (x,y,z) 
and satisfies the conditions (a) and (6b). In this 
manner we arrive at a picture of a crystalline con- 
tinuum which differs from the usual one. This con- 
tinuum may, in general, possess symmetry trans- 
formations which are not rotations, reflections, or 
translations. Any symmetry transformation of the 
continuum which we have defined can be made up 
of a transformation which treats it as a ‘ ‘rigid’’ 
structure, i.e., which satisfies condition (2), and 
a transformation of the current density j (x,y,z) 
which does not change the space coordinates. 

The distribution of the mean current density j 
allows a transformation which is peculiar to vector 
quantities, viz., a reversal of its direction. This 
transformation is equivalent to a time reversal.? 
Following Landau and Lifshitz, 3 we denote this 


transformation by R. Then our continuum allows 
the transformations 


where 6 is a transformation which satisfies con- 
dition (2), i.e., consists of translations, rotations 
and reflections. 
2, SOME PROPERTIES OF THE TRANS- 
FORMATIONS INTRODUCED ABOVE. 
STATEMENT OF THE PROBLEM 


Not every M can be a symmetry transformation. 


3 
L. L. Landau and E, M. Lifshitz, Statistical Physics, 
GITTL (State Tech. Lit. Press), 1951, p. 129. 
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If, in the expression (1) for M, which represents a 
symmetry transformation, we replace the time 
reversal by the identity operation EF, M must go 
over into a symmetry transformation of the usual 
type, A.* Therefore, if M is a symmetry trans- 
formation, 


M=RA. (2) 


In other words, a crystal with j-+/ 0 may possess 
symmetry transformations of the normal type A and 
those of the type M =RA. 

However, not all transformations of the type (2) 
may occur as symmetry transformations for a 
crystal with j4 0. For instance, in such a case R 
itself is not a symmetry transformation.® Indeed, 
if we apply R, we obtain j=-j, which is possible 
only if j=0. Equally excluded are those M=RA 
for which A is of odd order v. (The order of a 
symmetry transformation is the smallest positive 
exponent v for which A’ equals the identity opera- 
tion E.*4) To prove this, we first note the obvious 
properties of R: (a) R commutes with the symmetry 
transformations of the usual type A, i.e., RA=AR, 
since R acts only on j; (b) RR= R?=E. 

Let M= RA, where A is of odd order v. Then 
M’=RYA’= RA” =R. If we assume that M is a 
symmetry transformation, then MY” must also be a 
symmetry transformation, and we arrive at a 


contradiction. 
It follows from this, in particular, that the 


transformations R, and RL, , where L, is a rotation 


through 120°, are ruled out. 
We note the following properties for later use: 


ah M’ for odd n (3) 


A” for evenn 


MM’ =A. AM = M’, Via 


The set of symmetry transformations of a given 
crystal forms a group in the mathematical sense of 
the word. The elements of the group are the sym- 
metry transformations, and the products of elements 
represent their successive application. The set of 
symmetry transformations for a crystal with j7 0 


SS ———— 


*B differs from A in that B is an arbitrary combination 
of rotations, reflections and translations, whereas A 
includes only those compatible with a space lattice, 
which may belong to a crystal. 


4a. G. Kurosh, Theory of Groups, GITTL (State Tech. 
Lit. Press), 1953. 


also must form a group. There arises the question 
as to the possible groups of symmetry trans- 
formations of crystals with j¥ 0. We shall in the 
following be concerned only with point trans- 
formations. The determination of these possible 
groups of point transformations is the main object 
of the present paper. 


3. ALGORITHM FOR CONSTRUCTING 
THE POINT GROUPS 


As a preliminary, we prove the following proper- 
ties of the groups under consideration. 

1. If the point transformations M, and A; form a 
group, it is impossible to choose i and & in such 
a way that M,=RA, . Assume the contrary: M, 


> RA, . Multiply both sides of this 
equality by A” -1, where v is the order of A: 
M4,” =RAY=R. Since M, and A,Y"! form a 


group of point transformations, M, 7 ass must also 
be a symmetry point transformation for the crystal 
with j¥ 0. But R is not such a symmetry trans- 
formation. Hence we have arrived at a contra- 
diction. 

On the basis of this property we may adopt the 
following convention for the labels & and i. If 
M,, and A, form a group, we shall always assume 
i +k, choosing k=1,2,... 


n 


sm; tem tlm 42; . 2 3, 


2. Assume that M),= RA, and A, form a group of 
point symmetry transformations. If we replace R 
by the identity E, i.e., M,. by A, then the result- 
ing elements A, and A, form a group,® which must 
belong to one of the 32 symmetry classes, since 
after replacing R by E we no longer consider j, 
and thus arrive at the usual picture of the crystal 
as a rigid structure. 


3. If Mj= RA, and A, form a group of point 
symmetry transformations, the elements A, form a 
subgroup. Indeed, A.,, A; is a transformation of 


the normal type A, and hence not equal to Mie 


Consequently A A ,or= A ,/7, since the A, and M, 


form a group. The subgroup of the elements A, 
must belong to one of the 32 crystal classes. 

The properties listed above lead to an algorithm, 
as yet incomplete, for finding the groups of point 
symmetry transformations. Take a symmetry class. 
Let its elements form the group G. We find a 
subgroup amongst the elements of G. The sub- 
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Groups of point symmetry transformations for crystals with nonvanishing current density. 


Symbol of symmetry 


class Number of 
elements in 
System Elements of symmetry class hate lines 
Shubnikov | Shoenfliess 
(order) 
Triclinic 1 Ci E 
2 C; E,C 2 
Monoclinic > C2 Lae, | ‘ 
m Cin EP z 
Deo ap Con Ei diy, Pg | 4 
Rhombic Oye D) Ds &, LON Ley) Ly 4 
2-m Con 1 Di Ae EN cae ie 4 
m:2:m Dyp, Eige L cp LOSI SAY ESET CAN Rd Cc 8 
4 C —1 
4 BL, Lap i 
4 5 2, D —l1 a) 
t By Ly7) Loz Lyzs Lox Loy) Ly xy L,_y S 
4:m Can DPD), eka peer eae, 8 
4.m Crs | Dp Da L,,., Le lee Lys Bes ey 5 
m-4:m 2 —1 j 
Dyn Bp, D4, Ly. Lys Lox Loy Dany) Lo icy 
= 16 
Pe, Py oa Pee Pi Ses C, Sin 
4 Sy ES tes 
4. D ; —1 8 
a 2d ET Sy Lai Px, Pp Pony: Ly sy 
Hexagonal 3 C3 EB, Leg, |e 3 
3:2 Ds [OG Drege Ee oS 6 
Om Cy, Be ES, Lae ay i 6 
6 S¢ Ei, See: L,,) o Bek See 6 
6-m De ESer Lge Ox Pepe Oar ail ween 42 
Qe mY —_ — 
3im C5 Ef. Le La PS, Sor Se 6 
m-3:m D5p, E, bre oats 3P > Py, Sa AER 3L, 42 
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Groups of point symmetry transformations for crystals with nonvanishing current density 


1) EB 
1a.) FRC 


i) 6, L,,, 2) £, RL,, 


4) E, P; 2) E, RP 


Weer. 2) 2eRP) RCs). 7) AL, BC: 4).2,° RL... RP: 


a) 2: 2-2) 2, AL... RL,,, 

1) 2-m; 2) 2, RP,, RP,; 3) m, RL,,, Be, 
1) m-2:m; 2) 2:2, RP,, RP, RP,, RC 

3) 2:m, RL,., RL,,, RP,, PC; 4) 2:m, RL 


Peg) SEED, 


RE RE, RP, 


2x? 2y’ 


ee 2 2) 4, RL Ble, RL... BL 


items Ae RP PS, 25°, RC 

See RE Rb, BS BS: 4) 4, RL, RL ye» RC 

Vas ey een RP RP, RPS 33) 2m, RL, Riley hl eee oy 

dj) aim; 2) 432, RP,, RP, RP, HE Se, aS og, spies RC 

ee li les eek, RP oPue hee, vhP. 4) 4.m, RL,,RL,RLoey, RL, xy 


2x0? 2y’ Qxy? RL, ys xy’ —xy” 


RP_, RS,,, RC, RS{}; 5) m-2:m, RL,,, RL’, RS,,, RSjz', Ray, RLgy, RP yy RPicy 


P De —1 
aay 3) =: Zo tdi ae eee, 


y? 


Pere Ri tah RP RP RLS, ALS, RC, HP, 
ZF 9): --1 7 

De 2) 2. RS RS, 

1 4-me2) 4, RP, RP RL, BL ys, 

S22, RS, BS RPL, RPi; 4) 2m, RS), RS, RI RL, sy 


es 
Hise 2e<2) 3, ORL, 

1)°S-my 2) °3, SPP, 

4) 6) 2)°3, RS, RO; RS,. 

4) Gm: 213-2, RS,,, RC, RS), SRP) 

3) 3-m, RSg, RC, RS;;1, 3RL,,; 4) 6, 3RP), 3RL,, 

dy i8.cms 2)-3, AP i BS yn BSy,: 

1) m-3:m; 2) 3-m, 3RP), 3RL,,; 3)3-m, RP, RS Biss, ORL, 7p 
2) 32. RP RS.) tes ORE) 
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434, 
Ce EB, Lez, Lg: Lee Leys Ty. 6 
Hexagonal A Dy Eee fee i pias 1 12 
m Ce, Byline, Dogg Lig Len liek Pose 42 
Ayala es el 0) 
ree " iy, Utes we bias, alg eclipse 42 
m-6:m De EL algs Las eee 24 
Glog Po Sen Sani aruoens 
Cubic 3/2 ie By Blige Aig, Mine 42 
6/2 i E, 3L,, 4b, BD aS gai. 4S 3, -oF 24 
3/4 Ba BBL cAL ge aL ey OP 385g" 24 
3/4 O Hy Siig, tly, Ghe pola Slane els 24 
6/4 On ES, SLA habe eo ole yO 48 
OPP aC, 355, 5, aoe ae 
etal CDA aks Bi i Bs Dee @ 0 ee 
1) 65.252) 6. CRL ao nay Riley lider, Lae, 3RL, | 
1) G3 re 2) Oo phe i kee, HST RS GRC: 
3) ~6, RP); RS,), (RSoe nC, KS, PRS 214 4).0, cit atta RP kes 
1) 6-m; 2) 6, 6RP); 3) 3-m,RL,,, RL,,, RLz;', 3RP \ 
1) m-6:m; 2) m-3:m, RL,:, RL,,, RL,;, 3RP [> SRLggy RS gael Cy RS a5 
3) 6:m, 6RP,, 6RL,,; 4) 6-m, RL,,, RL,,, RL;;', 3RP,, 3RL, 
5) 62, ORP a RPL CRS RS WRC mS Rio 
6) 6.m, RL — RP ACRS. 7, RS. RC, RS RS | 
1) 3/2 
Cubic 


1) 6/2; 2) 3/2, 4RS,, 4RS,1, RC, 3RP 


1) 3/4; 


2) 3/2, GRP, 3RS,, BRS? 


4 


1) 3/4; 2) 3/2, 3RL,, 3RLT1, 6RL, 
1) 6/4; 2) 3/4, 6RP, 3RP, RC, 3RS,, 3RS,*, 4RS,, 4RS54 
3) 3/4; 3RL,, 3RL{1, GRL,, 3RP, RC, 4RS,, 4RS>? 


wn 


6/2: 3 si y = 
) 6/2; 3RL,, 3RL{*, 6RL,, 6RP, 3RS,, 3RSy* 
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group H must also belong to one of the 32 symmetry 
classes. Multiply by R all elements of G-H, ice., 
all those belonging to G, but not toH. These 

give RA,=M,. If the set of elements M,, and A, 
forms a group, then this is of the required type. 
This algorithm would allow us to derive all the 
required groups. However, the construction of all 
the required groups by means of this proposed 


algorithm is extremely laborious, since it involves 


checking the group property for many sets of ele- 
ments. 


In order to perfect an algorithm to derive the 
groups of point symmetry transformations we prove 
the following theorem, which makes it easy to pick 
- out from the symmetry classes such subgroups, for 


which the set A; and M; automatically form a group. 


Theorem. Let the set A;, fe Baer 


A (ism +1,m+2,...,n) form a group G, and let 
the set A; (t=mtl,m+2,... 
H of G. Then a necessary and sufficient condition 


for the set M,=RA,(k= | LA ae 
A, (i=mtl, m+2, eietls 
is that the index * of H be 2. 

We note that A,A,; and A; A, do not belong to 


H. Consequently 


.,m) and 


, n) be a subgroup 


ym) and 


,n) to form a group 


AyAi = Ay €G —H, (4) 


AiAr = An €G —H. 


We first prove our condition to be necessary. 
MM, -<A, A, -R? = A, A, which by (3) equals 
A. 


2. 


ArAn Saal 6) 


Take one A, and multiply it successively by all 
the A, . The products will according to (5) be 


A elements, which must all be different. Hence the 


number of elements A, does not exceed the number 
of the elements Ay , ie., the index of the sub- 
group must be 2. Las 
Now we prove the condition to be sufficient. 
Since the number of elements is finite, it is not 


necessary for establishing the group property of the 


*By the index of a Suber eue we denote the number of 
classes in the expansion of the group with respect to the 
subgroup. The index of a subgroup equals the ratio of 
the number of elements of the group fits order) to the 
number of elements of the subgroup. 
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set to show the existence of a unit element or of 
an inverse. The associative property is obvious. 
It remains only to prove that the set is closed. 
There exist the following types of products of 


elements: A;A;,A;M,,M,A;- M,M,-. 

AA w=A,1 since the set of the A , forms a sub- 
group; A M,= A,A,R is by (4) equal to AR 
= Mj75 M,A; is similarly equal to My 773M, M, - 
= A, A, -R?= A,A,+ Since the index of the sub- 


group is 2, any A, = oA,, where a is one of the 


A;,. Hence M, M,/=04,A,-and by (4) this is 


equal to aA =o A+, In other words, M,M,- 


= 0d 57. It is easy to see that fe aAce €H, 
Therefore M,, M,-= A rr. 


This completes the: proof. 

Now we can formulate the final algorithm for 
finding all point symmetry groups. The groups of 
point transformations of the symmetry of crystals 
with j¥ 0 will contain, in the first place the 32 
symmetry classes. To find all the others, we take 
a symmetry class, select from it a sub-class (the 
subgroup HH) which has index 2. The elements of 
the class A, which do not belong to the subclass 
are replaced by M,=RA,. The elements A, of 
the suclass and the elements M,=RA,, form the 


required group. In order to find all possible such 
groups we have to investigate all 32 symmetry 
classes. 

We must only remember that in a crystal with 
j% 0 the transformations R and RL, Cannot occur 


as symmetry transformations. This point will 
prove important in the hexagonal and cubic 
systems. 


4. LIST OF GROUPS OF POINT TRANS- 
FORMATIONS FOR THE SYMMETRY OF 


CRYSTALS WITH A MEAN CURRENT 
DENSITY. 


We list below the groups of point transformations 
obtained by the method proposed above. In the 
table we use the following notation: 

Ly Lig, ae Lis Dees Les Le are rotations by 
180, 120, -120, 90, -90, 60 and -60 degrees, re- 
spectively.S,, Se ‘ S4> See oF ea are, respectively 
rotations by 120, -120, 90, -90, 60, -60 degrees 
together with reflection in the plane at right angles 
to the axis of rotation. C is the inversion, P the 


wer Ss = 
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reflection in a plane. 

The subscripts x, y,z,xy,-xy on L, and S; 
indicate the direction of the axis of rotation; the 
same subscripts on P indicate the direction of the 
normal to the plane of reflection. 

The suscript 1 or || indicates that the axis of 
rotation through 180° or the normal to the reflection 
plane is perpendicular or parallel to the main crys- 
tal axis of threefold or higher symmetry. The table 
also shows the symmetry class to which each group 
of point symmetry transformation belongs, i.e., the 
class obtained from it by substituting E for R. 

In the last column of the table the symbol of a 
symmetry class stands for the set of transformations 
belonging to that class. 

The allocation of the groups of point symmetry 
transformations to symmetry classes has a definite 
meaning. The point is that goniometric and X-ray 
analysis discloses only the symmetry of the 
charge distribution p (x,y,z) and does not notice 
the current j (x,y,z). The symmetry which is found 
by goniometric and X-ray methods is therefore just 
that of the symmetry class which is obtained if 
we replace R by E in the group of point symmetry 
transformations, since for the charge density 
p (x,y,z) the transformation R has the same effect 
as the identity operation. Altogether there are 
90 groups of point symmetry transformations for 
crystals with j¥ 0; of these 32 coincide with the 
32 symmetry classes, and 58 are new. 

The groups obtained in this way are isomor- 
phous with the groups of transformations of finite 
figures, with oriented grains, which were derived 
by Shubnikov® by a different method. There the 
part of time reversal is played by an ‘‘ anti- 
identity’’ transformation. The 58 new groups are 
isomorphous with the groups of mixed polarity.* 


5. POSSIBLE APPLICATIONS OF THE 
GROUPS OF POINT SYMMETRY 


TRANSFORMATIONS OF CRYSTALS 


Above we have discussed the symmetry of 


*Shubnikov has 57 groups of mixed potarity. Actually 
there are 58. 


5A. N. Shubnikov, Symmetry and Antisymmetry of 
Finite Figures, Acad. Sci. USSR Press, 1951. 


B. A. TAVGER AND V. M. ZAITSEV 


crystals with j4 0. It is well known that a mag- 
netic moment is equivalent to a current, and there- 
fore the groups we have derived for crystals with 
j £0 are also the symmetry groups for crystals 
with a magnetic moment. It has to be remembered 
that the magnetic moment is an axial vector. A 
symmetry transformation which does not contain 

a reflection acts on the magnetic moinent as on an 
ordinary vector, but a reflection changes the direc- 
tion of the axial vector in the opposite sense to 
that of an ordinary vector. The symmetry of the 
magnetic moment vector includes the symmetry 
transformations of the class ©: m. In addition, 
the magnetic moment vector is symmetrical under 
the transformation RE | where P is a reflection 


in a plane passing through the magnetic moment 
vector, and the transformation RL, where Vs, 2118 


a rotation through 1 80° about an axis at right 
angles to the magnetic moment vector. 

As an example, let us find the possible symmetry 
of a pyromagnetic substance. We use the symmetry 
principle in a similar manner to the one used for 
pytomagnetic crystals in reference 6. Remembering 
what was said above about the symmetry of the mag- 
netic moment vector, it turns out that pyromagnetic 
crystals cannot belong to the cubic system. This 
conclusion differs from that drawn in Ret. 6. 

Recently the opinion has been expressed” that 
pyromagnetism, piezomagnetism, etc., are im+ 
possible. This paper starts from the assumption 
that the crystal structure must be symmetric under 
time reversal. But this does not hold for crystals 
which possess a magnetic moment. We therefore 
consider that the conclusions drawn in Ref. 7 as 
to the impossibility of pyromagnetism and pie zo- 
magnetism, is unfounded. 


6 : 
A. N. Shubnikov, E. E. Flint and T. B. Bokii. 


eset of Crystallography, Acad, Sci. USSR Press 
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Various phenomena occurring in the arc of Hg, H., Ar and Kr at p© 10-* - 10°? mm Hg and 
currents 7, up to 2000 amp were studied. By the method of a movable: probe it was found that 
the half-width of the arc column decreases by 30% when the current i, increases up to 102 amp. 


A further increase in current gives rise to gradually increasing vibrations first in the probe 
_current, then in the arc voltage and finally, in the arc current, with an average frequency 
= 104 — 10° cycl identi 

f - cycles, The oscillograms of the current on two identical and symmetrically 
located probes show that these vibrations may be interpreted as the result of irregular propa- 
gation of the compressed arc column along the cross section of the tube. At current pulses 

te ™~ 500 — 2000 amp with a duration of 1-10 fLsec, it is possible to observe the compressed 
arc column visually and photographically; the column is found to be compressed into a narrow 
cord, curved into a helix and pressed against the walls of the tube. With the aid of a 
rotating photo-camera it was shown that, at prolonged (102 — 10° jzsec ) current pulses, the 
arc is also compressed and is repeatedly propagated along the cross section of the tube. The 
compression and the curvature of the arc column are of electrodynamic origin, but its propagation. 


is of gasodynamic origin. 


ee 


1. INTRODUCTION 


4 hee passage of a strong electric current in a 

rarefied gas is accompanied by a number of 
specific phenomena which are not noticeable at 
lower currents. In particular, it was pointed out 
repeatedly that at high currents there should oc- 
cur transverse compression in the flow of charge 
carriers under the action of the self-magnetic 
field!>?. 

The quantitative theory developed by Tonks 
led to the conclusion that, upon approaching the 
critical current i, (a) ~6 x 10°T37( °K )/) , (cm) 
x E(V/cm), the current density at the axis should 
increase without limit. An assumption ws pro- 
posed that such compression of the current into 
a narrow cord should be accompanied by a strong 
rarefication of the gas in this cord; the conse- 
quence of this simultaneous increase in the cur- 


rent density and of the drop in the density of the 
substance would result in a break in the current 


(pinch effect). A number of investigations have 
been devoted to the further development of the 
theory of this phenomenon *°4, 

* Brief communication, see J. Exptl. Theoret. Phys. 
(U.S.S.R. ) 28, 378 (1955); Soviet Physics JETP 1, 381 
(1955). 


1 W.H. Bennett, Phys. Rev. 45, 890 (1934). 

2 L. Tonks, Trans. Electrochem. Soc. 72, 629 (1937); 
Phys. Rev, 56, 360 (1939). 

3 P,C. Thonemann and W.T. Cowhig, Proc. Phys. Soc. 
(London) 64, 345 (1951). 

4M. Blackman, Proc. Phys. Soc. (London ) 64, 1039 
(1951); A. Schliter,, Z. Naturforsch. 5a, 72 (1950); M. 
Kruskal and M. Schwarzschild, Proc. Roy. Soc. (London) 
223A, 348 (1954). 


Several attempts were also made to detect ex- 
perimentally the electrodynamic compression of 
the are column in ararefied gas. With the aid of 
probes, the arc was studied in mercury vapor at 
currents up to 150 amp and at a vapor pressure 
p = 10-1 _ 10+! ug and up to 80 amp at p = 2 He°. 
It was found that at i, = 50 amp and p = 0.5 Hg, 
the radial electric field is almost nonexistent; ap- 
parently, the electron distribution along the cross 
section of the tube is determined mainly by the 
magnetic field, which replaces the radial electric 
field of the arc column. The half-width of the 
concentration distribution is compressed by 27% at 
t= 150 amp® and by 20% at i, = 80 amp’. Also, 
with the aid of probes® it was found that in the 
hydrogen arc at p = 30Hg, the current distribution 
curves are compressed by 30% when the current 
increases from 20 to 102 amp. With a high-fre- 
quency nonelectrode (circular) current, there 
were observed in Kr and in other gases at 
p<0.5 Mg andi_ > 104 amp (with the aid of a 
rotating camera ) variations in the thickness of 
the luminous region, the frequency of which de- 
pends on the pressure, on the atomic weight of the 
gas and on the applied voltage ! The authors ex- 
plain these variations as a manifestation of the 


5H. Fetz, Ann. Physik 40, 570 (1941). 


© B.A. Mamyrin, J. Tech. Phys. (U.S.S.R.) 25, 1914 
(1953). 


Uf 
S.W. Cousins and A.A. Ware, Proc. Phys. Soc. 
(London) 64, 159 (1951). 
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pinch effect. In the arc channel in H,, Ar and in 
air at atmospheric pressure and at currents of the 
order of 10° amp, there are observed phenomena 
which the authors also interpret as the pinch 
effect 8. 

We donot know of any descriptions of the con- 
siderable electrodynamic compression of the low 
pressure arc in simple cases, that is, at a current 
flowing in a single direction. 

The object of the present investigation was 
first to establish the main fact: whether there 
occurs any noticeable compression in the arc of 
a constant, or slowly changing, current in a rare- 
fied gas when the current is increased*. Should 
the answer be yes, then it would be necessary to 
answer 1) why this compression remained unnoticed, 
2) how it can be explained, 3) whether it leads to 
a break inthe current as predicted by the Tonks 


hypothesis. 


2. EXPERIMENTAL PROCEDURE AND APPARATUS 


In carrying out the experiment, we have used 
cylindrical tubes having a length of J = 100-500 mm 
and a diameter of 2R = 10-70 mn; in all cases 
1 > 2R. We have avoided any kind of constrictions 
in the tubes, since the presence of constrictions 
introduces new factors (double electrical layer 
in front of the constriction ) and nay lead to in- 
stability and a break in the current” ” 9. With a 
small diameter of the main section of the tube, 
which of necessity has to be much narrower than 
the cathode section, the transition between these 
was very gradual and even. 

The tubes were filled with Hg, H., Ar and Kr. 
In the experiments with Hg, a Wau tetercury, cath- 
ode was used. In order to avoid the flow of vapor 
from the cathode into the section of the arc under 
investigation (positive column ), the tube was bent 
(Fig. Ia) and a screen (reflector ) for the mercury 


Fic. 1. a-mercury tube, b--arrangement of the two 
Symmetrical probes with respect to the axis of the tube. 


vapor was placed over the cathode. The gap be- 
tween the screen and the walls remained suffi- 
ciently wide so as not to cause any narrowing of 
the tube. For the control of the vapor pressure in. 
the tube, the whole cathode section was submerged 
into water. 

In the experiments with the other gases a copper 
cathode of finely cut pieces of copper wire was 


* At a high gas pressure contraction (compression ) of 
the column always occurs, but for another reason (a drop 
in the temperature of the gas from the axis to the 
periphery of the column ); therefore, the electrodynamic 
effect here is superimposed on the ordinary contraction 
and it is not easy to separate it in this case®. 


8 
J.E. Allen and J.D. Craggs, Brit. J. Appl. Phys. 65 
446 (1954). Sea ae 


used insteal of the mercury cathode. Since the 


flow of vapor from the copper cathode is not sig- 
nificant, these tubes were made straight (Fig. 2), 
without any screens and without water cooling. 
The are was excited in both types of tubes by 
means of a semi-conductive igniter*, submerged 
into mercury or copper. Cylindrical tungsten 
probes with a diameter of 0.5 mm were introduced 


* The igniters were supplied by the laboratory of de- 
fense apparatus of VEI CATLUnion Electrical Engin- 
eering Institute ). 


° A.W. Hull, Electr. Eng. 53, 1435 (1934); H. Klein- 
wachter, Arch, Elektrotechn. 34, 523 (1940); B.N. 


Kliarfeld and I.A. Poletaev, Dokl. Akad. Nauk SSSR 23, 


460 (1939); V.L. Granovskii and T.A. Suetin, J. Tech. 
Phys. (U.S.S.R.) 16, 1023 (1946). 
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FIG. 2. Tube used in the experiments 
with Hy and with inert gases. 


into the anode arm of the tube, their working por- 
tion being parallel to the axis of the tube, and the 
remaining part being coated with fused quartz. 
The study of the current distribution along the 
cross section was carried out by a probe, mov- 
able along the diameter of the tube by an iron 
anchor, of the external coil and of the control 
apparatus. In one series of experiments (see 
below, section 3b ), two identical probes were 
introduced into the tube; these were placed sym- 
metrically with respect to the tube axis and at a 
distance of 10 mm from it (see Fig. 16 ). The 
probes were supplied with the voltage U, =-60V 
with respect to the cathode, this ensured a purely 
ionic current to the probe. Under the conditions 
of our investigation we had to forego the measure- 
ment of the electronic currents and the determina- 


tion from them of the electron concentrations, since 
the self-magnetic field of the arc current, approach- 


ing in these experiments 102 Oe, makes the inter- 
pretation of the electronic portions of the probe 


characteristics exceedingly difficult (see Ref. 10): 


= G. L. Spivak and E.M. Reikhrudel, J. Exptl. 
Theoret Phys. (U.S.S.R.) 16, 816 (1936). 
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Therefore, we concentrated on the determination of 
the ionic current in the probe z_ for one and the 
same voltage, which was sufficiently negative with 
respect to the cathode at various positions of the 
probe. The relative value of 7_ at various points 
of the tube diameter provides the possibility of | 
judging approximately the distribution of the ion | 
concentration and, therefore, also of the electrons 
along the cross section of the column. | 
Sources of arc current in the various experi- i 
ments were: circuit of constant current, trans- | 
formers and pulse circuits. In the first case,a i 
constant current was passed through the tube. In 
the second case, a single igniting pulse was 
passed through the igniter, which caused the pas- 
sage through the tube of a single half-wave of 
current f =50 cycles. In the third case, the dis- 
charge through the tube of a charged condenser was 
also produced by a pulse igniter. The resultant 
single current pulse in one direction in the tube 


mechanical resolution. The probe currents were 
measured with indicating instruments not only for | 
a constant arc current, but also for single current Pt 
pulses. In this case, the indicating instrument 
gave a ballistic reading proportional to \ 


hada considerably smaller duration (1-50 usec ). d 
The recording and the measurement of the elec- ¢ 
trical values, and first of all of the arc current a 
and voltage i, and U ,, and of the probe current tps 
were carried out by indicating instruments and by 7 
electronic oscillographs having electrical and Pt 
iy 

| 


4b 
pide. The readings thus obtained were compared 


with each other for various conditions, for example, 4 
for various positions of the probe with respect to the # 
axis. In addition, the probe currents, as well as 
the current and voltage of the arc, were oscillo- | 
graphed. For this purpose, coaxial-cylindrical or 
doubly-wound resistances of low inductance were 
connected into the probe and the arc circuits. In 
some cases, the voltage on these resistances was 
initially intensified by a constant current ampli- 
fier. 

The externa shape of the arc was photographed 
with anordinary photo-camera. Owing to the com- 
paratively low brightness of the arc at the pres- 
sures with which we were working, the photograph- 
ing represented definite difficulties, particularly for | 
the short-current pulses. It wasnot always possi- 
ble to overcome these difficulties, even when we 
used a film with a sensitivity up to 250 units 
GOST. 

For the observation of transverse compression 
and propagation of the arc at long current pulses a 
single transverse section of the arc was photo- 
graphed and resolved. For this purpose, a double 


=a 
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screen having slits perpendicular to the axis of the charge carriers along the cross section of the tube. 
tube was placed in front of the arc (Fig. 3). An We carried out these measurements with the aid 
image was reflected by a Zonnar objective 1:1.5; of a movable probe in a tube R = 35 mm in mercury 


F =50 mm on the photo-film of the rotating camera vapor at i, from 13 to 1700amp.The probe currents 

having a screen with a diameter of 300 mm and a were determined with an indicating instrument, as 

number of revolutions up to 200 sec"}, well as with an oscillograph. The final form of the 
readings at 7, > 1000 amp was complicated by strong 


vibrations of the ionic current. In these cases, the 
average value i Se2 |) i dt was determined. Read- 
0 


ings were taken at 14 different positions of the 
probe, that is, every 5mm. These were divided 
by the maximum reading of the given series, 
generally otbained near the axis of the tube. The 


ratios Pa A) ) or fi, (r)dt/fG eee 


p’ max p ’max 
thus oltained, expressed as functions of r/R, may 
characterize the distribution of the charge carriers 
along the cross section of the tube. The parameter 
characterizing the degree of arc compression may 


be the relative half-width of the column (r/R hy, 
that is, the value r/R at which iri ) 


Va 
emer /260 


Table I gives the values which we found for 
(r/R )y, of the mercury arc column at R = 35 mm, at 


Fic. 3. Diagram for the observation 


of arc propagation. various temperatures of Hg condensation and at 
3. EXPERIMENTAL RESULTS various arc currents 7,. The data relating to 
i, = lamp were takenfrom old measurements!?. 


a) Probe measurements of the distribution of 


TABLE I. Relative half-width (r/R dy, of the arc column in Hg at various currents, 
determined with probes. 


Saturated Arc Current in Amperes 
pleura a. Vapor) | 42 eee Se Ee eee Method of 
ce} ondensation . . 
oC are { | 22 | 50 | 85 170 | 680 | 1000 | V00ws| aoe eee 

9 0.5 Sat: 57h! 0.71 |0.74 | Oscillograph 
16—17** |0.9+1.0] ~14 0.80 | 0.78 | 0.78 The Same 
16—22** |0.9--1.5| 04 OUT § WORTH N Os 78 || Wnrhl 0.71 10.77 | Indicating 
Instrumeat 

49—22** |11,.221.5}] ~1 0.74 | 0.66 | 0.75—] Osc illograph 


0.78 


* At these conditions (n, ) column/(n,), > %. 
** Here the dataof several measurements at somewhat different temperatures are 
taken together, since there was no great difference between them. 


= V.L. Granovskii, Symposium_on Electronic and 
eae ES State Energetics Press, Moscow, 1941, 
Ist : 
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| These results show that the arc compresses by |p 
approximately 30% when the current is increased S 
| up to ~ 170 amp. When the cwrent was increased up = 
to 1700 amp, it was not possible to observe any 8 


| further compression the arc column by means of 
probe measurements. 


b)Fluctuations of the arc parameters at high cur- 4 { 
rents. 

Irrespective of the fact that the results of probe Fic. 5. The arc voltage U_ and the ionic current i 
observations described in Sec. a) are quite in the probe i, when @,) e 1.0amp,p = 0.4Hg. } 


limited, the properties of the arc continued to 
change when the current was increased above 200 amp. arc voltage U , (Fig. 6) and the probe current 
This was indicated first by the large increase in i, (Fig. iy) experience irregular fluctuations about 
the arc voltage U, at high currents (Fig. 4), 

second by the resulting fluctuations (which in- 

creased withan increase in current ) of all the BF 


180 aces Shee, Me " 
160 we 
J2ee Se eee SRen sy in| | 
140 
E Bemiciebsiale : | , | 
cea 


100 “ 
@ Pee eet Fic. 6. Are vol } 
69 | Zi IG. 6. Arc voltage at (i_) = 1700 amp, if 
ess Sallaees Samah ee 
at Baa - er ee ‘ 
aes | 


Be 20 200 2000 hi 
Ly! amp) 


FIG. 4. The dependence of the arc voltage on the 
current in a cylindrical tube. I--p=1, 2--p = 10, 
3--p = 100 Hg. 


parameters of the arc. A study of the oscillograms 
of the current De, of the arc voltage U,, as well 


as of the probe current 7, in a tube of diameter 


60(70) mm in mercury vapor at pressures of 0.4 to 

6 p»Hg when a single semi-sinusoidal current of 

50 cycles is passed showed the following: _ 
At a current up to 500 amp (current density pou 


p a b 


2 : 
Ss sec- 
to 192 amp/cm : averaged over the entire cros Bien te ee “BeieaS. 
tion of the tube) the arc is quite stable in the a’max 
: 3 p=1pHg. a--at the axis 
range of pressures investigated, the arc current 
; : ; of the tube, b--at the walls. 
and voltage (i, and U,), as well as the probe cur- 


rent Ly do not experience any noticeable fluctua- the average values. The absolute and relative 


tions (Fig. 5). values of these fluctuations increase as the cur- 
Ati, ~1000 amp( j ,~30 amp/cm?), signs of in- rent increases (cf. Figs. 7 and 8). Upon increasing 
the pressure, on the contrary, these fluctuations 
stability in the arc column begin to appear. The decreases(ot. Pinsd6-and s7b--with RissyeOamand 
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Fic. 8. Probe current at Cre = 2000 amp, 
p =0.8pHg. a--along the axis, b--at the walls. 


a 


=a = 


96). The fluctuations of the ionic current at the 
periphery (Figs. 7b, 8b ) and at the walls of the 
tube are greater than at the axis (Figs. 7a and 6a iF 
However, the arc current i, may not yet experi- 
ence any noticeable fluctuations (Fig. 10). Con- 
sideradle fluctuations in 7, begin even at higher 
currents than the fluctuations in U, and i, in the 


tube with R = 30 mm in Hg vapor at 1700-1800 

amp (j ,=50 amp/cm*) (Fig. 11) when the i 
fluctuations at the edge of the tube approach 100%. 
Some of our observations of the relative value of 
the fluctuations in OI ox i, and i, at various condi- 


tions are compiled in Table II; the accuracy of the 
values is of the order of 10%. The Table shows 


clearly that there is an increase in the fluctuations 


when the current iis increased and the pressure 
p is decreased. A similar dependence of the 


Fic. 9. Are voltage and probe current at (7) 


max 


= 1700amp,p = 10Hg. a--arc voltage, 6--probe current 
at the wall, 


vibrations on te and p was observed also in the other 
gases. In all cases the value most sensitive to 
the disturbance of the stability of arc peformance 
was found to be the probe current, then the arc 
voltage and finally the arc current. 

In spite of their chaotic character, these fluctua- 
tions occur with a certain average frequency f, 
which can be evaluated fromthe oscillograms. The 
results of such an evaluation are givenin Table 
Ill. Since the frequencies of the fluctuations v, and 


U , are approximately the same, a common evalua- 
tion for hoth of these is given in the Table. 

From the Table it is evident that the average 
frequency of fluctuations, other conditions being 
equal, decreases when the radius of the tube is 
increased, increases with an increase in arc 
current and decreases with an increase in the 
molecule weight of the gas. 
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Fig. 10. Probe current i_ and are current is Ar, 
R=30 mn, CoS Bee = 240amp,p = 3pHg. 


fire sil Oscillogram of the arc current 
in Hg vapor at R = 30 mm, (7,)_,, = 2000 amp, 


p = 0.8 wHg. 


ax 


TABLE II.Fluctuations of ey U, and iy (in %) (Hg, R = 30-35 mm ) 


p (wHg) | 1 


(i)max (amp) 


Ai, /i, 0 0 0 0 25 5 
AU,/U, 0 0 10 1p 251 20) ies 

be the axis 0 0 0) 10 50 Osi) 

at the wall 0 0 15 50 90 | 30—80 


10 


4.43 


———————<<——<—=<_— 


= 


Add 
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TABLE III. Average frequency f of the voltage fluctuations 


Gas R, mm IES f cycles 
16 4200 1,.2—1.8x105 
Hg 16 1600 2.6—3.6105 
15 4200 4.5—6.7x410° 
Ar 5 4000 2.0—2.2x105 
Kr 16 4000 1.0—1.4»105 
3) 4000 1.6—1.8105 


c) Observations with two symmetrical probes. 


The fluctuations of the arc parameters, described 


above, and primarily of the probe current, can be 

explained by the fact that at strong currents the 

arc column is compressed into a narrow cord, and 
that this cord does not remain stationary, but 


propagates along the cross section of the tube with 


the frequency of the fluctuations observed. To 
verify this hypothesis it would be expedient to 


register simultaneously the currents on two identical 


probes, placed in the same cross section of the 
tube, symmetrical to the axis of the tube (see 
Fig. 1b). If the arc column actually fills only a 
portion of the tube cross section and if it propa- 
gates with time, then the maxima and the 

minima of the current on both probes should not 
appear simultaneously. On the contrary, their 
synchronized appearance would indicate that there 
is no arc propagation, but simply fluctuations of 
the arc current as a whole. In Fig. 12 a sample is 


Ee 


F'1G. 12. Probe currents on two identical, 
symmetrically located probes, registered 
simultaneously, Hg, R = 30 mn, p = ].2uHg, 
Gay) = 1000 amp. 

a max 


shown of the current oscillograms (initial sections) 
on the two probes registered with a double-ray 
oscillograph with mechanical resolution. The 
experimental conditions were: Hg, R = 30mm, 


p = 1.2uHg, (i_) =1000amp,U, = -55 V. A com- 


amax 
parison of both oscillograms shows that, in addi- 
tion to the changes occwring simultaneously in 
both currents, there are also many peaks in each 
of the currents which do not coincide in time 
with the peaks of the other current; opposite a 
peak of one current there are slopes and dips of 
the other. Moreover, even the numbers of the 
peaks on both oscillograms do not agree. This 


and other similar photographs provide proof in 
favor of the above hypothesis on the irregular 
propagation of the arc column in the tube. 


d) The shape of the arc column at short pulses. 
The results of the above-described observations 
on the behavior of the arc at strong currents, 
carried out with the aid of probes and of an oscil- 
lograph, require direct verification of the fact 
that at strong currents the arc column is actually 
compressed into a narrow cord. For visual ob- 
servation and for photographing the compressed 
arc column, it is necessary to observe the arc 
within short time intervals, during which the 
column is not yet noticeably displaced. From 
the data on the average frequency of vibrations 


— 


f ~ 10° cycles it follows that the average period 


of this assumed displacement JT ~ 10 psec and 
therefore the time for observing the arc in a 

single position should not exceed a few micro- 
seconds. By passing strong current pulses of 
such duration through the tube, one could hope to 
observe the actual shape of the arc column at high 
current. 

For this purpose condensers, connected to the 
tubes with short heavy copper conductors, were 
discharged through our experimental tubes. By 
discharging capacities of 1-2F, charged up to 
7-8 kv, through the tubes with diameters of 10 and 
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FIG. 13. The arc at a current pulse of 450amp,7= 2 sec, Hg, R=5 mm, p= 1pHeg. C 
Fic. 14. The same as in Fig. 13, Ce ae = 220 amp. we 
(ig we 
FIG. 15. The same as in Fig. 13, Ct eee = 1400amp7= 50 psec. pa 
FIG. 16. The same as in Fig. 13, ie Bee = 2000amp7= 7 psec, Hg, R = 16 mn, p = 0.4Hg. Ng 
Fic. 17. The same asin Fig. 13, (i_) = 2000 amp,7 = 50sec, Hg, R = 16 mn, p = 0.4 Hg. 
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FIG. 18. The same as in Fig. 13, (i,) 4, 
Fic. 19. The same as in Fig. 13, ie eee 
FIG. 20. The same as in Fig. 13, (i,) 


ax 


32 mm tilled with vapor of Hg, Ar, Kr and H, at 


pressures of 0.5-10u, Hg, pulses ofcurrent were ob- 
tained of 450-2000 amp with a duration of 1-2 psec 
(in some cases the pulse duration was artificially 
delayed up to 50p sec). About 100 such photo- 
graphs were obtained, samples of which are given 
in Figs. 13-20. 

In Fig. 13 a photograph is shown of an arc in 
Hg vapor at R =5mm, p = lu Hg and a current 
pulse (7,) ~ = 450 amp with a duration of 


ma 
T=2psec. It is clearly evident that, over the 
major portion of the column, the brightest lumin- 
escence emanates fromthe comparatively narrow 
region or cord, the width of which is not constant, 


= 1000amp,7= l psec, Hy, R=5 mm, P = 2p Hg. 
= 450amp,7= 1.5sec, Ar, R = 16 mn, p = 2pHg. 
= 700amp,7= 1.5.sec, Hg, R =5 mn, p = 1.6 Hg. 


but doesnot exceed 2-2.5 mm (tube diameter 
10mm). This cord is bent into a three-dimensional 


curve approaching a helix with a nonuniform pitch 
along the length; it adheres closely to the glass 
walls of the tube. 

In Fig. 14 a control photograph is given which 
was obtained at a current of 220 amp, all other condi- 
tions being equal. It is evident that there is no 
arc compression of any kind: the luminescence 
fills the entire tube. At a considerably greater 
arc duration (50, sec) (Fig. 15) also, no com- 
pression is observed, in spite of the even higher 
current (1400 amp); evidently in this time the arc 
has already succeeded in propagating over the 
entire cross section of the tube. Using a tube 
with a considerably larger diameter (32 mm), 


pt) 
(ih) 


) 1) 
fj! y 


HN 


dt) 
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similar phenomena were observed: with a current 
of 7 1 sec duration arc compression and its curva- 
ture in the shape of a helix are clearly visible 
(Fig. 16), while in the time interval of 50 psec 
no compression of any kind can be observed in 
the photograph (Fig. 17). 

This phenomenon is not specific to any particular 
gas (Hg vapor ), it is observed also in hydrogen 
(Fig. 18), in argon (Fig. 19) and in krypton. 

Thus, at high currents the are column in a 


rarefied gas is subject to two different deforma- 
tions -- transverse compression and curvature into 


the form of a helix, occupying the maximum space 
accessible to it. 

In addition to the transverse compression of the 
column, at the very low pressures and high cur- 
rents there can be observed also a longitudinal 
nonuniformity in the luminescence, which is also 
periodic in character. As an example, we can 
cite the photograph in Hg at R =5 mn, p = lyuHg, 


OD 


rites GAT 


film, 


element in a tube with a diameter of 32 mm in 
Fg vapor at p = 10pHg and a pulse current of 
~ 1200amp atr= 400 p sec obtained on a moving 
film. Qh the left, a photo is shown of the same 


a--photograph of the narrow 
6--the same on a moving film, ec 


Ce.) =700 amp andT= 1.6 usec(Fig. 20). The 


same phenomenon occurs in the other gases. 

e) Propagation of the are during prolonged time 
intervals. 

From the earlier results one can conclude that 
the arc column is also compressed during a pro- 
longed passage of current, but the compression is 
not noticeable because of the rapid propagation 
of the ac. The latter also requires substantiadion 
by direct experiments. 

Such experiments were carried out according to 
the diagram of Fig. 3; a “transverse section”’ 
(thin layer) was isolated from the arc column, the 
image of which in the form of a narrow bad was 
photographed on a moving film. If the arc is ac- 
tually compressed and is propagating, then the 
image of the arc cross section should be com- 
pressed into a single spot; this spot should propa- 
gate with time in a zigzag fashion along the 
photograph. 

In Fig. 21, a photograph is shown of the arc 


it sec 


band of the arc on a Stationary 
--oscillogram of the current. 


a Ae en OE os 
band, but on a stationary film; below the 
oscillogram of the arc current is shown. The 
photo-resolution shows that the luminescence of 

the arc element at maximum currents is actually 
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concentrated into one spot and that this maximum 
of the luminescence is moving back and forth 
along the entire tube diameter*. The period of 
this propagationis on the average 13-15y sec, 
which corresponds to an average frequency of 

~ 0.7-0.8 x 105 cycles. When the current drops, 
the ac compression and propagation brea off 
abruptly. 

The visible propagation of the arc section in a 
single plane in the photograph does not signify that the 
propagation itself necessarily takes place in a single 
plane. The observed horizontal propagation may be a 
projection of the three-dimensional propagation, for 
example, around the periphery adjoining the walls 
of the tube. 


4. DISCUSSION OF RESULTS 


The combination of all the results obtained by 
probe measurements, by oscillographic measure- 
ments ad by photographic resolution of a continu- 
ous luminous arc, as well as by observations with 
short current pulses, leaves no doubt as to the 
existence of the phenomenon itself. One can con- 
sider as experimentally proved the fact that the 
arc in highly rarefied gases (p ~ 10°? mm Hg) at 
considerable currents¢i , ~ 102 — 103 amp): 1) is 


compressed into a narrow cord in a transverse 
direction, occupying a small portion of the volume 
of the tube, 2) it is curved into a three-dimensional 
helix, adhering to the inner surface of the tube 
walls in the majority of cases, 3) at a duration of 
discharge >10°° sec, it is rapidly and irregularly 
propagated along the cross section of the tube. 

What is the possible explanation of these 
phenomena? 

The compression of the arc channel, other 
conditions being equal, may have various explana- 
tions. 

a) At high gas pressures the arc column con- 
tracts towards the axis of the tube owing to the 
heating of the gas, whichis maximum at the axis. 
However, in our case this interpretation does not 
apply. First, in our experiments the gas pressure 
does not exceed 10 Hg in Ar and Hg and a few 
microns in the other gases; therefore, the length 
of the free path of molecules in all cases was 
equal to or greater than the radius of the tube R. 
Under these conditions no considerable difference 
in the temperatures of the gas at the axis and at 


* Longitudinal bands of lower brightness are not as- 
sociated with the processes in the arc, since they are 
noticeable also on the stationary photograph, but 
are, apparently, dependent on defects in the glass of 
the tube and in the slits. 
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the walls could be established. Second,,in the 
experiments with current pulses of a few micro- 
seconds duration the temperature of the gas could 
not increase by more than a hundred degrees or 


so*, as can be shown py a simple calculation. 
Thirdly (and this is the most important ), at || 
such low gas pressures (107? mm Hg) the rare- 
faction of the gas, inevitably originating at the 
place of the greatest heating, in this case only 
decreases the intensity of ionization by comparison 
with the neighboring, more dense reion of the gas, 
since the voltage of the longitudinal field E is 
everywhere equal and, therefore, here it will de- 
crease and not increase the current density. Hence, 
the explanation of the contraction of the column, 
relating to the high pressure arc, does not apply sf 
here. 
b) The idea about the gas focusing electron ray, ( 


through which the low pressure arc column is 
developed, put forward in Ref. 12, also does not fe 
apply here, since it cannot explain the prolonged ‘ 
stay of the column in a compressed state, when “ 


the current has already attained a maxumum value; yw 
in addition, it does not explain the absence of 
compression at a lower current (200 amp) and the a 
appearance of compression at the higher current ain 
(400 amp) (see Figs. 13 and 14). 
c) On the other hand, the concept of the electro- Y 
dynamic action of the self-magnetic field of the bd 
arc explains all of the main features of the observed ¢ 
phenomena. As was shown in a number of 
theoretical papers?~°, the self-magnetic field sets 
up in the arc aradial pressure directed towards 
the axis and compresses the arc column. Its 
action should become noticeable in the time in 
which the motion of electrons becomes established, 
that is, 10°? — 107° sec, and it should continue as il 


* We will assume that the gas is heated as aresult of 
the elastic collisions of electrons. The kinetic energy, 
transferred at each such collision, on the average is 
equal to 2(m,/m, )3/2kT,, the number of such collisions — 
in the volume dV in time Tis (e,/ r, In, TdV, and the 
energy transferred is 3 (m,/m, 1 en Me in, TdV. If we 


neglect the heat exchange in the gas, then this value 
is equal to the increase in the internal energy of the 


gas, that is, 3/2n dVkAT_. Assuming in nN, 
(100% ionization ), we find AT. = 2 (m,/m, )Ces ATES 
If we take m,/m, = 2h el08 (He), T, = 2.5 x 105 oC 
(according to some evaluations), ¢, = 108 cm/sec, 

A, ~ 10 cm, then even at T= l0psec AT, = 130° C. 
At lower 7, AT, will be less. 


aaTG NV. Spivak and E.L. Stoliarova, J. Tech. Phys. 
(U.S.S.B.) 20, 501 (1950), 
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long as the current is sufficiently high. This 
action should be the stronger, the higher the degree 
of the gas rarefaction and the higher the current; 
the one and the other actually take place. Bye 
very rough approximation, currents of 107 — 10° amp, 
which were used in these experiments, are suf- 
ficiently high for their magnetic field to change 
essentially the distribution of the carrier con- 
centrations along the cross section of the tube. 

In fact, the radial component of the electric field 
in the column is on the average 


za d(in n) D, xa kT, An, i 
tke 


dr b, (an) 


~1V/em~ 3x103 CGS 


The force of the magnetic field current is 


UB | Cy ~ Qia- 108 / R-3x10'9 ~ 107%. 


Hence, even when i ~ 3 abamp = 30 amp, it is con- 
parable with the radial electric field; but when 

i_ ~ 102 — 10° amp, it exceeds the latter by many 
tines. 

Hypotheses a) and b) also do not explain the 
curvature of the column into a helix adhering to 
the walls of the tube. One cannot admit that the 
most intense heating of the gas by the current 
should originate along such a helix, or that 
along it should occur the initial breakdown of the 
gas. On the contrary, the electrodynamic theory 
explains easily also this aspect of the phenomenon 
as a manifestation of the fairly common property 
of current -- the instability of the linear form of 
the current with respect to the self-magnetic field. 

Each deviation of the current from the strictly 
linear form gives rise to an electrodynamic force, 
increasing this deviation. According to a well 
known principle of electrodynamics, this change 
will proceed in the direction of increasing magnetic 
energy of the current 13 from here -- the tendency 
of the transition of the linear current into the 
helix form. For the manifestation of this it is 
necessary that the electrodynamic forces should 
exceed the elastic (in solid conductors ) or the 
dissipative forces, counteracting the change in 
the form of the current. In the high pressure arc 


13 
J.C. Maxwell, Selected Works on the Theory of the 


Magnetic Field, Moscow, 1952 (Russian Translation); 
V. F. Mitkevich, Physical Basis of Electrotechniques, 
Leningrad, 1933. 
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this phenomenon is well known *. Our experi- 
ments showed the presence of such a phenomenon 
also in the low pressure arc at high currents. Their 
results agree with the conclusions of the theoretical 
analysis on the stability of the arc plasma with 
respect to transverse perturbations?’ , They sub- 
stantiate also the general conclusion!®» ?@"@ 74 
that at a large current the magnetic field is the 
main reservoir of the current energy in the gas 
and, therefore, the main factor determining its 
dynamics, by comparison with which the difference 
in the gas pressure begins to play a lesser role. 

Negarding the rapid propagation of the arc 
along the cross section of the tube, the cause of 
this may be different -- not electrodynamic but 
easodynamic.A certain small rarefaction of the 
gas as a result of its heating in the arc channel 
(above it was evaluated < 100°) leads to the fact 
that the ionization of the gas by electron col- 
lisions becomes more intense in the adjacent non- 
rarefied sections of the volume. It ishere that 
the arc displaces from its previous heated channel. 

According tothis concept, the propagation of the 
arc should occur with a velocity of the order of 
the velocity of the motion of the gas molecules, 
that is,10* — 10° cm/sec. Inthat case, the 
average frequency of these displacements should 
be of the order of c /R ~~ 104 — 105 cycles, and 
this was actually observed. 

Certain details of the observed phenomena re- 
main outside this picture; for example, the 
longitudinal non-uniformity of the luminescence, 
observed at the very low pressures and at high 
t,. At present there is not enough datato _ 
formulae an opinion about these. One may only 
assume that here the forces of the electro- 
static interaction between the charges in the 


plasma come into play, to which much attention has 
recently been paid!®, 


5. CONCLUSIONS 


1. Studies with the aid of a movable probe 
showed that the half-width of the arc column in 
ararefied gas (Hg vapor) in atube of radius 


R = 30-35 mm at p ~ 1p Hg decreases by 30%, 


14 
L.A. Sirotinskii (editor), High Voltage Techniques, 
Part 1, State Energetics Press, Moscow, 1951, para. ll. 


IS Ty Granovskii, Electric Current in a Gas 1, 
Moscow, 1952 . 


16 
A.A, Vlasov, J. Exptl. Theoret. Phys. (U.S.S.R.) 8, 
291 (1938). 
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when the current increases up to ~ 170 amp. It 
was not possible by this method to observe any 
further compression of the arc upon increasing the 
current up to 2000 amp, owing to the origination of 
strong fluctuations in the performance of the arc. 
2. Increasing the current above 10? in rarefied 


gases (Hg, Ar, Kr, H_) gives rise to strong flue- 
tuations in the paraméters of the arc: first, in the 


probe current, then in the arc voltage and finally, 
in the are current. The amplitude of these vibra- 
tions increases with an increase inz_ and a de- 
crease in p. The frequency of these vibrations 
is of the order of 10° cycles; it increases with an 
increase in z. and a decrease in F and in the 
molecular weight of the gas. 

3. The oscillographic measurements of the 
currents on two identical, symmetrically located 
probes show thatthe above fluctuations may be ex- 
plained as a result of the compression of the arc 
column into a narrow cord and of its irregular 
propagation along the cross section of the tube. 

4. The compressed arc column at low pressures 
( a few microns Hg) may be observed visually and 


photographically in all the above-mentioned gases 
at short current pulses, inthe time interval of 
which the arc hadnot succeeded in displacing 
(r= 10-° sec). The arc column was found to be 
compressed into a narrow cord, curved approxi- 
mately into a helix, adhering to the walls of the 
tube. 

5. For prolonged passage of current, the arc 
column, as is shown by the photo-resolution of the 
transverse cross section of the tube, remains com- 
pressed, but it propagates rapidly along the cross 
section of the tube. 

6. The compression of the arc column into a 
narrow cord and its curvature into ahelix can be 
explained by the electrodynamic action of the self- 
magnetic field of the arc. 

7. Its propagation can be explained by the gaso- 
dynamic adion of the arc channel -- rarefaction 
of the gas in the arc channel. 

The authors wish to express their gratitude to 
V.I. Pugacheva for her assistance with all the 
experiments. 


Translated by E. Rabkin 
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On Alpha-decay Theory for Nonspherical 
uclei 


V. M. STRUTINSKII 
(Submitted to JETP editor July 24, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 411-412 
(February, 1956) 


HE probability of excitation of the rotational 
fi Dietaken a nucleus during o-decay of heavy 
nonspherical nuclei was calculated in the Refs. 1,2 
in both of which the rotation of the nucleus was 
assumed to be slow compared to the motion of the 
o-particle (adiabatic approximation). The question 
whether this approximation is applicable was not 
really considered in either of the two works. In 
the case of even-even nuclei, where the moment 
of the total system is zero, it is possible to de- 
velop a theory which is not based on the adiabatic 
approximation. 

The Schroedinger equation of the system orpar- 
ticle + the deformed nucleus is 


h2 
pon mie LV 1) 
Sm et V(r) ( 
' h? T l 2| pr a 
top at Uy PL, (O, 1) = EF, (Q, 1), 
x=6, 71 j 


where the independent variables are the angle co- 
ordinates of the residual nucleus and the coordi- 
nates of the o-particle relative to the residual 
nucleus (vector r). The transformation of the Ham- 
iltonian into new variables is most easily done by 
takingthe corresponding classical problem into considera- 
tion. In Eq. (1), V(r) is the interaction energy of 
the o-particle with the residual nucleus; /,, and 
1, are the operators of the projection on the xh 
axis of the full moment of the system and the 
angular momentum of the orparticle (the axis of 
symmetry of the residual nucleus is chosen as the 
€ axis); J is the moment of inertia of the resi- 
dual nucleus about the and 7 axis (J¢ = 0). 
The operators /,, and /,,, commute with each other, 
the operator /,, acts only on the variable r: 
-=—ih(nd/0C—CdA/dn) etc. Taking into ac- 
count that the result of the operator J, acting on 
the wave function of spin 0 vanishes we shall find 
the equation for ¥')_, (7): 


(— (h2/ 2m) A, +V (r) + L/W} Py =Ev, (2) 
(the operator 1? can be omitted as its eigenvalues 
vanish). Equation (2) does not contain the vari- 
ables 0; the wave function corresponding to spin 
Odependsonly on the relative coordinate of the 
orparticle. This result is fully understood, since 
the wave function of spin 0 should be invariant with 
respect to rotation of the coordinate system. 

We shall develop the wave function V(r) in a 
series of Legendre polynomials: 


“Fo (r) = > a“, G,(r) Vat P, (cos 9), (3) 


(even) 
G,(oo)~ r-texp (ik, TF}, 


where 9 is the angle between the direction of the 
vector r and the axis of symmetry of the nucleus. 
In the region outside the sphere of exit of the or 
particle emerging from behind the barrier, the po- 
tential V(r) practically does not differ from the Cou- 
lomb potential. In this region, the functions G(r) 
fulfill the usual radial equation with energy Cj = 
E—E, where £,=#U(I+1) 27 is the 
energy of the rotational state of the daughter nu- 
cleus with spin I’=1, k, =V2m@, h. We 
note that in the external region, at not too large 1 
L[l< 2Ze*/hv(co)]  , one can neglect the depen- 
dence of radial function on /, so that the angular 
dependence of Y (r) is the same on the surface of 
exit from behind the barrier and at infinity. The 
probability of formation of the daughter nucleus in 
a rotational state with spin /’=/ is proportional to 
lola: Comparison with the observed intensity 
distribution in o-spectra of even-even nuclei with 
A > 230 (Ref. 3) gives the following values for 
the absolute values of the coefficients oy? 


lool=1, |o2[? 0.33, Ja, |? = 0,003. 


The case of Rea, > 0 corresponds to an elongated 
nucleus (the absolute value of V(r) has a maximum 
for 9= 0, 7 and consequently the predominant direc- 
tion of emission of the o-particles coincides with 
the axis of symmetry of the nucleus); the case 
when the real part of a, <0 corresponds to a flat- 
tened nucleus (j‘¥,(r)| is ereatest for9= 7/2). 
Under the assumption that the coefficients a, are 
real, it is possible to find, from the known abso- 
lute values, the width of the angular distribution 

of o-particles on the exit sphere from behind the 
barrier. The given values |a,| yield for the width 
|W (r)| the values of 100° and 88° for the elongated 
and the flattened nucleus respectively. The dif- 
ference of the angular distribution width for the 
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elongated and for the flattened nucleus is relatively 
small, and, as it will be shown below, is beyond 
the accuracy of the adiabatic theory. It is thete- 


fore impossible, on the basis of the adiabatic theory, 


to distinguish elongated and flattened nuclei from 
the observed intensity distribution, contrary to the 
claims maintained in Ref. 1** In order to establish 
an actual relation between the angular distribution 
on the exit sphere (and consequently the intensity 
distribution in o-spectra) and between nuclear para- 
meters, it is necessary to solve the Schroedinger 
equation (2) within the barrier region. We shall 
limit ourselves here only to the estimation of the 
nonadiabatic correction. 

In the quasi-classical approximation, the Hamil- 
ton-Jacobi equation (4) corresponds to Eq. (2): 
(4) 


1 TO Sie 
rm (VS + a7(S¢) EVO. 


Fo=exp Le sin}. 


The last term on the left-hand side we shall con- 
sider to be a small perturbation. Equation (4) 
(without the perturbation term) is the usual Ham- 
ilton- Jacobi equation of the adiabatic approximation. 
Let S, be the action function in the adiabatic ap- 
proximation. Putting S=S,+ S’, |S']1«& [So], we 
get the following equation for S’ 


VoVS' + (1/24) (OSq / 09)? (5) 


==(,where vy = m7 VS, 


with the boundary condition S’=0 on the surface 
> of the nucleus. The solution of Eq. (5) ful- 
‘filling the boundary condition is 


a 
: ee: OSe\e 
S =i\ = or (oe) dx. 


To 


(6) 


The path of integration is taken along the imper- 
turbed trajectory, starting from the point r, on the 
surface =. In the order of magnitude this integral 
equals (L/ v,)(h2/2J), ; the term added in i 

the exponent in Eq. (4) is of the order of «, 71’, 
where L is the length of the path of the particle 
within the barrier, T=L/%%, ©) =%/2J, , and 

T is the mean orbital moment of the a-particle 
within the barrier. In order to make the correction 
more exact, we have to consider the actual action 
function. As an example, we shall take the case 

of the elongated nucleus. For a sufficiently large 
deformation of the nucleus it is essential to assume 
the existence of small angles, for which the action 
function can be written 
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Sy = —ih(a(r)— dir) 9), ¥>0. (7) 


The correction to the exponent, calculated for 

such an action fmction, amounts to (i/%) S’ 

= 4w, Tb? 92, As was to be expected, the fact that 
the rotation is not adiabatic broadens the angular 
distribution of o-particles; b. , aOR 4a, Tb. 
The probabilities of transition into higher rotational 
levels decrease correspondingly. The non-adiabatic 
correction may be very essential. Thus, for L = 
3x 107}? cm, #2/2/~7 kev and the adiabatic 
value of b ~ 5, the correction is only slightly 
smaller than the main effect. The large value of 
the width of the angular distribution, found from the 
intensity distribution in o-spectra, is explained by 
the fact that the rotation is not adiabatic. 


Remark added during proof: We have, together with G. 
A. Pik-Pichak, calculated the effective angle of emis- 
sion ¥ * of a-particles (of the angular width | 99 (¢)|) 
2 numerical integration of the Eq. (4) for small angles 
of emission in elongated nuclei. tt the deformation is 
not too small, ¥* does not depend to a great, extent on 
it. Thus, for the case of the a-decay Uo" 
changes from 65° for a/b = 2.4 to 80° for a/b = 1.24, 
These values are close to the “‘experimental’’ value 
(~ 100°). This weak dependence on the deformation of 
the nucleus may possibly explain the fact that the in- 
tensity distribution of the fine structure lines connected 
with the rotational levels is almost constant for all nu- 
clides which are not very close to the doubly magic 
Ph208 


* With an accuracy to terms of the order of E,/€ 


In addition, we neglect a small imaginary increment to 
the energy of the system. 


** A straightforward answer to the question of the 
sign of the deformation (the sign of the quadrupole mo- 
ment) can be obtained from the study of the a — y angu- 
lar correlation’: 


1 V: G. Nosov, Dokl. Akad. Nauk SSSR 103, 65 (1955), 


2 A, Bohr, B. Mottelson and P. Froman, Dan. Mat. Fys. 
Medd. 29, 10 (1955). 


3 I. Perlman and F. Asaro, Ann. Rev. Nucl. Sci. 4, 
1954, 


4 V.M. Strutinskii. Dokl. Akad. Nauk SSSR 104, 524 
(1955). 


Translated by H. Kasha, 
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Concerning Rayski’s Bilocal Field Theory 


V. A. ZHIRNOV 
P. N. Lebedev Physical Institute 
Academy of Sciences,’ USSR 
(Submitted to JETP editor, December 2, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 425-426 
(February, 1 956) 


ave equations for a Y-function depending on 
\" x. and u,are investigated in some of Rayski’s 
Uecogee ere ; 
papers*’“ in a way similar to that used by Ginzburg 
and Tamm ® and by Yukawa.* Ginzburg and Silin® 
have already made some critical notes to Ref. 2, 
showing in particular the incompatibility of Kqs. 
(22) and (22’% of that paper, as well as some other 


shortcomings. 
The system of equations 


oO? ae 
he == yaw! 
; les ‘ si f 


gd (Real as ome ( Q ) 
| 4 aim itl 
sine {2 a * Ou, 


0 ‘ 
ie 2u; “Ou. \)) KE (x; u;) =e 0, 
L 


isi. a ¥ (43, 2;)-= 0, 
i 


(1) 


2 O° 
Ox;0X; 


’ 


LY = (3 = Y (x;, 4;) =0 


u; = UcoshXsin 8 cos o, 


ily = ucoshysin 9 sin o, 


Then from Eqs. (1) we get 


Me WOEeo ee aks a (4) 
Gb lle pe a ( ee 
[> eg Ne (— Oy idosk: Oy ) 
Cee 
cay ll ee) ce 


Separating the variables, (x.u)=WU(x)R (x) ¥(¢) 


we find 


b) 


t 2 4c 
(os tis eas re ST x) Wits Os _ 
Oza ee 
ae NTO) 
0? _, sinh x fe) Re 1) RG ce 
ae ‘ coshy OY cosh*y io (x) : 


uz = Ucoshcos 0, 


Ug = iUsinhy, 
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proposed in some new papers® is a compatible 
one, as L, ; Thyes and {bss commute with each other. 


However even this new system has some shortcomings, 
The mass spectrum derived from (1) 


(2) 


ho, ee ee 


not only contains imaginary masses m2 < 0, which 
must be thrown out because of the condition of 
boundedness of the solution Ye, = 

in 4-space (see Ref. 5), but also givés the value 
m= 0, in contradiction to the recipe for finding 


the mass spectrum ( going to the center-of-mass 
system). Furthermore, interaction with a field 
cannot be introduced into the system (1) in the 
usual simple way, and presents an additional 
problem. In addition to this, we shall show that 
the system (1), as well as the analogous set in 
Ref. 5, contains solutions with spacelike momenta, 
corresponding to signal velocities faster than 
light. To do this, let us go to the system of ref- 
erence where E= 0, p;=p, =0, p, #0, and let us 


introduce generalized spherical coordinates in 
u,- space: 


OH OS, (3) 


ae OO, 


By putting v=R oshney , y= sinhy, the last equa- 
tion of (5) becomes 
(=e 


» &U du 
Jo) en) 
s) dy> ~ (A— 1) y dy (6) 


+ (2 —A—u)u=0, 


If we try to solve Eq. (6) by a finite sum 


Mmax 


v= » a,y"', we get the eigenvalues p= Wye 
n=0 

b= Opal eon _... . Then from the first of equations 

(5) we can find the spectrum of eigenvalues of 

the momentum: 
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(7) 


Ot nae ae cya 4c 
ee ra a oat Ae ob)» 


It is clear from (7) that for EF =0 we can have 
Ps > 0, i. e., there is a system of reference where 


E* =p*—a’ for real E, p, and a, and v = JE/dp 
= p(p?—a*)-1/2 >]. Insofar as solutions with 
velocity greater than that of light can not be 
eliminated by the condition of finiteness, it is 
clear that equations (1), as they have physically 
unallowable solutions, cannot be considered satis- 
factory. 

In conclusion, I express my thanks to Professor 
V. L. Ginzburg for valuable advice. 


"J. Rayski, Proc. Phys. Soc. (London) 64, 957 (1951); 
Acta. Phys. Pol. 11, 109 (1951). 

2 

J. Rayski, Nuovo Cimento 10, 1729 (1953). 

a Ginzburg and J. E. Tamm, J. Expt]. Theoret. 
Phys. (U.S.S.R.) 17, 227 (1947). 


4 
H. Yukawa, Phys. Rev. 77, 219 (1950); 91, 415, 
416 (1953). 


iS 
V. L. Ginzburg and V. P. Silin, J. Exptl. Theoret. 
Phys. (U.S.S:R.) 27, 116 (1954). 


6 
J. Rayski, Fortsh, Physik 2, 165 (1954); Acta Phys. 
Pol. 14, 107 (1955); Nuovo Cimento 2, 255 (1955). 


Translated by E. J. Saletan 
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The Leading Role of the Vibration Properties 
of Plasma and the Effect of the Gas Atoms 
on these Properties 


I. P. BAZAROV 
Moscow State University 
(Submitted to JETP editor, February 21, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 426 
(February, 1956) 


L, Eq. (5) of our earlier work! , the second term 
of the right-hand member should have a plus 
sign, and not a minus sign. The necessity for this 
can be easily recognized if one compares the parti- 
cular case of Eq. (5) in the form of Eq. (10) with 
Eq. (2) which is identical to (10) and in which the 
sign of the second term is indicated properly; the 
identity of (2) and (10) are indicated in Ref. 1. 
The incorrectness of the sign is noted in Ref. 2, 
although it does not change all the Iiqs. (7) — (10) 
which follow, or the conclusions drawn from them. 
The basic result of the work — the prediction ofthe 
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existence of anodic strata under several conditions 
of charge (1, < 0) — does not depend on the sign 
of the second term of Eq. (5) ( only the numerical 
value of the period d can depend on this sign), 

and this result was actually confirmed by experi- 
ment, as was indicated in Ref. 1. This results in 
the fact that, although inthe developed theory of 
strata }»? the effect of the atoms of gas on the 
vibration of the plasma is not taken into considera- 
tion ( for which reason, in part, we obtain only 
qualitative agreement of theory with experiment in 
certain cases), this theory correctly indicates, how- 
ever, the leading role of the vibration properties 

of the plasma under certain conditions of gaseous 
discharge — the collective interaction between 
charged particles. 

Calculation of the effect of atoms of the gas on 
the behavior of the plasma is important and neces- 
sary; however the means, borrowed from a number 
of other research papers, by which this calculation 
is carried out in Ref. 2 is unsatisfactory, since 
the approximation employed in Ref. 2 in the kinetic 
equation of the Boltzmann term for collision ex- 
pressed by — (f — fy) / T—f, /Tdemands, within 
the frame of reference of linear approximation, the 
disappearance of the integral ff dv, while in the 
other equation of the solved system this integral, 
with the same approximation, must not be equal to 
zero. For this reason, Ref. 2 bears a solely com- 
putational character, with no knowledge as to 
what sort of approximation it has with relation 
to areal plasma, since the solved system of equa- 
tions suffers from internal contradictions. 

I take advantage of this opportunity to point 
out that in Ref. 1, Eq. (4), the term 47p must have 
a minus sign ( and not a plus sign, as printed) 
and paragraph 4 should be paragraph 3. These 
errors bear no relationship to the correctness of the 
work within the frame of reference of the initial 
approximations. 


1p, Bazarov, J. Exptl. Theoret. Phys. (U.S.S.R.) 21, 
711 (1951). 


2A, A. Luchina, J. Exptl. Theoret. Phys. (U.S.S.R.) 
28, 18 (1955); Soviet Phys. JETP 1, 12 (1 955). 


sts Vlasov, The theory of many particles, Gostek- 
hizdat, 1950. 
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for the di duced to Figs. 4 b and c, th 
Asymptotic Meson-Meson Scattering Theory leat am iar hi ge ot Seen oar 


4K -- = == = aries Me 
I. T. DiaTLov AND K. A. TER“MARTIROSIAN 1 ei hy 4, hae hk, =a t, 


Leningrad Physico-Technical Institute, fpeee See ey ay, Bey 
; A op aT 
Academy of Sciences, USSR F ee es; F 4 
(Submitted to JETP editor October 8, 1955) ee pif ae gs ue Ai 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 416-419 Ag ty of ay wl |e 
(February, 1956) 
Fic. 1 
Wes the method of the asymptotic theory '»” a 
is applied to meson-meson scattering, a dif- it is clear that 
ficulty arises in that there is an infinite number of (1) 
complex diagrams with four entering meson lines, P (Rikokgks) = Ro (Rikokgks) + F (Rika, Boks) 
each of which makes a contribution of the same 
order as the simplest diagrams shown in Fig. 1. PUREED Fn eee 
The complex diagrams are “‘reducible’’ to one of z 
the diagrams in Fig. 1, i.e., to diagrams which (note that P and Ry are symmetric with respect 
consist only of squares, connected by meson lines, _ to the arbitrary permutation k. and F (Rik2, sks) 
which go over into one of the diagrams in Fig. 1 will not change by the mutual interchange of k 
if, succesively, two squares of the complex dia- and k, ork, and k,; nor by the substitution at ky, 
gram, connected by two meson lines, are substi- ky by kg, ky. 
tuted by one (for instance, the diagrams in Fig. 2 One can obtain the following relation for the 
are “reducible” and those in Fig. 3 are “‘irredu- quantity F(k,kok,k,) (similar to the pro- 


cible’’). To any “‘reducible’’ diagram there corresponds _ cedure for obtaining the equation for the Green’s 


alogarithmically divergent quantity of the order of g2 functions D, G, or Bethe-Salpeter’s equation) 


and of the type (g5/471) ie [g? ( L — &)\, where g, 
is the initiating charge, R, =real numerical 
function,l = lg (A?/ m?),é = lg (— k2/m2), —-&k = mo- 
mentum, intrinsic in the problem, A = cut off limit oe 
of the momentum. = — 52 \ [Ro (kako ll’) + F (hil, Ral’) 
“Trreducible’’ diagrams need not be considered 

since their contribution is very small — of higher 
i order in oc. In such a way the scattering ampli- 
tude (22/4ai) P(k,kokak, ) Ck, is the ’ . 
DR Sa eee by the infinite sum where — I’ =1 +k, +ho, ky +h, +h, +h, =0.Obviously, 


FP (Rik», Rahs) 


(2) 


2m 


a= 


+ F (Ail’, kal) D (L) DL’) P(— 1— Ugh, atl, 


P(kykokgk,) = ee (k kkk, extended over (1) and (2) represent a closed system of equations, 

all “reducible” diagrams. with the help of which one can calculate F and P, 
We considered the problem of the calculation of if R, is known. 

this sum (the so-called “‘parquet”’ problem), and For large momenta the sum of the contributions, 

discovered it was possible to construct an inte- Ro, from the diagrams in Fig. 1, depends only on 

eral equation which determined P through the the biggest of the four momenta kt Ry = py («) a 

quant ity uu , corresponding to the contribution due where «= [1+ (5 go / 4n) (L—2)p"'s 

to the simplest diagrams in Fig. 1. This possibil- while Se ee er 


ity is connected with the fact that any complex 
“reducible” diagram consists of two parts, toeach and 3,= Orit, Cbas, Sait, Sera tT Oa One 
of which approach two external meson lines and wy Beek 


which are connected with each other only by two depend on the subscripts 7; (i= 1, 2, 3, 4) of the 
meson lines. The latter becomes obvious if one isotopic spin (for calculation,Green’s functions 
considers that when one makes a “‘reduction’’ of which were found in Ref. 2 are used) 


the complex diagram, one can always reduce it to 
the form of Fig. 4 a, b, orc. If F (kk, kyhs) 

is the sum of the contributions from all ‘‘teducible’’ 
diagrams, which are “‘reduced”’ to Fig. 4, a, and, 
similarly, F(k,k,, kk.) and F( kik, kok, ) 


For large momenta the scattering amplitude P 
also depends on only one quantity Oe However, 
when any two of the four momenta, for instance 
k, and k,, are very big but are almost opposite 
in direction so that their sum “1 + #2 = — (ks + &y) 
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tance). 
If k, and k, are the quantities of the same order 


as -f, +k, — —(k, e), then, in this cases 7 
depends not only on o (which corresponds to the 


is much smaller than each of them, a special case 
arises. (This case is essential in (2), since the 

integral with respect to / in (2) is logarithmically 
divergent, and only very big / ~ —l” are of impor- 


/ Ay 


If 8 +o, ie., if all four momenta are of the same 
order of magnitude, then A vanishes. Denoting 
P(a,a)=P(a), we will have in this case 


P (kyRok3k4) ——s P (a) Oe 


quantities —k? or —k,*), but also on 
B= (14 6 g2/4n) (L— Js, 
n = Ig [— (Air + Ae)? / m*] = 1g [— (Ra + fa)? / md, 


Phale The limiting values of the function / and Py. 
P (kyhakgks) = P, (08) 8,-+ Pro (a8) 3... 8 can be found with the help of the system (1), (2). 
iC : Ss a aes 1 


: They have the following form: 
= 8 eee al See aoe 


16 ipl 
ae = 1 — typ — Se — HAF. b B—1<l 
ea 16 a / od] 
Sd (gs GON 9s 9 as plas) | | a > 4 
ofa r 
—5(F)e@-pue- 1p @ +... Bt <1 
Pr (%5 8) = 16 F 
a (a !12 g—"*ls2__ 4), > 4 
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In the region o~1 or 8B ~ 1 the functions Pe 
and Py, can be found only by the numerical inte- 


gration of the system of asymptotic equations, 
which follow from (1) and (2). 

V. V. Sudakov succeeded in obtaining a simple 
equation directly for P() and in completely con- 
structing this function. The solution found by him, 


—!9f, (4) 


for the cases « — 1 <1 and «> 1 is identical with 
(3). 

It follows from (3) or (4) that the entire sum 
P(«) is a quantity of the same magnitude as the 
contribution ?0(%) from the simplest diagrams in 
Fig. 1 (for «>1, Pla) differs from eo («) only by 
the factor 11/3). 

The latter is of importance for the conclusion * 
of the pseudo-scalar theory that the meson charge 
of a nucleon is zero, since this conclusion is 
based on the results of the theory”, in which (in 
the equation for the operator of the peak part) the 
diagram of Fig. 5 and also the infinite set of 
analogous diagrams obtained from Fig. 5 by sub- 


Piey 


Stitution of a square for any “‘reducible’’ diagram 
was not considered. Since P(«) and 0 (%) are 
quantities of the same order, the contribution of 
the infinite set of all diagrams of the type in Fig. 
5 is a quantity of the same magnitude as that from 
the one diagram in Fig. 5, i.e., they can be neg- 
lected, (the contribution from the diagram in Fig. 
5 is a quantity of the order of Be in comparison. 
with the terms taken into consideration in Ref. 2). 

The authors express their thanks to V. V. Suda- 
kov for important remarks and to I. Ia. Pomeranchuk 
who stimulated interest in the above problem. 


* Here the case when es < land L >> 1 is con- 
sidered, so that gol is an arbitrary quantity. When 


two cut_off limits are introduced® the quantity 
ww —1 
g= eilt + 29 (1, —L,) 


is small for an arbitrary oe ioe LL) 
T™ 


enters everywhere instead of 


is sufficiently large. 
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Dokl. Akad. Nauk SSSR 95, 497, 773, 1177 (1954). 


2A, A. Abrikosov, AvD. Galanin and LM. Rbalerateem 
97, 793 (1954). 


3A, A, Abrikosov and I. M. Khalatnikov, 103, 993 
(1955). 


4 1, Ia. Pomeranchuk, 103, 1005 (1955). 
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Relativistic Deuteron Disintegration in the 
Electric Field of the Nucleus 


L. N. ROSENTSVEIG AND A. G. SITENKO 
Physico-Technical Institute, Academy of Sciences, 
Ukrainian SSR 
(Submitted to JETP editor, December 8, 1955) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 427-428 
(February, 1956) 


T HE disintegration of deuterons with energy of 
the order of 200 mev in the electric field of the 
nucleus was investigated by Dancoff! in the non- 
relativistic approximation. In the present communi- 
cation the problem is solved, taking into account 
relativistic effects. It will be shown below that 
the relativistic corrections to the cross section for 
‘‘electric’’ disintegrationg, _, , found in Ref. 1, 
are small if v?~ 0.2 (E 7~ 200 mev )*, but are im- 


portant if v? ~ 1, and that the ‘‘ magnetic’”’ disin- 
tegration investigated in Ref. 1, in which the pro- 
ton-neutron system undergoes transition from the 
triplet to the singlet state, does not take place; 


the corresponding cross-section a is of an order 


=") 


of magnitude smaller than o in the extremely 


relativistic case. a 

As in Ref. 1, we shall make the following 
approximations: a) the motion of the center of mass 
of the proton-neutron system in the field of the 
nucleus is investigated in the Born approximation, 
which is permissible for Z/137v << 1; b)n—p 
forces are assumed central with a zero radius of 
action; c) the nuclear electric field is ‘‘ cut off’’ 
atr=R_ the sum of the radii of the nucleus and 
the deuteron**; d) the deuteron radius Ry is con- 
sidered small in comparison with R_ , 

In the system of reference K in witch the deu- 
teron is at rest before the collision, the potentials 
of the field of the nucleus Ze, which has a velocity 
v inthe z-direction, are 


p= ZepR) ~<A aA =O, (1) 


A, = uZe if R, 
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R=R(r, Halt — ee +(e—vyy2, — @ 


er = x24 


The perturbed Hamiltonian of the deuteron in the 
nuclear field is given by 


" ie , 
V = ey + 47 (VpAy + App) (3) 
e = > > 
+ Sig MA tag UphpHly + dH 
tL ato Wet 2i a 
Lie 2M \R, 0, 


i eS 1 
—— {z,—vt)—(1 —v)u [r,c,],—— 
(cotati ne ed 

Pp Ite 


[ in the Born approximation we drop the term 
(e?/ 2M) A? 1], where M is the mass of the nu- 
cleon. 

In the expressions for the wave functions of the 
initial and final states of the unperturbed system 


2 eS = es > 4 
By bg (7) et = — 4, 0, 1), (4) 
Ys = L~ exp fj gry} Sa (r) x5 ane (5) 


—Sa0 1 Somes) 


\ the basic states of the deuteron and the states of 
the continuous spectrum of the n — p system which 
contain the scattered wave for r ~™ can(in the 
light of approximation b) be written in the form 


CAS) a fone" Ir, (6) 
-. { ce { othr (7) 
We = —=,( 4 RG 
(S=0, 1). 


We note that the orthogonality condition 


Ya (7) vo? (r) dr = (Ois satisfied only for S=1. 
For the transition that interests us, the proba- 
bility amplitude is given by 


a;.,=—i | FIV (Q|pjdolat,o=E—E. (8) 


Introducing Eq. (3), we get, after some obvious 
transformations, 


ry oe 
Zee H+ 7 = P58 mA L(: — OM ) Bat M c| 


9 A; 
—WVU (1 eee U-) Shi Bs (4, Bay + TW Baseey Gee [qS], xe) 
1 — > 
+3508 m0 (,B_ogo mse e [4, Dy (o, —= 9, bas) 
Here, 
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= ug? (1 — v? cos* a) qcos%—w/U i 


2 a aye tee i (11) 
3 ts e dt Pooh, q 
ached =\< Cea RG fi f=r 4 

—oo 

. ry (12) 
Bas = \ aif (8) dy (ref, 
ta ee OU ae 
cal ary oc) - eves 


where « is the angle between the z-axis and the 
vector q. ( Equations (10) and (11) are derived 
on the assumption that L +©.) 

Because of the ‘ ‘ cut-off?’ of the electric field 
for r =R,, the upper bound for the momentum q is 


-2 
O72 (cw) 
-29 


2 4 
210" Meta 8) 
4 £ (Mev) 
SS ae 1/Ry: condition d) gives q_ ,,/%) 
<< 1, i.e., the coefficient of e/4°'/? in the inte- 


grands of Eqs. (12) can be replaced by the first 
terms of the series expansion 1 +{1 2)iqvr. In 


view of the orthogonality of the functions Lae 


a = 


. Libraly 


oe 


U 


we SS 
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and yj, the basic term in the integral 5 “a is intro- 
duced by the second term of the expansion, and in 
B » and C by the first term. 

n fq. (9) we will keep only the basic terms, 
neglecting the part containing the matrix element 
of the operator [qxS], and the quantity —vg,/2M 


in the parentheses. It is not hard to see that the 
terms we have here dropped give small corrections, 
whose calculation would hardly make sense, since 
we have made the approximations a) — d). 

We now go over from a consideration of the 
probability amplitude to the cross section, sum 
over S and m, average over my» and integrate 


over d°q as was done in Ref. 1. Let us write 


Integration over the angle 3 gives the distribution 
over & (OSe<e,,,, =U/Ro— 4&1) 


Equation (13) goes over into Dancoff’s equation! 
if the expression in square brackets is designated 
by InI?. 

Integration over ¢ is carried out numerically. 
The figure shows the variation of the integral cross 
sections g,.,, anda, _, in the energy interval 
E ,= 0.2 —10 bev for R,=1.1 x 10°8em. 

The authors thank Z. V. Rumiantseva, who car- 
ried out the numerical integration. 


*We are employing a system of units in which c=f=1l. 


**Tt can be shown that in this way the diffraction dis- 
integration of the deuteron, which is not connected with 
the electric field close to the nucleus ( see Ref. 2), is 
eliminated from the consideration; the whole cross sec- 
tion for disintegration is given by the sum 0j,,+0,); 
and the interference term is absent in the approximations 


a) 1d). 


1s. Dancoff, Phys. Rev. 72, 1017 (1947). 


24.1. Akhiezer and A. G. Sitenko, Dokl. Akad. Nauk 
SSSR 107, 3 (1956). 


Translated by E. J. Saletan 
83 


LETTERS TO THE EDITOR 


Cn the Paper by N. I. Steinbok ‘‘ Basic 
Characteristics of !onization Chambers ”’ 


K. K. AGLINTSEV 
(Submitted to JETP editor February 14, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 
80, 429 (February, 1956) 


I N the paper by N. I. Steinbok!) it is asserted 
that the solution of the equation of the volt- 
amperecharacteristics of ionization chambers ob- 
tained by him are more rigorous and complete than 
those previously described in the literature ( see, 
for example, Refs. 2, 3). This conclusion is ob- 
tained on the basis of the supposition that, if the 
ionization is relatively weak, it is possible to ig- 
nore the space charge ; however, no basis for the 
justification of this supposition is advanced in this 
paper and the error arising out of this supposition 
is not evaluated. What is more, it is possible to 
demonstrate that even where weak ionization 
exists, the part played by space charge in ioniza- 
tion chambers is quite significant, and therefore 
the conclusions drawn in Ref. ] are in error. 

Let us examine the problem of the variation in 
intensity of the electrical field between the anode 
and the cathode in a flat, air-type ionization 
chamber. Let us designate by h the distance be- 
tween the anode and cathode and draw an axis x 
perpendicular to their surface. Seeliger* demon- 
strated that the value of the intensity of field E 
in the space between the anode and the cathode 


is completely determined by the numerical value 
of the ratioi //,, where /, is the strength of the 


saturation current and i is the strength of the 
current in the absence of saturation; upon varia- 
tion of the strength of ionization and of the magni- 
tude of /,, only the absolute value of E changes 
at all points in the field. In the following table 
the values of E are given in relative units for 
various values of i/l, for cross sections of the 
chamber at various distances from the anode 

~= 0, 0.334, 0.424, 0.674, and h. 

From this table and Seeliger’s graph ( Ref. 4, 
p- 348, Fig. 3; see also Ref. 3, Fig. 82 ) it can 
be seen that even in the vicinity of the zone of 
saturation i/1,= 0.949 the minimum value of in- 
tensity of the electrical field E at x= 0.42h is 
lower by 18% than the maximum value of E at 
x=h; at 7A = 0.406 the minimum value of the 
field differs from the maximum by a factor of 2.5. 

From the foregoing it follows that parameter X, 
which enters into the system of differential equa- 
tions derived by Steinbok for ionization chambers 
and which contains E? in the denominator, cannot 
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i/To 0 0.33h 0.42h 0.67h h 
kak | 
0.406 52 26 25 2 
0.576 53 29 38 a A 
0.728 56 36 35 40 70 
0.949 91 33 82 85 97 


be considered a constant factor, but is rather a 
function of the coordinate €=x/h. As a result 
of this, in Eq. (5) the variables p and v cannot be 
separated and all the relationships subsequently 
given cannot be obtained. Thus, the expressions 
obtained in Ref. 1 are not, in fact, solutions of 
the equation for the volt-ampere characteristics of 
ionization chambers. This, of course, is the 
reason why the approximate expressions obtained 
by Steinbok differ from the approximate solutions 
of Mi and Seeliger. 

Steinbok also gives a comparison of his experi- 
mental data which he obtained during the measure- 
ment of ionization by the compound RaCl,. It is 
difficult to understand the fact that the experimen- 
tal data for the ionization of a -particles do not 
conform to the dependence, characteristic for the 
ionization column, of the strength of the current 
on the difference in potential ( see, for example, 
Ref. 3, Fig. 80) applied to the ionization chamber. 

From the foregoing it follows that the volt- 
ampere characteristic of ionization chambers ob- 
tained in Ref. 1 and the description of the work of 
the ionization chambers on the basis of the char- 
acteristics derived by the author cannot pretend to 
rigor and accuracy. It is hardly possible to use 
these results in working with ionization chambers, 
since the question of the erroneousness of the 
equations is left open. 


PNA. Steinbok, J. Exptl. Theoret. Phys. (U.S.S.R.) 
20, 5, 615, 1954. 


2v 1. Veksler, L. V. Groshev, and B. M. Isaev. 
Ionization methods of investigating radiation, Gostekhiz- 


dat, 1949. 


SKAK Aglintsev, Dosimetry of ionizing radiations, 
Gostekhizdat, 1950. 


4H. Seeliger, Ann. Physik 33, 319 (1910) 


Translated by A. Certner 
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eusintedration of Positive lons in 
Collision with Molecules 


S. E. KUPRIANOV, M. V. TIKHOMIROV 
V. K. POTAPOV AND P. IA. KARPOVA 
Physico-Chemical Institute 
(Submitted to JETP editor June 1, 1955) 
J. Exptl: Theoret. Phys. (U.S.S.R.) 30, 
569-570 (March, 1956) 


I N the mass spectra of some compounds broad 

peaks are observed whose centers of gravity do 
not coincide with the integral mass numbers. The 
apparent mass M* is 


M = M?2/M,, (1) 


where My and Mf, — are the ionic masses before 
and after disintegration. The observed peaks are 
caused either by spontaneous disintegration of 
metastable ions’’” or by disintegration caused by 
collisions with molecules or atoms.°~? 

We investigated some broad peaks in the mass 
spectra of carbon monoxide, carbon dioxide, methy- 


line iodide and bromide, acetylene and ethylene 
(see Table). The investigation was carried out on 
a standard equipment MS-1 with ionic energy 2500 
ev, electron energy 70 ev and electron beam current 
0.5 ma. The pressure in the analyzer was 3x 10-° 
mm Hg. Mass spectra were automatically scanned 
by change in magnetic field and recorded by an 
electronic potentiometer. [onic currents were meas- 
ured at the maximum of the peaks. 

We found that the intensity of broad peaks /* in 
the first approximation is 


tar. (2) 


where p is the pressure of the gas entering the 
analyzer of the apparatus, measured with an ioniza- 
tion gauge of the type LM-2, / is the intensity of the 
developed positive ions and a is a constant. As 
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an example, relative peak intensities [*/ I are 
shown in Fig. 1, corresponding to the apparent 
masses 5!/7 and 102/7 in the mass spectrum of 
carbon dioxide and methylene bromide in their 
dependence of the pressure in the analyzer. 


-4 


IS 


Intensity of fractional peaks x 10 


0 if 2 J ] . 5 
(0° mm, Hg) 
FIG. 1. f = (5,1 19g) (COLO; 
AU Ree Liq) (CH, Br,) 


The data given inthe Table which characterize the 
probability of disintegration were obtained as 
approximations from 


o=NRT/Nopl, (3) 
where V* and N are the number of disintegrated 

and undisintegrated ions, K is the Boltzmann con- 
stant, 7’ is the absolute temperature, and / is the 


distance from the source to the magnetic field 
analyser. The V*/ N was determined from the 


height of the secondary and primary peaks. Since 
the fractional peaks are broad the values twn out 


too small. Furthermore the difference in ioniza- 
tion was disregarded. 


The results given in the Table show that the 
disintegration probability of CO * ion according 


to the scheme 1 is greater than according to the 
scheme 2, which is in agreement with the electron 
affinity of oxygen and carbon. This is also con- 
firmed by the disintegration of CO* from carbon 
monoxide according to the scheme | and 3. The 
difference of probability in processes 4 and 5 is 
interpreted, apart from the electron affinity in- 
fluence, by the difference of the number of dis- 
sociated particles and the loss of energy connected 
with it. This refers also to the disintegrations 
according to the scheme 6 and 7. 

The investigation of the influence of the electron 
energy up to 140 ev on the character of the dis- 
sociation processes has shown that the disintegra- 
tion probability depends on the electron energy. 
This dependence is evidenced in the investigated 
cases by a decrease of the relative intensity of 
the fractional peaks with the decrease of the elec- 
tron energy, whereby the relative intensity close 
to the potentials of ionic emission decreases stronger 
than at higher energies. The results obtained for 
carbon dioxide are shown in Fig. 2. A similar 
dependence have also other disintegrations shown 
in the Table where an increase of the electron 
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energy in the region close to the ionic emission 
causes a disintegration increase 2-4 times. The 
dependence shown in Fig. 2 is similar to that of 
the peak with the apparent mass 1/2 investigated 
in the paper ® in hydrogenionization. We would 
like to mention that the influence of the electron 
energy on the disintegration of Cli* and CH) in the 
investigated cases is different from that in methane 
ionization.” . Inthe last case the disintegration 
probability increases strongly in the region of ionic 
emission potentials. 

The observed increase of probability of pro- 
cesses forming fractional peaks in disintegrations 
shown in the Table with an increase of electron 
energy is probably connected with the number and 
degree of excitation of emission ions. The second 
possible cause seems to be the increase of the 
initial kinetic energies of the fragmentation ions 
with the increase of the electronic energy.’ An 
increase of ionic energy up to 3000 ev increases the 
probability of disintegration. The character of this 
dependence is influenced by the type of disinte- 
gration and by the nature of molecules involved 
in the collision process. 

We are greatly indebted to Prof. N. N. Tunitskii 


for his constant interest and valuable advice 
during this work. 
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Beta-Spectrometer Investig ation of 
Conversion Electrons with Aid of 
Nuclear Emulsions 


I. A. ANTONOVA 
Moscow State University 


(Submitted to JETP editor November 15, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 
571-572(March, 1956) 


W ITH present-day magnetic {-spectrometers, 


there are in use basically two methods for 
recording electrons --with the help of counters (gas 
discharge or luminescent) and photographically, by 
observing the intensity of darkening.! The photo- 
recording method possesses the well-known advan- 
tage that it can be used in the study of very short- 
lived radioactive isotopes, whereas this possibili- 
ty is practically excluded in work with counters. 
However, the sensitivity of the photographic 
method is low and one must use 6-emitting sources 
of high activity. 

The requirements become particularly demanding 
in those cases where the energy range of the 
{-spectrum does not exceed several hundred kev. 
The combination of high source activity and small 
thickness requires the use of compounds with 
high specific activity, often very difficult to 
obtain. A further serious drawback of the photo- 
recording method appears to be the difficulty of 
measuring the relative intensities of the electron 
lines, due to the dependence of the intensity of 
darkening on the electron energy. 

The above difficulties may be avoided by using 
thick electron-sensitive photographic emulsions 
and determining the number of electrons directly 
from the number of tracks, rather than from in- 
tensity variations. Analogous methods have been 
used earlier for investigating «-spectra with mag- 
metic spectrometers, and have given positive 
results.*” The difficulty in using this method in 
{-spectroscopy is that the tracks are relatively 
thin and are quite tangled due to the strong scat- 
tering of the electrons. This makes it difficult 
to count the electrons against the granular back- 
ground of the film. 

The aim of the present work was to show the 
feasibility of using thick emulsions for recording 
electrons in a B-spectrometer, in particular for 
the study of conversion electrons. We employed 


a Danish-type spectrometer with semi-circular 
focussing and uniform transverse magnetic field. 
Its resolving power was 0.7 -1.0%. For recording 
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high energy electrons which produced rectilinear 
paths in the emulsion, a cassette was provided 
with a photographic plate tilted at 30° to the plane 
of incidence of the electrons, in order that the 
projected electron paths might be visible. 


: Loi 
The source of conversion electrons was a Cs 


compound evaporated in layers on a mica strip 
40 x 0.5 mm. to a depth of 0.2mg/cm? The 
electron-sensitive plates were NIKFI type R with 
a grain density of 30-40 per 100 py. 

The tracks were counted with the aid of a bi- 
nocular microscope, type MBI-2, having a compound 
drive. For convenience in counting, a grid was 
inserted in the microscope eyepiece. The number 
of electrons was recorded by a push-button counter. 
With this simple arrangement, scanning of the film 
took 2-3 hours. 

In developing the method we tried out films with 
different thicknesses of emulsion, 200, 100, and 
50 p. The best results were obtained with the 
50 p thickness, which after developing and drying 
had a total thickness of 15-18. This emulsion 
thickness proved to be quite satisfactory for dis- 
tinguishing tracks against the granular background 
of the emulsion. In addition, the R-50 type film 
has the advantage that its photo-processing does 
not require a large expenditure of time or special 
equipment. 

We investigated especially carefully the question 
of exposure time for a given source activity, and 
the degree of magnification in the microscope for 
the various films tested. The optimum exposure 
time for the filn: depended on the following: on 
the one hand, the number of electron tracks should 
not be too large, else the tracks become entangled 
and difficult to count, while on the other hand, for 
reduced statistical fluctuations, it is desireable 
that the number of tracks in the field of view of the 
microscope should not be too small. Investigation 
showed that with a magnification of X 300-450 the 
most efficient exposure was one for which the 
number of electrons in the microscope field of 
view ranged from several dozen to300. This num- 
ber could be increased to 400-500 if the film 
was saturated with a 5 - 10% solution of glycerin. 
In such swollen emulsions, the electron tracks 
expand toward the vertical so that the microscope 
focusses on a smaller region of the paths, in 
which the electron do not have time to scatter 
significantly. Such paths are easy to distinguish 
and count. 

We used freshly poured emulsions, whose storage 
time did not exceed 7 days. 

Figure 1 shows the B-spectrum obtained from 
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Fic. 1. Conversion Electron Spectrum of Cs 
the interpal conversion of y-rays from Cetd 
( Bal? ") (hv=661. 6 kev). The numbers along 
the abscissa are proportional to Hp, while the 
ordinate is NV, the number of electrons in the field 
of view of the microscope at a magnification of 
X 420. The spectrum was obtained by exposing 
the plate for 2.5 hours to a 6 p Cu source of Cs 137, 
It represents the average value of four curves 
taken from the same film. For each new curve the 
plate was shifted slightly toward the vertical. This 
made it possible to get good statistics from a 


single plate. As may be seen from Fig. 1 the 
errors in measurement do not exceed 8% and could 


be reduced with better statistics. A control 
film from the same batch showed that 51 +1 elec- 
trons accumulated in the background during the 
storage time. In the figure this background is 
shown as a straight dotted line. The remaining 
electrons in the general background, on which are 
distributed the K, L, and M peaks, belong to the 
B-spectrum of Cs*®* , which accounts for about 
8% of the total number of disintegrations. 

Comparison of the areas of the K. L, and M peaks 
gave the ratios of the conversion coefficients for 
the y-rays of Cs!9" ; 

Het Ona % vy 

= (5.9 + 0.1): 1.0: (0.28 + 0.02). 
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The errors here represent mean square values 
from the processing of 7 plates. The results are in 
good agreement with those given by other 
authors*~® and obtained in B-spectrometers with 
recording by B-counters. 

Thus the method of recording electrons in thick 
photographic emulsions proved to be entirely 
adaptable to B-spectroscopy. For a comparison of 
the exposure times necessary to darken an x-ray 
film appreciably, with that required by the photo- 
emulsion method, we carried out a measurement 
using the same 2.65 mCu Cs!3? preparation for 
both. The data obtained showed that the use of 
the emulsion permitted the investigation of isotopes 
300-500 times weaker in intensity. This increase 
in sensitivity of counting, together with the other 
advantages of the photographic method will permit 
the study of many short-lived isotopes and may be 
of value in deciding a number of questions in 
B-spectroscopy. 

In conclusion, I would like to thank I. M. Frank 
and |. V. Estulin for the interest they showed and 
for assistance with the work. 


*It became known to the author afte the completion 
of the present work that a similar method had been 
used successfully by Pnievski® for investigating the 
B-spectra of RaD. 
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Elastic Scattering of 5.4 Mev Protons 
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A STUDY of the scattering of nucleons by atomic 

nuclei is one of the main sources of informa- 
tion about the form of a nucleus — the character- 
istics of the nuclear potential and the range of 
action of nuclear forces. Because of the success 
of the optical model for the scattering of neutrons 
by atomic nuclei! increased interest in proton 
scattering recently arose 7" 

In the present work the elastic scattering of 
protons with initial energy of 5.4 mev by the fol- 
lowing nuclei was studied: Be, C, F, Mg, Al, Ca, 
Mn, Ni, Cu and Zn. The measurements were made 
in the following manner. Fast protons, obtained 
from a linear accelerator, after going through a 
magnetic analyzer and a row of collimating 
diaphragms with diameters 2, 2.12, and 2.2 mm, 
were scattered by the target situated in a vacuum 
chamber. The scattered protons were registered 
by photoplates at various angles. The geometry 
of the experiment and the position of the photo- 
plates are shown in Fig. 1. The angular resolu- 
tion for the detectors nearest to the target was 
+2.5°. 

Because the photoplates, situated to the right 
and to the left of the beam ( see Fig. 1), were 
simultaneously exposed, and the intensity of the 
Coulomb scattering is proportional to sin’* (0/2) 
( where 0 is the angle of observation), the dis- 
tances to the photoplates in the region of small 
angles were chosen in such a manner that the 
relationship r sin? ( 0/2)= const would hold 
(r is the distance from the target to the detector.) 

The targets for all metals studied were obtained 
in the form of thin foils or films of a couple 
microns thickness by evaporating metal in a 
vacuum, with the exception of nickel whose foil 
was obtained by electrolysis, and carbon which 
was prepared as a thin free film from aquadag 
(a graphite lubricant). For the study of scattering 
from fluorine thin films of MgF’, and Li® F were 
used, and for calcium films of CaF’, . 

After the exposure of the photoplates and their 
photochemical development, first, a study of the 
energy spectrum of protons which were scattered 
by the target at 90° and 160° angles with respect 
to the primary beam was made. This study was 
made on the paths left by protons in the photo- 
emulsion. The energy resolution of this method 
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was +3.5 %. In such a way the groups of elasti- 
cally scattered protons were isolated. The number 
of particles, corresponding to these groups, was 
counted afterwards on all plates. Two segments of 
the angular distribution curve obtained for small 
and large angles, were ‘‘ joined together’ using 
data for angles 50 and 60°. This was necessary 
in connection with the different exposure time 

for the ‘‘right’’ and ‘‘ left’’ plates. 

Previously, using this method, the angular 
distribution of protons scattered by gold and 
platinum was determined, and it was found that 
the distribution corresponded to the Rutherford 
formula within the limits of experimental error; 


‘ 


this was to be expected since the nuclei had a 
greater potential barrier than the energy of incident 
protons. 


Fic. 1. J-proton beam, 2-target, 
3-photoplate, 4-diaphragm 


The results obtained by us are shown in Fig. 2, 
where N ( @ ) is the number of protons scattered 
into the angle 6, N ( 20° ) is the number of protons 


scattered into the angle of 20°, oe is the angle 


in the center-of-mass system. Scattering from 
fluorine was obtained by excluding the effect of 
scattering from magnesium in Mgi*, . Analogously, 
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data was obtained for Ca from scattering by CaF, . 
The qualitative trend of the angular destiburons 
of protons scattered by fluorine into big angles was 
also measured using a thin film of Li6 F, The 
energy spectrum of protons, scattered from this 
compound, showed that for 110° it is already 
possible to safely divide the groups of protons 
elastically scattered by fluorine and Li® . The 
data obtained in this way, and normalized for 110° 
are shown in figure 2 (the triangles). It was 
possible to safely separate the protons scattered 
by Ca and F from the target consisting of CaF’, 
only for the angles of 140, 150 and 160° ( the 


corresponding data is also show by triangles). 
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The angular distribution of protons obtained by 
us differs very much from the Coulomb distribution 
and is not the same for various nuclei. Qualitative 
similarity in scattering by neighboring nuclei is 
observed. Thus, for Be and C a large scattering 
in the region of the angles 150-160° is obvious; 
however, the numerical value of the ratio for 
carbon is almost 4 times bigger than for beryllium. 
Apparently this is connected with the formation of 
the intermediate nucleus of N° , which in this 
region of energies has an excitation level which 
gives rise to the resonant scattering of protons. 
Note that for an energy of 10 mev for carbon and 
for beryllium for 5.4 mev, a maximum at 50° 6 
is observed. The curve for fluorine has a maximum 
for 140°. There is no data for scattering of 
protons from fluorine. but its neighbor — oxygen, 
has a big scattering maximum in the region of 
120° for 9.6 mev.° 

Scattering by magnesium and aluminum is similar, 
with a somewhat greater absolute value of the 
ratio for Mg. The angular distribution for Ni, Cu 
and Zn, within the experimental errors is alike 
in the magnitude of their ratios and in the position 
of maxima and minima. Similar curves for Cu were 
obtained by Goldman “ for a proton energy of 
6.5 meév; and by Schneider, Martin et al® for 
energies of 6, 6.5 and 7 mev. For Mn, qualita- 
tively the curve for angular dependence is analogous 
to the preceding elements, but a displacement of 
the position of the minimum and second maximum 
in the direction of greater angles is observed, 
and the maximum is somewhat bigger. An unex- 
pectedly large magnitude for the ratio for Ca was 
obtained, especially for big angles. It is possible 
that this was obtained as a result of two types 
of operation, whicn we were forced to do in these 
experiments; however,the fact is not excluded that 
this large effect is caused by a characteristic 
nb re nucleus’ of Ca*’. ‘The interesting fact is 
that, in spite of the small value of the ratio 
measured by us for heavier nuclei, the interfer- 
ence character of elastic scattering from these 
nuclei appears more clearly than for light nuclei. 

Our attempts to explain the obtained results 
by the optical model have been as yet unsuccess- 
ful. It is possible, that the optical model in its 
present state is only a rough approximation for 
consideration of proton scattering, for which one 
must take into consideration a complex depen- 
dency on the potential of the nucleus, whose form 
can change. Obviously, further study of proton 
scattering at various energies and from a number 
of nuclei is necessary. Especially important is 
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further study on free protons, which we are under- 
taking. 

In conclusion the authors consider it their 
duty to express great thanks to Prof. K. D. Sinel- 
nikov for discussion and constant interest in our 
work, and also to P. M. Seidlitz for his great 
attention which helped in the completion of work. 
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Photoconductivity and Luminescence 


of Polycrystalline CdS (Cu) 


N. A. ToLsTo1, B. T. KOLOMETS, O. I. GOLIKIVA 
AND M. IA. TSENTER 
(Submitted to JETP editor November 25, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R. ) 30 
575-576 (March, 1956) 


OLYCRYSTALLINE cadmium sulfide! with 

just a trace of a foreign metal represents a very 
convenient specimen for investigating the laws of 
photoconduction and luminescence. The results 
are summarized here of a preliminary investigation 
of the stationary (steady-state) and relaxation laws 
of a series of CdS specimens with just a trace of 
copper, and also copper and iron. The CdS (Cu) 
series consisted of 9 specimens (several of each) 
with various concentrations C (gms/gm) (see table) 

Specimen number 10, CdS (Cu, Fe) had concen- 
trations of Cu and Fe of 10°° and 10° grams/gram, 
respectively. 

1. Stationary (steady-state) photoconduction. 
The dependence of stationary photoconductivity 
Aa, on the level of intensity of light E in speci- 
mens with small concentration (SC) of copper 
appears typical of photoconduction of the *“hyper- 
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No. G 
{ 0) 
Z Oe 
3 10-5 
4 2raxOn 
3 5x10-5 


No. G 
6 40-4 
ih 25 x1@a* 
8 5x10-4 
9 40-3 


bolic’’ type? : Ao, grows slowly with i, showing 
some tendency to saturate ‘‘sublinear dependence”’ 
On the other hand, for high concentration (HC) 
specimens, Ag increases rapidly with E 

(‘  superlinear dependence”), In certain cases 
(No. 9 and No. 10) one observes a quadratic 
dependence (Ac, ~ £*). Specimens with 


b¢, 2g, 
N22 N27 
Ene: E 


Ag, 


intermediate concentrations show a depen- 
dence of Ao, (£) that is nearly linear. All of 
these have a region of excitation that is in the 
ultraviolet part of the spectrum (mercury lines 
365, 546 and 578 my; incandescent lamp with a 
green filter). Fig. 1 illustrates the dependence of 
ao (E). 


Bie, I 


The transition from sublinear to superlinear de- 
pendence takes place at a concentration of the 


order of several units of 10°* grams/gram. As 
regards the dependence of 0, (£) for specimens 
with other concentrations C and different kinds of 
nonlinearity; comparison with photosensitivity is 
strictly speaking, meaningless. Nevertheless, it 
should be noted that through this range the values 
of E for specimens in the transition from LC to . 
HC first increase the sensitivity and then abruptly 
reduce it. Dark conduction associated with the 
transition from LC to HC drops sharply. 

2. Stationary luminescence. All specimens 
investigated were intensely illuminated in the 


: i 
| Ns1-4 Neg 
| 


red and infrared regions of the spectrum. [Excita- 
tion was by the mercury 365 and 546 m y lines. 


For samples of LC the brightness of stationary 
luminescence /, is proportional to E. For the 


HC specimen the dependence of 1, (E) is super- 
linear. In some cases (No. 9 and No. 10) there 
is a quadratic relationship: OS ie . The transi- 


tion from linear to sublinear dependence for 
luminescence is associated with somewhat smaller 
concentrations of activator than the transition from 
linear to sublinear dependence for photoconduction. 

Figure 2 illustrates examples of the relation- ° 
ship Le mf. 


Bice? 
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3. Relaxation of photoconduction. Since the 
relaxation curves are not exponential, we show 
only the variations in their integral and differential 
characteristics. We first®’* introduced the areas 
above the growthcurves (Land the areas under 
the falling curves (L,. ) ; we then® introduced 
the rate of growth of photoconduction from the 
instant the light was turned on ( or the maximum 
velocity) Ag}, and the rate of decay of photo- 
conduction from the instant the light is turned off, 
Ao op: Generally speaking, the above quantities 
are related to Ag 5 , but we are interested only in 
the relations EC] Ly and Ado¢/Ao’or , from 
which Ao drops out. 

For the LC samples i fig ei, Ao’o¢/Ao OF 
> 1. Roughly speaking, the curves of growth in- 
crease rapidly. These results are typical for 
kinetic hyperbolic photoresistance, in general. 
For the HC specimens and No. 10 Legit, 2? 1 
x Aone / Ao’op << 1: the growth curve in- 


creasing more slowly than the falling of the 
decay curve (Fig. 3). Further, the initial form 


of the growth curves\was a parabolic character: 
Ao ~ t? for small ¢, i.e., the growth curves have an 


inflection. 


Fic. 3 


oy 


4, Relaxationof luminescence. There is evi- 
dence of analogous characteristics for the curves of 
emission (flaring) and decay of luminescence, and 
one can ascertain the following: for the LC speci- 
mens L/L, < 1,1 ’op/ lop &1 ( this is typi- 
cal for ordinary kinetic hyperbolic phosphors in the 
absence of quenching). For the HC specimens 
and No. 10L, /Ly 77 1, lon’ lop << 1. be: 
the curve of growth curving more slowly than the 
decay curve (Fig. 4). The growth curve increases 
parabolically at first and then twists (inflects). 
However, the relaxation characteristics are typical 
of concentration — or temperature— extinction 
phosphors of the hyperbolic type [ for example, 
ZnS (Cu) and reference (6) }. 

5. Discussion. The alterations in the stationary 
and the relaxation law of photoconduction with 
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increasing concentration can be seen to run paral- 
lel. Concentration quenches luminescence con- 
comitantly with concentration quenching of photo- 
conduction. Now, for CdS (Cu, Fe) the limit of 
quadratic dependence is particularly distinct, 
which is understandable if it is recalled that iron 
exhibits ‘‘classical’’ quenching with sulfides. 
The relationships /, ~ ie Lee t* for small t, 


Ly /Ly > 1, are in agreement with the bimole- 


cular theory of phosphorescence, in terns of lowest 
deterioration in the presence of pronounced quench- 
ing. ! But it is possible to show that a value of 


Le i Ly, > 3 is not reconciliable with the bimole- 


cular theory .4 Experiments, however, yield values 


of Le / LS that go as far as 100. On the other 
hand, the dependence of OG oes Nea t? for 


small ¢ and L,/ L,? 1 sharply contradicts any 


recombination schemes, departing from the usual 
idea of the mechanism of excitation, but agreeing 
well with the theory based on the ‘ ‘two-stage’’ 
mechanism of excitation.®? 

Making a natural hypothesis suggested by this, 
namely, that the mechanisms of emission and 
photoconduction with CdS (Cu) and with CdS 
(Cu, Fe) exhibit a certain measure of unity, we 
are led to conclude that the relationships 


fice ne: ly ~ t? likewise are not connected with the 
bimolecular degeneration mechanism of recombina- 
tion, but with a two-stage mechanism of excitation 


(stimulation). 
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